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CHAPTER 1

Introduction

The purpose of this dissertation is threefold:
1. To advance the understanding of the transformation of one-dimensional Schrödinger equa-

tions into hydrodynamic equations by establishing new mapping properties of the Madelung
transform.

2. To initiate the quantitative study of the NLS hierarchy with nonzero boundary condition at
infinity, and to introduce the ˜︂GP hierarchy as a better renormalization of the NLS hierarchy.

3. To establish a new connection between the NLS hierarchy and the KdV hierarchy in the
form of a quantitative approximation result.

The central objects are therefore the NLS hierarchy with nonzero boundary condition, its renor-
malized versions, its hydrodynamic formulation, and the KdV hierarchy. Before we define these
objects and explain our results, we would like to motivate the study of these hierarchies.

1.1. The path to the NLS and KdV hierarchies
Let us take a step back, start with the abstract, and then move to the specific, taking various
detours along the way. We shall attempt to give a rudimentary answer to the following question:
How does one naturally encounter the NLS and KdV hierarchies?

1.1.1. Models for time-evolving physical systems
Suppose we wish to model a time-evolving physical system. First, we shall denote by X the set of
all possible configurations of the system, or perhaps all those which we consider non-pathological.
It is natural for X to be equipped with a Hausdorff topology.
Second, we need a set of trajectories, which represent possible time evolutions of the system. We
equip (0,∞] = (0,∞)∪ {∞} with the order topology so that the intervals (T,∞] = (T,∞)∪ {∞},
T > 0 are open neighborhoods of ∞. We define the set of trajectories to be

T (X ) =
⋃︂

T∈(0,∞]

{T} × C((−T, T );X ) .

Here we have made some choices: we restrict ourselves to continuous trajectories, we work with
both positive and negative times, and we have introduced a time of existence T of a trajectory,
i.e. trajectories do not need to be defined globally in time. By replacing C((−T, T );X ) with
C((−T, T )N ;X ) for some N ∈ N one can also model systems with multiple time variables. We
consider only one-dimensional time here.
The set T (X ) needs a topology as well. For T ∗ > 0 we equip C((−T ∗, T ∗);X ) with the compact-
open topology, which is Hausdorff. Next, we define for T ∗ > 0 the subsets

T≥T∗(X ) = {(T, φ) ∈ T (X ) : T ≥ T ∗}

and equip each of them with the initial topology induced by the map

T≥T∗(X ) −→ (0,∞]× C((−T ∗, T ∗);X )
(T, φ) ↦−→ (T, φ|(−T∗,T∗)) ,

i.e. the coarsest topology for which this map is continuous. Note that for T2 ≥ T1 > 0 the inclusion
T≥T2(X ) ↪−→ T≥T1(X ) is continuous. Now we equip T (X ) with the final topology induced by the
inclusions

T≥T∗(X ) ↪−→ T (X )
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for T ∗ > 0, i.e. the finest topology for which these inclusions are continuous. By working directly
with the definition, one can show that T (X ) is Hausdorff.
Lastly, our model should decide which trajectories are admissible, in the sense that we deem them
an appropriate description of the physical time evolution, and which are not. We describe this
mathematically with a set A ⊆ T (X ) consisting of pairs (T, φ) where T is a time of existence
and φ is an admissible trajectory. Most crucially, we require A to be translation invariant in the
following sense:

∀ (T1, φ1) ∈ A ∀ t1 ∈ (−T1, T1) ∃ (T2, φ2) ∈ A ∀ t2 ∈ (−T2, T2) (1.1.1)
|t1 + t2| < T1 =⇒ φ1(t1 + t2) = φ2(t2) .

In the language of ODEs, this means the systems we consider are autonomous.
We call the pair (X ,A) a model. By an abuse of notation, we identify (T, φ) ∈ A with φ and
write T (φ) for the time of existence of φ.

1.1.2. Well-posedness of models and their realization as dynamical
systems

The first step in the study of such a model is to prove its well-posedness.
Definition 1.1.1 (Well-posedness in the sense of Hadamard). We say that the model (X ,A) is
locally well-posed if the following hold:

• Existence. There exists Φ : X → A such that Φ(x)(0) = x for every x ∈ X .
• Uniqueness. For all x ∈ X and φ ∈ A with φ(0) = x we have φ(t) = Φ(x)(t) as long as
|t| < min{T (φ), T (Φ(x))}.

• Continuous dependence on data. The map Φ : X → A is continuous. Equivalently, for
every T ∗ > 0 the maps

T ◦ Φ : X −→ (0,∞]
Φ
⃓⃓
(−T∗,T∗) : {x ∈ X : T (Φ(x)) ≥ T ∗} −→ C((−T ∗, T ∗);X )

are continuous.
In this case we call Φ a flow map for (X ,A). We say that the model (X ,A) is globally well-posed
if in addition:

• Global existence. There exists a choice of Φ with T (Φ(x)) =∞ for every x ∈ X .

A proof of local well-posedness usually involves the explicit construction of the flow map Φ, for
example via a fixed point iteration. Then global well-posedness is most classically proven in the
following steps:

1. Extend the flow map Φ to a maximal flow map Φ∗, where maximal means that there exists
no flow map which has for any x ∈ X a strictly larger time of existence.

2. Find a conserved energy, i.e. a function (or a family of functions) E : X → [0,∞) such that
E(Φ∗(x)(t)) = E(Φ∗(x)(0)) as long as |t| < T (Φ∗(x)).

3. Prove a blow-up alternative: either lim sup|t|→T (Φ∗(x)) E(Φ∗(x)(t)) = ∞ for some x ∈ X ,
or Φ∗ is not maximal in the above sense.

If such a conserved energy is not available, then one faces a hard problem and more sophisticated
techniques are necessary.
One can understand a proof of well-posedness as the model being realized as a continuous dynamical
system in the following sense:
Lemma 1.1.2. Assume that the model (X ,A) is locally well-posed with flow map Φ and define,
with an abuse of notation, new maps Φ(x, t) = Φ(x)(t) and T (x) = T (Φ(x)). Then (X ,Φ) forms
a continuous dynamical system in the following sense:

(i) The flow map Φ : {(x, t) ∈ X × R : |t| < T (x)} −→ X is continuous.
(ii) We have Φ(x, 0) = x for all x ∈ X .
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(iii) For all x ∈ X and t1, t2 ∈ R with |t1|, |t1 + t2| < T (x) and |t2| < T (Φ(x, t1)) we have

Φ(Φ(x, t1), t2) = Φ(x, t1 + t2) . (1.1.2)

Proof. We give the derivation of the flow property (iii) from (1.1.1) because it is nontrivial. The
first step is to prove the following short-time flow property: for all x ∈ X and t1 ∈ R there exists
some T2 > 0 such that for all t2 ∈ R with |t1|, |t1 + t2| < T (x) and |t2| < min{T2, T (Φ(x, t1))} we
have

Φ(Φ(x, t1), t2) = Φ(x, t1 + t2) . (1.1.3)

To do so, we set (T1, φ1) = (T (x),Φ(x)) ∈ A and let t1 ∈ R with |t1| < T (x). By (1.1.1) there
exists (T2, φ2) ∈ A so that φ1(t1 + t2) = φ2(t2) as long as |t2| < T2 and |t1 + t2| < T (x). Note
that Φ(x, t1) = φ2(0), so by uniqueness we have Φ(Φ(x, t1), t2) = φ2(t2) = Φ(x, t1 + t2) as long as
|t1 + t2| < T (x) and |t2| < min{T2, T (Φ(x, t1))}.

Now we extend this flow property from |t2| < min{T2, T (Φ(x, t1))} to |t2| < T (Φ(x, t1)). Define

I = {t2 ∈ R : |t1 + t2| < T (x) and |t2| < T (Φ(x, t1))}
J = {t2 ∈ R : |t1 + t2| < T (x) and |t2| < T (Φ(x, t1)) and Φ(Φ(x, t1), t2) = Φ(x, t1 + t2)} .

The interval I is a connected space which contains J . Since every trajectory Φ(x) is continuous in
time and X is Hausdorff, the set J is closed in I. From the short-time flow property we know that
J is nonempty. It therefore remains to show that J is open in I. We fix some t2 ∈ J . Applying
the short-time flow property to the left hand side of (1.1.2) yields a time T3 > 0 so that

Φ(Φ(Φ(x, t1), t2), t3) = Φ(Φ(x, t1), t2 + t3)

for all t3 ∈ R with |t2 + t3| < T (Φ(x, t1)) and |t3| < min{T3, T (Φ(Φ(x, t1), t2))}. On the other
hand, applying it to the right hand side of (1.1.2) yields a time ˜︁T3 > 0 so that

Φ(Φ(Φ(x, t1), t2), t3) = Φ(Φ(x, t1 + t2), t3) = Φ(x, t1 + t2 + t3)

for all t3 ∈ R with |t1 + t2 + t3| < T (x) and |t3| < min{ ˜︁T3, T (Φ(x, t1 + t2))}. Therefore with
T4 = min{T3, ˜︁T3, T (Φ(x, t1 + t2))} we have (t2 − T4, t2 + T4)∩ I ⊆ J , concluding the proof that J
is open in I.

1.1.3. KdV and the pursuit of lower regularity
Many continuous time-evolving models in physics with continuous space are partial differential
equations (PDEs), in the sense that X is a function space and the admissibility criterion is given by
a PDE. Models may also be given by integral equations, nonlocal PDEs, difference equations, etc.
We are interested in the PDE case. Let us discuss an example: the Korteweg-de Vries equation1

Ut = 6UUX − UXXX (KdV)

for a function U = U(t,X) : R×R→ R is a model for shallow water waves [125], and one of the
most well-studied nonlinear PDEs in existence. The easiest way to represent it as a model in our
sense is as follows:

X∞ = S(R;R)
A∞ = {(T, φ) : T > 0, φ ∈ C((−T, T ),S(R;R)) so that U = φ ∈ C1,3

t,x (R;R) solves (KdV)} .

Here S(R;R) is the Schwartz space, consisting of smooth functions which decay, together with
their derivatives, faster than any polynomial. Initial results for the global well-posedness of
(X∞,A∞) are [32, 103]. Since it is advantageous to model a broader set of physical trajectories, it
is natural to seek a model with the largest possible configuration space X . In the case of PDE
this usually means lower regularity, or weaker assumptions on integrability or decay. The pursuit
of such a weakening of assumptions is directly tied to the strength of the model. The problem

1We use the capitalized variables U and X to be consistent with the notation in Chapter 4.
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one encounters here is that (KdV) stops making sense if we use large function spaces such as
L2(R;R). Instead, we need to write (KdV) in its distributional formulation, requiring that for all
ψ ∈ C∞

c ([−T, T ]× R;R)
ˆ
R
U(t,X)ψ(t,X)− U(0, X)ψ(0, X) dX −

ˆ t

0

ˆ
R
U(t′, X)ψt(t′, X) dX dt′ (1.1.4)

=
ˆ t

0

ˆ
R
−3U(t′, X)2ψX(t′, X) + U(t′, X)ψXXX(t′, X) dX dt′ .

We are now able to consider the model

X0 = L2(R;R)
A0 = {(T, φ) : T > 0, φ ∈ C((−T, T ), L2(R;R)) so that U = φ solves (1.1.4)} .

The global well-posedness of (X0,A0) was first obtained by J. Bourgain in his seminal work [35].
Can we consider an even larger model?
Suppose (X ,A) is a model and X ′ is a larger topological space so that X ⊂ X ′ is a continuous
and dense inclusion. Then

A′ = AT (X ′)

is the natural way to extend the model (X ,A) to a model (X ′,A′). The well-posedness of (X ′,A′)
decomposes into the well-posedness of (X ,A) and the continuity of the flow map with respect to
the weaker topology. These claims are made precise by the following lemma.
Lemma 1.1.3. The model (X ′,A′) is locally/globally well-posed with flow map Φ′ if the model
(X ,A) is locally/globally well-posed with a flow map Φ that satisfies:

• Continuous dependence on data with respect to the weaker topology. The map
Φ : X → A is continuous when X ⊆ X ′ and A ⊆ A′ are equipped with the weaker topologies,
i.e. the subspace topologies induced by the inclusions. Equivalently, for every T ∗ > 0 the
maps

T ◦ Φ : X −→ (0,∞]
Φ
⃓⃓
(−T∗,T∗) : {x ∈ X : T (Φ(x)) ≥ T ∗} −→ C((−T ∗, T ∗);X )

are continuous when X ⊆ X ′ is equipped with the subspace topology.
In this case, since A′ is Hausdorff, Φ′ is the unique continuous extension of Φ from the dense
subset X ⊆ X ′ to the whole space. In particular, if (X ′,A′

0) is another locally well-posed model
with A ⊆ A′

0 and a flow map Φ′
0 satisfying T ◦ Φ′

0
⃓⃓
X = T ◦ Φ, then Φ′

0 : X ′ → A′
0 is another

continuous extension of Φ, and hence Φ′
0 = Φ′. In the case of global well-posedness this implies

A′
0 = A′.

Let us apply this philosophy to our example of (KdV). We embed X∞ = S(R;R) ⊆ H−1(R;R)
and define

X−1 = H−1(R;R)

A−1 = A∞
T (H−1(R;R))

.

We cannot make sense of either of the formulations (KdV) or (1.1.4) for such a large class of
functions, but the soft formulation purely based on the continuous dependence on initial data
nevertheless allows us to give meaning to the question of well-posedness. In fact, the global
well-posedness of (X−1,A−1) was achieved in the seminal paper [114]. Furthermore, this is indeed
the largest model on the scale of Sobolev spaces for which KdV is well-posed, i.e. for s < −1 the
model with space Xs = Hs(R;R) is ill-posed [146]. We see that in the analysis of well-posedness
of a model, or a family of models, the first step is to prove well-posedness in a high regularity
setting, and the second step is to study the continuity of the flow map with respect to weaker
topologies. In this dissertation we are concerned with the first step, working in settings of high
regularity.
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1.1.4. Three kinds of dynamics
After having attained a satisfactory understanding of the well-posedness of the model under
consideration, in particular having realized it as a dynamical system, the next step is to study
its dynamics with the goal of understanding and being able to predict them, ideally on long
timescales. We pnow resent an informal classification of such dynamics into three kinds.
In the best case the dynamics are predictable, in the sense that the future configuration can
be determined when the initial configuration is known to a sufficient degree of accuracy. We
exemplify the 19th century viewpoint that dynamical systems should, in principle, be regarded as
predictable with a well-known quote from P.-S. Laplace [130, Chapter II, §3]2:

We ought then to regard the present state of the universe as the effect
of its anterior state and as the cause of the one which is to follow.
Given for one instant an intelligence which could comprehend all
the forces by which nature is animated and the respective situation
of the beings who compose it—an intelligence sufficiently vast to
submit these data to analysis—it would embrace in the same formula
the movements of the greatest bodies of the universe and those of
the lightest atom; for it, nothing would be uncertain and the future,
as the past, would be present to its eyes.

Regardless of the degree to which Laplace and his peers were aware of the phenomenon of instability,
the discovery of chaotic dynamics towards the end of the 19th century (see e.g. [90, 154]) certainly
introduced a new perspective, establishing fundamental restrictions to the predictability of many
dynamical systems. Chaotic dynamics are highly sensitive to their initial data, meaning that a
small error quickly propagates to major, qualitative differences in trajectories. Even though they
are mathematically deterministic, they are, for all intents and purposes, totally unpredictable on
long timescales.
Subsequently in the early 20th century, the theory of computation was developed, from which we
highlight the introduction of Turing machines and Turing universality [174], the λ-calculus [51, 52],
and the formulation of the so-called Church–Turing thesis, which claims that all reasonable models
of computation are equivalent to, or can be described by, the aforementioned ones. Towards
the end of the 20th century this led to the discovery (or perhaps awareness) of a third kind
of computational dynamics, which sit somewhere between predictable and chaotic. This can be
summarized by the idea that computation happens at the edge of chaos [55, 129, 184]. These kinds
of dynamics are predictable in principle, but in practice there is no way to make predictions any
more efficiently than simply observing the evolution of the system. Characteristic of computational
dynamics are complex self-organizing structures, pattern formation, and the possibility to emulate
any algorithm (as in Turing machine) by a careful preparation of the initial data.

1.1.5. Complete integrability
There is no accepted unifying and rigorous definition of complete integrability. Let us vaguely
characterize this notion by framing it as a fourth kind of dynamics: those which are predictable
when you know the trick. The suggestion here is that, although the system in question was already
understood to be generally non-chaotic, there had been no easy way to give an explicit description
of the dynamics until a trick was discovered that simplifies the dynamics to ones which are already
well-understood. I was first exposed to this viewpoint in the informal lecture series [61] by P. A.
Deift. They give the following definition.
Definition 1.1.4 (Completely integrable dynamical system). A dynamical system (X ,Φ) is
completely integrable if there exists a homeomorphism η : X → Y to another space Y so that both
the transformation η and the dynamical system (Y, η ◦ Φ ◦ η−1) are, in a sense, well-understood.

We would also like to mention work in the 1990s and early 2000s (see e.g. [3, 59, 98]) investigating
the degree to which completely integrable dynamics can be of computational character. For
example, the Manakov system (which is a kind of vector NLS system), and more specifically its

2The original reference is [131]
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soliton interactions, have been found by K. Steiglitz in [165] to be Turing universal, in a certain
sense.
In practice, complete integrability describes a number of phenomena and has various definitions,
depending on the context. The following is a list of properties which one can consider to be
characteristic of completely integrable dynamics/systems/problems.

(i) The existence of a transformation that renders the system explicitly solvable, usually by
the use of integrals (hence “integrability”).

(ii) The existence of an infinite number of commuting symmetries. Here “symmetry” refers
to a continuous one-parameter family of transformations X → X that maps admissible
trajectories into admissible trajectories, and “commuting” means that the application of
multiple symmetries is independent of the ordering.

(iii) The existence of a set of conserved quantities which is, in a certain sense, maximal and
orthogonal. In the case of a Hamiltonian system on a 2n-dimensional symplectic manifold this
is known as Liouville-Arnold integrability. Here “maximal” means n conserved quantities,
and “orthogonal” means pairwise Poisson commuting and having linearly independent
differentials.

(iv) The existence of an explicitly computable change of variables into actions and angles, where
the time-evolution of the actions is constant, and the evolution of the angles is linear.

(v) The existence of a Lax pair structure, which consists of a mapping from states x ∈ X
to operators L(x) and P (x) so that a trajectory φ ∈ C((−T, T );X ) is admissible, i.e.
corresponds to an evolution of the dynamical system, if and only if

d
dtL(φ(t)) = [P (φ(t)), L(φ(t))] . (1.1.5)

(vi) The existence of soliton solutions. A “soliton” is a solitary (i.e. isolated, lonely, single)
wave, kink, or front, that interacts with other solitons in a way that is particle-like. PDEs
that admit solitons are also called soliton equations.

The study of complete integrability in this sense began with the analysis of various finite-
dimensional Hamiltonian systems. The classic examples here are the Euler, Lagrange, and
Kowalevskaya spinning tops, which are in a certain sense the only rigid body spinning tops
that have completely integrable dynamics. We emphasize the role of examples because complete
integrability is generally understood to be a fragile property that is only true for a relatively small
number of dynamical systems, and hence the theory hinges, in particular in infinite dimensions,
on an ever-growing collection of known examples.
The complete integrability of finite-dimensional Hamiltonian systems has a satisfying characteri-
zation in the form of the Liouville-Arnold theorem (proven in its first version in 1855) [15, 136],
which states in essence that (iii) ⇐⇒ (iv). Since the evolution of the action-angle variables is
trivial, we can say that (iii) =⇒ (i). Noether’s theorem yields a correspondence (ii) ⇐⇒ (iii).
It took another century for the first genuinely infinite-dimensional and completely integrable
Hamiltonian systems to be discovered. We refer to [150, Chapter 3] for an overview. To summarize
it briefly, in the famous Fermi-Pasta-Ulam and later Kruskal-Zabusky experiments, unexpected
behaviors were observed in numerical simulations of various time-evolving lattice systems. These
were later connected to the Korteweg-de Vries (see (KdV) above) and Boussinesq equations, which
are now known to be completely integrable.
Indeed, the first PDE which was proven to be completely integrable is KdV, first via the inverse
scattering transform (IST) method [75] and later by giving action-angle coordinates [185], making
it the first infinite-dimensional completely integrable Hamiltonian system. Here the IST method
can be understood as a kind of complete integrability in the sense of (i). The second such PDE is
the focusing cubic nonlinear Schrödinger equation

iqt = −qxx − 2|q|2q (fNLS)

for a wavefunction q = q(t, x) : R×R→ C (see [188] for the IST method and [175] for action-angle
variables). We are interested instead in the defocusing nonlinear Schrödinger equation

iqt = −qxx + 2|q|2q (NLS)
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with either of the following boundary conditions:

lim
x→±∞

q(t, x) = 0 (ZBC)

lim
x→±∞

q(t, x) = e−2itq± where |q±| = 1 . (NZBC)

We refer to the seminal paper [189] for the initial application of the IST method in the setting
NLS–NZBC.
The modern approach to the complete integrability of PDEs is via the Lax pair formalism (v)
above, introduced in [132] by P. Lax. Here the key objects are the so-called Lax operators, which
for the systems KdV and NLS are

LNLS =
(︃
i∂x −iq
iq −i∂x

)︃
LKdV =

(︃
−∂2

X + U 0
−UX −∂2

X + U

)︃
. (1.1.6)

There exist corresponding operators PKdV, P fNLS and PNLS, depending on the potentials q and U
so that (1.1.5) is equivalent to respectively (KdV), (fNLS), and (NLS). A consequence of (1.1.5)
is that eigenvalues of the Lax operators are conserved quantities. A deeper consequence is that
by studying the scattering problems associated to the Lax operators, one can construct bijective
transformations from the potentials q and U , given regularity, integrability and decay assumptions,
to their scattering data. The time-evolution of the PDEs then becomes trivial for the scattering
data (in a way which can be understood as action-angle coordinates), rendering the PDEs explicitly
solvable if one is able to perform the inverse scattering transform, i.e. from the scattering data
back to the potentials. We therefore have a connection (v) =⇒ (i)–(iv).
Establishing appropriate mapping properties of the IST is generally difficult, which is why the study
of KdV, NLS–ZBC, and NLS–NZBC is not trivialized by their complete integrability. Satisfactory
bijective mapping properties for the IST have been established for LKdV [60, 101, 102] and for
LNLS [156, 192]. For potentials q satisfying NZBC the understanding of the IST is not as complete
(see the survey [155]). In the absence of appropriate mapping properties, one can still use the
IST method to construct special solutions, such as the soliton and multi-soliton solutions. These
are connected to the spectral information of the Lax operator, and the invariance of this spectral
information under time evolution explains the surprising stability of the solitons. In this sense, we
can say that (v) =⇒ (vi). A natural question that remains is whether one can say that (vi) =⇒
(i)–(v). This seems to be not well-understood.

1.1.6. Transmission coefficients and the Hamiltonians
In this dissertation we are less interested in (i), (iv), and (vi), i.e. the IST method, explicit
solvability, solitons, etc., and more in (ii) and (iii), as these are closely connected to the concept
of integrable hierarchies, of which the NLS and KdV hierarchies are examples. Specifically, the
symmetries mentioned in (ii) are flow maps corresponding to those Hamiltonian PDEs, which
have as Hamiltonians the conserved quantities mentioned in (iii). We describe now how these
conserved quantities can be obtained from the Lax operators (1.1.6). Let j ∈ {1, 2} and set γ1 = 1
and γ2 = −1. The first step is to consider the so-called Jost solutions ΦNLS,±

j and ΦKdV,±
j , which

are defined for λ, k ∈ C as the solutions to the scattering problems

LNLS ΦNLS,±
j (x, λ; q) = λ ΦNLS,±

j (x, λ; q) , LKdV ΦKdV,±
j (X, k;U) = k2 ΦKdV,±

j (X, k;U) ,

lim
x→±∞

ΦNLS,±
j (x, λ; q)exiλγj =

(︃
1 0
0 1

)︃
−,j

, lim
X→±∞

ΦKdV,±
j (X, k;U)eXikγj =

(︃
1 1
ik −ik

)︃
−,j

.

If the potentials q and U are Schwartz functions and Imλ ≥ 0 (resp Im k ≥ 0), then the Jost
solutions ΦNLS,−

1 ,ΦNLS,+
2 (resp. ΦKdV,−

1 ,ΦKdV,+
2 ) exist and are smooth in x (resp. X) and analytic in

λ (resp. k), up to a finite set of points. If Imλ = 0 (resp. Im k = 0) then this holds true for all the
Jost solutions. In the latter case there exist numbers aNLS(λ; q), bNLS(λ; q), aKdV(k;U), bKdV(k;U) ∈
C so that

ΦNLS,−
1 = aNLSΦNLS,+

1 + bNLSΦNLS,+
2 ΦKdV,−

1 = aKdVΦKdV,+
1 + bKdVΦKdV,+

2 .
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Together with the eigenvalues of the Lax operator and certain associated normalizing constants,
these form the so-called scattering data mentioned above, from which the potentials q and U can
be reconstructed. We are interested only in the transmission coefficients aNLS and aKdV. They
can be extended analytically to the upper half-plane, and if Imλ and Im k are sufficiently large
they have the representation

log aNLS(λ; q) =
ˆ
R

∂xΦNLS,−
1,1 (x, λ; q)

ΦNLS,−
1,1 (x, λ; q)

+ iλ dx log aKdV(k;U) =
ˆ
R

∂XΦKdV,−
1,1 (X, k;U)

ΦKdV,−
1,1 (X, k;U)

+ ik dX .

These integrals admit asymptotic expansions as λ, k → ∞, and we define the aforementioned
conserved quantities to be precisely the following expansion coefficients:

log aNLS(λ; q) ∼ i
∞∑︂
n=0

HNLS
n (q)

(2λ)n+1 log aKdV(k;U) ∼ i
∞∑︂

n=−1

EKdV
n (U)

(2k)2n+3 . (1.1.7)

Their conservation under the flows of NLS and KdV is a consequence of the conservation of the
transmission coefficient itself. In fact, they are pairwise Poisson commuting with respect to the
relevant Poisson brackets. By deriving recurrence relations for the densities of these quantities,
they can be explicitly computed. For the case of KdV the initial ones are

EKdV
−1 (U) =

ˆ
R
U dX (Mass)

EKdV
0 (U) =

ˆ
R
U2 dX (Momentum)

EKdV
1 (U) =

ˆ
R
U2
X + 2U3 dX (Energy)

EKdV
2 (U) =

ˆ
R
U2
XX + 10U2

XU + 5U4 dX .

For the case of NLS–ZBC they are

HNLS
0 (q) =

ˆ
R
qq dx (Mass)

HNLS
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HNLS
2 (q) =

ˆ
R
qxqx + q2q2 dx (Energy)

HNLS
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 dx .

In Sections 3.2 and 4.2 the Jost solutions, the transmission coefficients, and their asymptotic
expansions are presented in detail.

1.1.7. The NLS and KdV hierarchies
We define the KdV hierarchy as the infinite hierarchy of Hamiltonian PDEs

∂Tn
U = ∂X

δEKdV
n (U)
δU

for n ≥ 0 and U = U(Tn, X) : R×R→ R. Similarly, we define the NLS hierarchy as the infinite
hierarchy of Hamiltonian PDEs

i∂tnq = δHNLS
n (q)
δq

for n ≥ 0 and q = q(tn, x) : R×R→ C. Since the Hamiltonians are pairwise Poisson commuting
with respect to the relevant Poisson bracket, and hence their flow maps commute, an alternative
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viewpoint is to consider instead for a fixed N ∈ N and a single function U = U(T0, . . . , TN , X) :
RN+1×R→ R the system of equations

∂TnU = ∂X
δEKdV
n (U)
δU

∀n ∈ {0, . . . , N} , (1.1.8)

and analogously for a single function q = q(t0, . . . , tN , x) : RN+1×R→ C the system of equations

i∂tnq = δHNLS
n (q)
δq

∀n ∈ {0, . . . , N} . (NLSn)

We sometimes refer to these as the N -truncated NLS and KdV hierarchies.
The central object of this dissertation is the NLS hierarchy together with the nonzero boundary
condition

lim
x→±∞

q(t0, . . . , tN , x) = q±e
iφ(t0,...,tN ) where |q±| = 1 and φ(t0, . . . , tN ) ∈ R . (NZBC)

Note that the Hamiltonians HNLS
n (q) are not well-defined in this setting. Instead, we work with

two alternative families of Hamiltonians HGP
n (q) and H ˜︁GP

n (q), which are well-defined for q satisfying
NZBC. The initial ones are

HGP
−1(q) = −i log

(︃
q−

q+

)︃
(Asymptotic phase change)

HGP
0 (q) =

ˆ
R
qq − 1 dx (Mass)

HGP
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HGP
2 (q) =

ˆ
R
qxqx + (qq − 1)2 dx (Energy)

HGP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 4qqx dx

and

H ˜︁GP
−1(q) = 1

2H
GP
−1(q)

H ˜︁GP
0 (q) = HGP

0 (q)

H ˜︁GP
1 (q) = −i

ˆ
R
qqx dx−HGP

−1(q)

H ˜︁GP
2 (q) = HGP

2 (q)

H ˜︁GP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 6qqx dx+ 3HGP

−1(q) .

Here log denotes the principal logarithm. They can be understood as renormalized versions of the
Hamiltonians HNLS. The superscript GP stands for the Gross-Pitaevskii equation

iqt + qxx = 2q(|q|2 − 1) , (GP)

which is formally equivalent to NLS under the transformation q ↦→ e2itq. These alternative
Hamiltonians can also be defined from the transmission coefficient associated to the Lax operator
LGP = LNLS. To do this we let q be a smooth potential satisfying NZBC, and more specifically
q − q± ∈ S(R;C) for certain q± ∈ C with |q±| = 1. Let λ, z ∈ C with λ2 = z2 − 1, Imλ, Im z ≥ 0,
and consider the scattering problem

LGP ΦGP,±
j (x, λ; q) = λ ΦGP,±

j (x, λ; q)

lim
x→±∞

ΦGP,±
j (x, λ; q)exizγj =

(︃
q± i(z − λ)

i(λ− z) q±

)︃
−,j

.
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The definition of the transmission coefficient aGP(λ; q) and its asymptotic expansion is analogous
to the above, but more involved due to the nonzero boundary condition. Once accomplished, one
obtains the asymptotic expansion

log aGP(λ) ∼ i
∞∑︂

n=−1

HGP
n (q)

(2z)n+1 ∼ i
∞∑︂
n=0

H ˜︁GP
2n (q)

(2z)2n+1 + i
λ

z

∞∑︂
n=0

21{n=0}H ˜︁GP
2n−1(q)

(2z)2n . (1.1.9)

From this one can calculate that HGP
2n = H ˜︁GP

2n and

H ˜︁GP
2n−1 =

n∑︂
m=0

(︃
− 1

2
n−m

)︃
4n−m2−1{m=0}HGP

2m−1 . (1.1.10)

Now we define the GP and ˜︂GP hierarchies from the corresponding Hamiltonians, in analogy with
the definition of the NLS hierarchy, i.e. as the systems

i∂tnq = δHGP
n (q)
δq

∀n ∈ {0, . . . , N} (GPn)

i∂tnq = δH ˜︁GP
n (q)
δq

∀n ∈ {0, . . . , N} (˜︂GPn)

for a function q = q(t0, . . . , tN , x) : RN+1×R→ C. They are equivalent to the NLS hierarchy in
a sense which needs to be extracted from the relation

δHNLS
2n (q)
δq

=
n∑︂

m=0

(︃
n− 1

2
n−m

)︃
4n−m δHGP

2m(q)
δq

(1.1.11)

δHNLS
2n−1(q)
δq

=
n∑︂

m=0

(︃
n− 1
n−m

)︃
4n−m δHGP

2m−1(q)
δq

. (1.1.12)

They are more suitable for working with NZBC, and the ˜︂GP hierarchy in particular plays a crucial
role in Chapters 3 and 4. We consider the recognition that in various circumstances the ˜︂GP
hierarchy is the “better” hierarchy to work with to be one of the main contributions of this
dissertation.
For more discussion and references on the relevance of these hierarchies in mathematical physics,
the theory of long-wave modulation equations, and algebraic geometry, we refer to the introductions
of Chapters 3 and 4.

1.2. Main results
Let us now revisit the three points that we gave at the very beginning and expand on them.

1. Chapter 2 consists of the published paper [180]. We prove that in the absence of vacuum
and for s > 1

2 , the Madelung transform q ↦→ (|q|2, Im[q−1∂xq]) is a locally bilipschitz map
between the complete metric spaces (Xs, ds), introduced in [119], and the complete metric
space (Ys, θs) = (1 +Hs(R))×Hs−1(R). As a result, the global well-posedness result for
NLS–NZBC from [119, 120] can be transferred to the hydrodynamic formulation.

2. Chapter 3 consists of the preprint [135], which is joint work with X. Liao. We prove the
local well-posedness of the NLS hierarchy with nonzero boundary data in weighted Sobolev
spaces at high regularity, by determining the structure of the higher PDEs sufficiently in
order to apply methods for general dispersive nonlinear systems of PDEs. This involves
generalized local smoothing and maximal function estimates, which are of independent
interest. Subsequently, we use the conserved energies constructed in [119, 120] to conclude
global well-posedness.

3. Chapter 4 consists of a preprint by the author, which is in preparation. We prove that
long-wave solutions to the NLS hierarchy, of the kind that were constructed in Chapter 3,
when transformed to the hydrodynamic variables using the mapping studied in Chapter 1,
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behave approximately like solutions to the KdV hierarchy. This is based on an approximation
of the Hamiltonians H ˜︁GP in hydrodynamic variables by the energies EKdV, which is related
to an approximation result for the transmission coefficients of the associated Lax operators.
This can also be viewed as a result on the splitting of the one-dimensional Dirac operator
in the nonrelativistic limit.

Each chapter is self-contained, so they may be read in any order.
We conclude the introduction with a presentation of the main results from each chapter in a
simplified manner. Since the literature is reviewed in full detail in the respective introductions,
we give only the most directly relevant references in the following.

1.2.1. Main results of Chapter 2
In this chapter we study the one-dimensional defocusing Gross-Pitaevskii equation

i∂tq + ∂xxq − 2(|q|2 − 1)q = 0 (GP)

for a wavefunction q = q(t, x) : R×R→ C, subject to the nonzero boundary condition

lim
|x|→∞

|q(t, x)|2 = 1 .

We are interested in solutions with

E(q) = 1
2

ˆ
R
|∂xq|2 + (|q|2 − 1)2 dx < 4

3 . (1.2.1)

The energy3 E(q) is a conserved quantity and controls the distance from vacuum, meaning that if
E(q) < 4

3 , then there exists some δ = δ(E(q)) > 0 such that |q| > δ (see e.g. Lemma 2.1.2 below).
In this setting, we define the Madelung transform

M(q) = (ρ, v) where ρ = |q|2 and v = Im
[︃
qx
q

]︃
with corresponding inverse

M−1(ρ, v) = √ρeiφ where ∂xφ = v .

Note that here φ is only defined up to a choice of constant, as this is information which the
Madelung transform drops. Furthermore, there is little difference between the use of the variable
ρ = |q|2 as opposed to a = |q|: all results can be rewritten to use (a, v) instead. Under the
Madelung transform, the Gross-Pitaevskii equation is transformed into the hydrodynamic system
of PDEs {︄

∂tρ+ 2∂x(ρv) = 0 ,
∂tv + ∂x(v2) + 2∂xρ = ∂x

(︁
∂x
(︁ 1

2
∂xρ
ρ

)︁
+
(︁ 1

2
∂xρ
ρ

)︁2)︁
,

(hGP)

which is commonly referred to as the hydrodynamic Gross-Pitaevskii equations. The corresponding
energy4 is E(ρ, v) = E(q). Our main result is the global well-posedness of (hGP) in the metric
space (Ys, θs), defined by

Ys = (1 +Hs(R))×Hs−1(R)
θs((ρ, v), (η, w)) = ∥ρ− η∥Hs + ∥v − w∥Hs−1 .

Theorem 2.1.9 (simplified). Let s ≥ 1. The system (hGP) is globally well-posed in the metric
space ({(ρ0, v0) ∈ Ys : E(ρ0, v0) < 4

3}, θ
s).

The integer-regularity cases of this theorem were previously obtained in [145]. The global well-
posedness we obtain follows from the well-posedness theory for (GP) that was previously established

3In Chapters 3 and 4 we use HGP
2 (q) = 2E(q)

4In Chapter 4 we use HhGP
2 (w) = 2E(ρ, v)
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in [119, 120]. Here global well-posedness is proven for s ≥ 0 in the complete metric space (Xs, ds),
where

Xs = {q ∈ Hs
loc(R;C) : Es(q) <∞} / S1

ds(q, p) =
(︃ˆ

R
inf

λ∈C,|λ|=1
∥ sech(y − ·)(λq − p)∥2

Hs dy
)︃ 1

2

.

The core of our result is correspondingly the following corollary.
Theorem 2.1.6 (simplified). Let s > 1

2 and δ > 0. The map(︁{︁
q ∈ Xs : |q| > δ

}︁
, ds
)︁ M−−−−−→

(︁{︁
(ρ, v) ∈ Ys : ρ > δ2}︁, θs)︁

is a bilipschitz equivalence, i.e. a map which is bijective, Lipschitz continuous, and has a Lipschitz
continuous inverse.

Remark 1.2.1. In Theorem 2.1.9 we only restrict ourselves to s ≥ 1 because the product of
distributions ρ·v is not defined anymore if s < 1, as then it is possible that v ̸∈ L2(R). Nevertheless,
we can still transfer the flow map for (GP) to the hydrodynamic setting for s ∈ ( 1

2 , 1), meaning
the global well-posedness can be stated in the sense described in Section 1.1.3. In order to obtain
a satisfying well-posedness result for s ∈ ( 1

2 , 1), one should prove that due to some smoothing
effect the trajectories have more regularity than expected and indeed solve (hGP) in the sense of
distributions.

The proof uses an intermediate metric: we prove that for a covering (Bk)k∈Z of R consisting of
evenly spaced balls of identical radius, we have

ds ∼
∑︂
k∈Z

ds∗
⃓⃓
Bk
∼ θs ,

where for a ball B we define

ds∗
⃓⃓
B

(q, p) = inf
λ∈S1
∥λq − p∥W s,2(B) .

Since Theorem 2.1.6 establishes an equivalence between natural function spaces for the variables
q and (ρ, v), it can be of use in settings much more general than Theorem 2.1.9. For example, we
use it in Chapter 4 to transfer the well-posedness result from Chapter 3 for the NLS hierarchy to
the alternative hydrodynamic variables

w± = v

2 ± (√ρ− 1) = v

2 ± (a− 1) . (1.2.2)

1.2.2. Main results of Chapter 3
In this chapter we study the aforementioned NLS, GP, and ˜︂GP hierarchies in the setting of NZBC
with the goal of proving their well-posedness. Conveniently, H. Koch and X. Liao have already
constructed in [119, 120] a family of conserved energies for GP that control every Sobolev norm
Hs(R) for s ≥ 0. These energies are conserved for every flow in the NLS, GP, and ˜︂GP hierarchies
because they are defined from the transmission coefficient aGP(λ; q), which is associated with the
scattering problem for the Lax operator LGP = LNLS for a complex parameter λ ∈ C. This is a
central object that is studied in detail in Sections 3.2 and 4.2. As a result, the main difficulty is
to prove local well-posedness. The equations (NLSn) are dispersive nonlinear PDEs of high order,
so once we understand their linear part we can apply known techniques for general dispersive
nonlinear PDEs. This approach restricts us to settings of high regularity. By working with the
definition of the Hamiltonians and the transmission coefficient, we are able to prove the following
theorem on the structure of the equations.
Theorem 3.1.10 (simplified). The right hand sides of (NLSn), (GPn), and (˜︂GPn) consist of
sums of monomials involving q, q, and up to n derivatives thereof. We give explicit formulas for
these right hand sides up to monomials which have two or more factors that are derivatives of q
or q.
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For further efforts to calculate explicit coefficients in integrable hierarchies, we refer to [4], where
the coefficients of all cubic terms in the dNLS hierarchy are calculated, and also [19] for the KdV
hierarchy. We now choose a fixed front q∗ : R→ C with limx→±∞ q∗(x) = q± so that q∗ satisfies
NZBC. Then we rewrite the well-posedness problem for a solution q of the higher (i.e. n ≥ 2, as
the cases n ∈ {0, 1} are trivial) flows of the NLS, GP and ˜︂GP hierarchies in terms of the variable
problem for the perturbation p = q − q∗. This yields dispersive nonlinear PDEs with coefficients
that depend on q∗. From our structure result we derive the following formulation.
Proposition 3.1.21 (simplified). Let n ≥ 2. The n-th equation in the ˜︂GP hierarchy (˜︂GPn) can
be written for the vector p = (p, q2

∗p, p, q
2
∗p) in the form

i∂tnp = Ln[p] +Nn[p] , (1.2.3)

where with Dx = −i∂x we have

L2m = D2m−2
x

⎛⎜⎜⎝
D2
x + 2 2 0 0
−2 −D2

x − 2 0 0
0 0 −D2

x − 2 −2
0 0 2 D2

x + 2

⎞⎟⎟⎠ (1.2.4)

L2m+1 = −D2m+1
x , (1.2.5)

and for each j ∈ {1, 2, 3, 4} the terms Nn[p] are sums of monomials in q∗, q∗, p, p and their
derivatives. They involve at most 2 fewer derivatives of p than the linear part, and always have
at least one factor which has “good integrability” like p, (q∗)x, |q∗|2 − 1, or a derivative thereof,
and at least two such factors if the monomial depends on p or p.

The well-posedness theory developed in the 1990s by C. E. Kenig, G. Ponce and L. Vega [106,
108, 109, 110, 111] is in principle able to tackle such systems. After proving generalized local
smoothing and maximal function estimates, we obtain a well-posedness theory for general systems
of dispersive nonlinear PDEs of the form (1.2.3). This uses the (weighted) Sobolev spaces(︁

Hs(R), ∥ · ∥Hs

)︁
=
(︁{︁
u ∈ L2(R) : (1 + |ξ|2) s

2 ˆ︁u(ξ) ∈ L2(R)
}︁
, ∥(1 + |ξ|2) s

2 ˆ︁·(ξ) ∥L2(R)
)︁(︁

Hs′,1(R), ∥ · ∥Hs′,1(R)
)︁

=
(︁{︁
u ∈ Hs′

(R) : xu ∈ Hs′
(R)
}︁
, ∥x · ∥Hs′ (R) + ∥ · ∥Hs′ (R)

)︁
.

(1.2.6)

We obtain the following results for the hierarchies.
Theorem 3.1.2 (simplified). Let n ∈ N with n ≥ 2 and let s, s′ ∈ N such that s ≥ 5n−1

2 and
s
2 + n−1

4 ≤ s′ ≤ s − n. Let q∗ : R → C be a front for which (q∗)x and |q∗|2 − 1 are Schwartz
functions. The perturbative formulation of the n-th flow in the ˜︂GP hierarchy (˜︂GPn), using the
variable p = q − q∗, is globally well-posed in Hs(R) ∩Hs′,1(R).

By stitching together the flow maps, we obtain as a corollary a well-posedness result that uses
N + 1 time variables, i.e. for the N -truncated hierarchy in a direct sense.
Corollary 3.1.7 (simplified). Let N ∈ N and let s, s′ ∈ N such that s ≥ 5N−1

2 and s
2 + N−1

4 ≤
s′ ≤ s−N . Let q∗ be given as in the previous theorem and let p0 ∈ Hs(R)∩Hs′,1(R). There exists
a function q = q(t0, . . . , tN , x) : RN+1×R → C with initial data q(0, . . . , 0, x) = q∗(x) + p0(x)
which solves (NLSn) in the sense of distributions for every n ∈ {0, . . . , N}. It is unique in the
sense of the previous theorem. The same result holds for the GP and ˜︂GP hierarchies.

We mention as relevant literature the work [118] on the global well-posedness of the KdV hierarchy,
the works [88, 5] on the well-posedness of the NLS (and also KdV) hierarchy with zero boundary
data, as well as [4] for the dNLS hierarchy.

1.2.3. Main results of Chapter 4
Let N ∈ N and define t = (t0, . . . , tN ). In this chapter, we are interested in solutions q of the NLS
hierarchy with the nonzero boundary condition

lim
x→±∞

q(t, x) = q±e
iφ(t) where |q±| = 1 and φ(t) ∈ R (NZBC)
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that arise via the Ansatz

q(t, x) =
(︃

1 + 1
2(w+ − w−)(t, x)

)︃
exp
(︃
i

ˆ x

0
(w+ + w−)(t, y) dy

)︃
eiφ(t) ,

where the functions w± were defined in (1.2.2). We consider for a small parameter ε > 0 the
rescaled variables

X =
√

2εx T = (Tn)0≤n≤N =
(︃

dTn
dtn

tn

)︃
0≤n≤N

where
dT2n

dt2n
= 2(
√

2ε)2n−1 dT2n−1

dt2n−1
= (
√

2ε)2n−1 , (1.2.7)

and obtain with

W±(T, X) = 1
ε2w±(t, x)

the long-wave Ansatz

q(t, x) =
(︃

1 + ε2

2 (W+ −W−)(T, X)
)︃

exp
(︄
i
ε√
2

ˆ X

0
(W+ +W−)(T, Y ) dY

)︄
eiφ(t) . (1.2.8)

Here the functions W± are real-valued and decay at infinity. We write W = (W+,W−) for the
pair and define

HεGP(W ) = HGP(q) Hε ˜︁GP(W ) = H ˜︁GP(q) ,

which allows us to define the εGP and ε˜︂GP hierarchies as the hierarchies of Hamiltonian flows

i∂Tn
W = dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃(︄ δ
δW+
HεGP
n (W )

δ
δW−
HεGP
n (W )

)︄
(εGPn)

i∂Tn
W = dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃⎛⎝ δ
δW+
Hε ˜︁GP
n (W )

δ
δW−
Hε ˜︁GP
n (W )

⎞⎠ (ε˜︂GPn)

for n ∈ {0, . . . , N}. Here

A(T, X) = 1 + ε2

2 (W+ −W−)(T, X)

is the rescaled amplitude. Formally, it is indeed the case that if q solves (GPn) (resp. (˜︂GPn)),
then W solves (εGPn) (resp. (ε˜︂GPn)).

In [27, 28] an approximation of the Hamiltonians H ˜︁GP
0 , . . . ,H ˜︁GP

8 by EKdV
−1 , . . . , EKdV

3 was discovered,
and an analogous result was speculated to hold for all n ∈ N. We prove the following theorem.
Theorem 4.1.1 (simplified). For all n ∈ N there exist polynomials Pn, depending on ε, W+,
W−, and derivatives thereof, such that

Hε ˜︁GP
2n (W )∓ 2Hε ˜︁GP

2n−1(W ) = (
√

2ε)2n+1
(︃
EKdV
n−1(±W±) + ε2

2

ˆ
R

P2n ∓P2n−1 dX
)︃
.

In order to prove statements about these infinite families of Hamiltonians, we define them via the
asymptotic expansions of the logarithms of the transmission coefficients (see (1.1.7) and (1.1.9)
above). The above theorem is then a consequence of the following proposition. Here we define
aεGP(λ, k;W ) = aGP(λ, z; q) where λ2 = z2 − 1 = 2ε2k2 − 1. We define also the projections onto
the even and odd parts Evλ and Odλ by

Evλ f(λ) = f(λ) + f(−λ)
2 Odλ f(λ) = f(λ)− f(−λ)

2 . (1.2.9)
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Proposition 4.1.3 (simplified). LetW = (W+,W−) ∈ S(R;R2), ε ∈ (0, 1) and let the parameters
λ, k ∈ {b ∈ C : Re b, Im b ≥ 0} be large so that the asymptotic expansions below exist. Then

Evλ
[︁
log aεGP(λ, k;W )

]︁
∓ 1
λ

Odλ
[︁
log aεGP(λ, k;W )

]︁
∼ log aKdV(k; (±W±)) +

∞∑︂
n=−1

O(ε2)
(2k)n+1

in the sense of asymptotic expansions as 2ik →∞. Here O(ε2) must be understood symbolically
in ε, W+, W−, and derivatives thereof.
Now assume in addition that k ∈ iR+ and κ = −ik < 1√

2ε satisfies

max
{︃

1
κ
,

1
κ3

}︃
∥W∥2

L2 ≤
1
3 .

Then

Evλ
[︁
log aεGP(λ, k;W )

]︁
∓ 1
λ

Odλ
[︁
log aεGP(λ, k;W )

]︁
= log aKdV(k;±W±) + E(κ;W )

with

|E(κ;W )| ≤ 8ε2κ−1∥W∥2
L2 .

This can be understood as a result on the splitting of the Dirac operator in the nonrelativistic limit.
We explain this in Remark 4.1.4 below. By exploiting an additional approximation result for the
relevant symplectic/Poisson/Hamiltonian structures, we obtain the following formal approximation
of the hierarchies. This uses the upper triangular coefficient matrix cNLS↦→ε ˜︁GP ∈ R(N+1)×(N+1),
defined by

c2n,2m
NLS↦→ε ˜︁GP

=
(︃
n− 1

2
n−m

)︃(︃
2
ε2

)︃n−m

c2n,2m−1
NLS↦→ε ˜︁GP

= 0

c2n−1,2m
NLS↦→ε ˜︁GP

= 0 c2n−1,2m−1
NLS↦→ε ˜︁GP

=
(︃
n− 1

2
n−m

)︃(︃
2
ε2

)︃n−m

.

It represents a combination of the relations (1.1.10), (1.1.11), (1.1.12), and (1.2.7).
Theorem 4.1.8 (simplified). Suppose that q is formally a solution of the N -truncated NLS
hierarchy (NLSn). If W (T) is defined by (1.2.8), then W (cNLS↦→ε ˜︁GPT) formally solves the N -
truncated ε˜︂GP hierarchy (ε˜︂GPn) and

d
dTn

W (cNLS↦→ε ˜︁GPT) =

⎛⎝−(−1)n 1
2∂X

δ
δW+
EKdV
⌊n−1

2 ⌋
(W+(cNLS↦→ε ˜︁GPT))

− 1
2∂X

δ
δ(−W−)E

KdV
⌊n−1

2 ⌋
(−W−(cNLS↦→ε ˜︁GPT))

⎞⎠+O(ε2) .

We want to strengthen this to a quantitative approximation result. Here it is of great convenience
that the global well-posedness of both the KdV hierarchy and the NLS hierarchy with nonzero
boundary data has already been established. For the KdV hierarchy, this is a combination
of the local well-posedness in high regularity Sobolev spaces from [104] and the conserved
energies from [122]. For the NLS hierarchy with nonzero boundary we use our Corollary 3.1.7.
Furthermore, we can use Theorem 2.1.6 to transfer estimates for q ∈ q∗ +Hs(R) ⊂ Xs first to
(ρ, v) ∈ (1 +Hs(R))×Hs−1(R), and then to W ∈ Hs−1(R).

Define now M =
⌊︁
N−1

2
⌋︁

and b+,b− ∈ R(M+1)×(N+1) by

b+
m,n = −(−1)n1{m=⌊n−1

2 ⌋} b−
m,n = 1{m=⌊n−1

2 ⌋} .

The purpose of this matrix is to match the correct flows in the NLS hierarchy with the corresponding
flows in the KdV hierarchy, as described by Theorem 4.1.8. Define 0 = (0, . . . , 0).
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Theorem 4.1.12 (simplified). Let N, s ∈ N and q0 : R→ C satisfy the assumptions of Corollary
3.1.7 for some s′ ∈ N and q∗, p0 : R → C. Assume in addition that HGP

2 (q0) < 8
3 so that

|q(t, x)| > δ > 0, and hence we can define for some ε > 0 the function W according to the Ansatz
(1.2.8). We have W ∈ C(RN+1;Hs−1(R)), and if ε is sufficiently small then

∥W∥L∞
T Hh−2

X
≤ C(h, ∥W (0)∥Hh)∥W (0)∥Hh ∀h ∈ {2, . . . , s− 1} .

Furthermore, W (cNLS↦→ε ˜︁GPT) ∈ C(RN+1;Hs−1(R)) solves (ε˜︂GPn) in the sense of distributions.
Let ±U± ∈ C(RN+1×R;Hs−1(R)) be the solutions to the N -truncated KdV hierarchy with initial
data U±(0) = W±(0) which are known to exist and admit the bound

∥U(T)∥L∞
T Hh

X
≤ C(h, ∥U(0)∥H−1)∥U(0)∥Hh ∀h ∈ {0, . . . , s− 1} . (1.2.10)

Define [T] = |T2|+ · · ·+ |TN |. For all h ∈ {0, . . . ,
⌊︁
s−N

2
⌋︁
} there exists a constant

C = C(N,h, δ, ∥W∥L∞
T HN+1+2h

X
) > 0

such that ⃦⃦⃦⃦(︃
U+(b+T)
U−(b−T)

)︃
−W (cNLS↦→ε ˜︁GPT)

⃦⃦⃦⃦
Hh

≤ ε2C[T] 1
2 eC[T] . (1.2.11)

This result represents a collection of approximations, and the timescales involved have several
edge cases. In the Examples 4.1.13–4.1.20 in Chapter 4 this is discussed in detail. We present
here an informal summary of the implications of this theorem for the flows of (NLSn), (GPn), and
(˜︂GPn) with n ∈ {0, . . . , 7}.

Example 4.1.13 ((NLS0) = (GP0) = (˜︂GP0) = “phase rotation”). The flows (NLS0), (GP0), and
(˜︂GP0) for the variable W are all constant, which matches exactly (KdV−1).

Example 4.1.14 ((NLS1) = (GP1) = (˜︂GP1) = “transport”). The flows (NLS1), (GP1), and (˜︂GP1)
for the variable W are all transport flows, matching exactly the transport equation (KdV0).

Example 4.1.15 ((NLS2) = NLS and (GP2) = (˜︂GP2) = GP). The flows (NLS2), (GP2), and
(˜︂GP2) are identical for the variable W and approximated by (KdV0) on the timescale |t2| ≲ ε−1,
which is natural here. This result corresponds to [25, Theorem 2], i.e. it is an approximation of GP
by two transport equations. In the introduction of Chapter 4 we elaborate on the following fact: it
is known from [27, 28] that in the subsequent order KdV = (KdV1) shows up as the approximating
equation. It is natural to conjecture that this may be generalized, i.e. to characterize the effect of
the terms O(ε2) up to O(ε4), even for the higher flows.

Example 4.1.16 ((NLS3) = mKdV, (GP3), and (˜︂GP3)). The flows (NLS3), (GP3), and (˜︂GP3) for
the variable W are approximated by a combination of (KdV0) and the KdV equation (KdV1) on
the timescale |t3| ≲ ε−3, which is natural here.

Example 4.1.17 ((NLS4) = “4-th order NLS”, (GP4) = (˜︂GP4) = “4-th order GP”). The flows
(NLS4), (GP4) for the variable W are approximated by a combination of (KdV0) and (KdV1) on
the timescale |t4| ≲ ε−1, which is only long enough to see (KdV0). The flow (˜︂GP4) for the variable
W is approximated by a combination of (KdV0) and (KdV1) on the timescale |t4| ≲ ε−3, which is
natural here.

Example 4.1.18 ((NLS5) = “5-th order mKdV”, (GP5) = (˜︂GP5)). The flows (NLS5), (GP5) for
the variable W are approximated by a combination of (KdV0), (KdV1), and the fifth order KdV
equation (KdV2) on the timescale |t5| ≲ ε−3, which is only long enough to see (KdV0) and (KdV1).
The flow (˜︂GP5) for the variable W is approximated by a combination of (KdV0), (KdV1), and
(KdV2) on the timescale |t5| ≲ ε−5, which is natural here.
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Example 4.1.19 ((NLS6) = “6-th order NLS”, (GP6) = (˜︂GP6) = “6-th order GP”). The flows
(NLS6), (GP6) for the variable W are approximated by a combination of (KdV0), (KdV1), and
(KdV2) on the timescale |t6| ≲ ε−1, which is only long enough to see (KdV0). The flow (˜︂GP6) for
the variable W is approximated by a combination of (KdV0), (KdV1), and (KdV2) on the timescale
|t6| ≲ ε−5, which is natural here.

Example 4.1.20 ((NLS7) = “7-th order mKdV”, (GP7) = (˜︂GP7)). The flows (NLS7), (GP7) for
the variable W are approximated by a combination of (KdV0), (KdV1), (KdV2), and the seventh
order KdV equation (KdV3) on the timescale |t7| ≲ ε−3, which is only long enough to see (KdV0)
and (KdV1). The flow (˜︂GP7) for the variable W is approximated by a combination of (KdV0),
(KdV1), (KdV2), and (KdV3) on the timescale |t7| ≲ ε−7, which is natural here.

At this point we stop because all edge cases have been exhibited and the pattern continues as
expected.

1.3. Outlook
We give for each chapter a brief outlook on possible future directions of research.

1. Regarding Chapter 2, there is the obvious question of lower regularity. Since the well-
posedness results for (GP) from [119, 120] hold for s ≥ 0, it would be useful to understand
the Madelung transform with domain Xs for s ∈ [0, 1

2 ]. Here the Sobolev embedding
Hs(R) ↪−→ L∞(R) is no longer available, so one needs to tackle the problem with vacuum.

2. Regarding Chapter 3, we would like to mention that much more recent techniques than
the ones we have used are available, such as the Fourier restriction norm method (see e.g.
[5, 4, 86, 87, 88]), as well as the method of commuting flows [38, 91, 114, 118]. This is, of
course, much more technically involved. It would be of particular interest to find a natural
adaptation of the method of commuting flows to the setting of NZBC. More generally, we
hope that our initial well-posedness result inspires future work on the NLS hierarchy with
nonzero boundary data. Lastly, we believe that with a lot of work Theorem 3.1.10 can
be extended to describe the terms with two factors which have derivatives, and with even
more work those with three factors with derivatives. If then one is able to make a guess for
a formula for the complete structure of the NLS hierarchy, it may be possible to give an
elegant proof using generating functions.

3. Regarding Chapter 4, we note that the main result Theorem 4.1.12 does not generalize
the approximation result [27, Theorem 1], which states that (GP) is approximated by the
transport equation (KdV0) in the leading order, and (KdV) = (KdV1) in the next-to-leading
order. We reproduce only the leading order transport equation approximation. It is therefore
plausible that every result in Chapter 4 might have a refined version, where the terms which
we treat as O(ε2) are described up to O(ε4). In another direction, it would be of interest to
explore further the implications of our result for the splitting of the one-dimensional Dirac
operator in the nonrelativistic limit.





CHAPTER 2

Global-in-time Well-posedness of the
One-dimensional Hydrodynamic
Gross-Pitaevskii Equations without Vacuum

Abstract

We establish global-in-time well-posedness of the one-dimensional hydrodynamic Gross-
Pitaevskii equations in the absence of vacuum in (1 + Hs) × Hs−1 with s ≥ 1. We achieve
this by a reduction via the Madelung transform to the previous global-in-time well-posedness
result for the Gross-Pitaevskii equation in [119, 120]. Our core result is a local bilipschitz
equivalence of the relevant function spaces, which enables the transfer of results between the
two equations.

2.1. Introduction
We consider in one dimension the Gross-Pitaevskii equation

i∂tq + ∂xxq − 2(|q|2 − 1)q = 0 , (GP)

where q(t, x) : R×R −→ C represents an unknown wave function, subject to the boundary
condition at infinity lim|x|→∞ |q(t, x)| = 1. In the absence of vacuum, meaning that

|q| > 0 ,

the Gross-Pitaevskii equation has a hydrodynamic formulation{︄
∂tρ+ 2∂x(ρv) = 0 ,

∂tv + ∂x(v2) + 2∂xρ = ∂x
(︁
∂x
(︁ 1

2
∂xρ
ρ

)︁
+
(︁ 1

2
∂xρ
ρ

)︁2)︁
,

(hGP)

which we call the hydrodynamic Gross-Pitaevskii equations. Here the functions ρ(t, x) : R×R −→
R+ and v(t, x) : R×R −→ R may be understood as the unknown density and velocity of a
quantum fluid. The system (hGP) belongs to the class of quantum hydrodynamical models, which
may be used to model various physical phenomena such as Bose-Einstein condensation [73, 83],
superfluidity [72, 127, 138] and quantum semiconductors [76]. We refer to [8, 36, 93] for more
information on quantum hydrodynamical models and their relation to nonlinear Schrödinger
equations.
The relation between (GP) and (hGP) is given by the Madelung transform

M(q) =
(︂
|q|2, Im

[︂∂xq
q

]︂)︂
, (2.1.1)

which formally transforms a solution q of (GP) into a solution (ρ, v) =M(q) of (hGP). Note that
ρ and v are real-valued. One immediately sees that the Madelung transform M only makes sense
when |q| > 0. In this case, we may recover q from its Madelung transform by the formula

q = √ρeiφ ,

where φ is some spatial primitive of v, i.e.

∂xφ = v .

One furthermore sees that the inverse Madelung transform (ρ, v) ↦−→ q is only defined up to
multiplication with S1, i.e. a constant rotation in phase (see (2.1.13) below for more details).
We refer the reader to [43] for a survey of the Madelung transform and the hydrodynamic
Gross-Pitaevskii equations.
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2.1.1. Related results for the Gross-Pitaevskii equation
E.P. Gross [85] and L.P. Pitaevskii [153] introduced the Gross-Pitaevskii equation as a model for a
Bose-Einstein Condensate, a type of Boson gas at very low density and temperature. For rigorous
justification of the model, we refer to the mean-field approximation established by L. Erdős, B.
Schlein, and H. Yau [70], as well as references therein. As the Gross-Pitaevskii equation is a
kind of defocusing cubic nonlinear Schrödinger equation, its well-posedness has been extensively
studied. Due to the non-zero boundary condition, finite-energy solutions to (GP) can clearly not
be in traditional function spaces that require global integrability, such as Lp(R). For integers
k ≥ 1 and in any dimension n ≥ 1, P.E. Zhidkov [191] established local-in-time well-posedness
in the so-called Zhidkov space Zk(Rn), which is the closure of {u ∈ Ckb (Rn) : ∂xu ∈ Hk−1(Rn)}
under the norm

∥u∥Zk(Rn) = ∥u∥L∞(Rn) +
∑︂

1≤|α|≤k

∥∂αx u∥L2(Rn). (2.1.2)

This led to a first global-in-time well-posedness result in one dimension in Z1(R), as the Ginzburg-
Landau energy

E(q) = 1
2

ˆ
Rn

|∂xq|2 + (|q|2 − 1)2 dx (2.1.3)

is conserved. The Gross-Pitaevskii equation (GP) can be interpreted as the Hamiltonian evolu-
tionary equation associated with this energy. The well-posedness result in Zhidkov spaces was
expanded to the cases n = 2, 3 by C. Gallo [74]. Global-in-time well-posedness in the energy space
{q ∈ H1

loc(Rn) : E(q) <∞} equipped with the metric

dE(q, p) = ∥q − p∥Z1(Rn)+H1(Rn) + ∥|q|2 − |p|2∥L2(Rn)

was obtained by P. Gérard [77, 78] for n = 1, 2, 3, and for n = 4 under smallness assumptions.
Later R. Killip, T. Oh, O. Pocovnicu, and M. Vis,an [113] established global-in-time well-posedness
in the energy space for n = 4. More recently, the problem has been studied by P. Antonelli,
L.E. Hientzsch, and P. Marcati [7] in n = 2, 3 for general nonlinearities f satisfying a Kato-type
assumption. Local-in-time well-posedness is obtained in the energy space and extended globally
in the defocusing case under some further assumptions. Regarding the case of non-finite energy,
H. Pecher [151] established global-in-time well-posedness in three dimensions in 1 +Hs(R3) for
s ∈ ( 5

6 , 1).
We are concerned with the case n = 1. For s ∈ R, we associate with solutions of (GP) the energy
functionals

Es(q) = 1
2
⃦⃦
∂xq
⃦⃦2
Hs−1(R) + 1

2
⃦⃦
|q|2 − 1

⃦⃦2
Hs−1(R). (2.1.4)

Note that indeed E1 = E. Our results are consequences of a pair of papers [119, 120] by H.
Koch and X. Liao, where for s ≥ 0 they proved the global-in-time well-posedness of (GP) in the
complete metric space

Xs = {q ∈ Hs
loc(R) : Es(q) <∞} / S1 , (2.1.5)

equipped with the distance function

ds(q, p) =
(︃ˆ

R
inf
λ∈S1
∥ sech(y − ·)(λq − p)∥2

Hs dy
)︃ 1

2

. (2.1.6)

We summarize several of their results, taken from [119, Theorem 1.2, 1.3, Lemma 6.1] and [120,
Theorem 1.5], in the following theorem.
Theorem 2.1.1 (Global-in-time well-posedness of (GP) [119, 120]). Let s ≥ 0. The pair (Xs, ds)
is a complete metric space, and the energy functional Es : Xs −→ R is continuous. There exists a
constant C0 > 0 such that ds(1, q) ≤ C0

√︁
Es(q) for all q ∈ Xs.

The Gross-Pitaevskii equation (GP) is globally-in-time well-posed in the metric space (Xs, ds) in
the following sense: For any initial data q0 ∈ Xs there exists a unique global-in-time solution
q ∈ C(R;Xs) of (GP) (see Definition 2.3.2 below). For any t ≥ 0 the Gross-Pitaevskii flow map
Xs ∋ q0 ↦→ q ∈ C([−t, t];Xs) is continuous. There exists a constant C̃0(s, Es(q0)) such that

sup
t∈R

Es(q(t)) ≤ C̃0(s, Es(q0))Es(q0) , (2.1.7)

and in the case s ≥ 1 the energy E(q(t)), defined in (2.1.3), is conserved.
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2.1.2. Related results for the hydrodynamic Gross-Pitaevskii
equations

The question of equivalence between Schrödinger equations and quantum hydrodynamical equations
is relevant for the validity of classical approaches to quantum mechanics such as de Broglie-Bohm
Theory [31] and stochastic mechanics [147]. It became a topic of controversy when Wallstrom
raised some objections [177, 178, 179]. We recommend [157] for a review of these issues. The
difficulty arises from possible vacuum regions, which complicate the definition of the inverse
Madelung transform. This can be resolved via an additional “Takabayasi’s quantization condition”
[29, 168], which requires the winding numbers of the velocity field on closed loops to be quantized.
Note that this condition trivially holds in one dimension. Wallstrom also raised objections
regarding uniqueness [179]. There are indeed non-uniqueness results for weak solutions to
quantum hydrodynamical systems, which are related to a change in the number of non-vacuum
connected components [139].
Nevertheless, P. Antonelli and P. Marcati [9, 10] constructed weak solutions vanishing at infinity
with finite but arbitrarily large energy, meaning that vacuum may appear, in n = 2, 3 for a general
quantum hydrodynamical system. They use a polar decomposition technique in order to define
the velocity field in the vacuum regions. In collaboration with H. Zheng, they extended this to
n = 1 via a purely hydrodynamical approach [12, 13]. An alternative approach to finite energy
weak solutions is explored in [6, 11].
The well-posedness of the Euler-Korteweg system, a generalization of the compressible Euler
equations which includes capillarity effects and contains (hGP) as a special case, was studied
in higher dimensions by C. Audiard and B. Haspot [17, 18]. Similar to the approach we take
is a paper by C. Audiard [16], in which global-in-time well-posedness of (hGP) under smallness
assumptions is shown in certain spaces for n ≥ 2 by applying the Madelung transform to solutions
to (GP). While they used scattering results to bound the solution away from 0, we use a rather
elementary argument that leads us to the aforementioned energy bound E < 4

3 .
A closely related paper is a work by H. Mohamad [145], which in [145, Proposition 1.1] states
similar relations to our Theorem 2.1.6, and then uses a well-posedness result for (GP) to obtain
a well-posedness result for (hGP) in (1 + Hk+1) × Hk with k ∈ N≥0 up to the appearance of
vacuum. We discuss the similarities and differences in Remark 2.1.10.

2.1.3. Functional analytic framework
Our goal is to show a novel global-in-time well-posedness result for (hGP) with (ρ, v) ∈ (1 +Hs)×
Hs−1 where s ≥ 1 and n = 1. We achieve this under the assumptions s ≥ 1 and E < 4

3 by passing
the well-posedness result for (GP) in Theorem 2.1.1 through the Madelung transform (2.1.1). The
first assumption s ≥ 1 ensures sufficient regularity for the energy E to be defined, and for (hGP) to
be interpretable in the sense of distributions. As an example, consider that s ≥ 1 implies v ∈ L2(R),
and so the problematic square of a distribution v2 appearing in (hGP)2 does indeed exist. The
second assumption E < 4

3 can also be understood as a “regularity” assumption: solutions below
the critical energy of 4

3 can not have vacuum, that is points or intervals where |q| = √ρ = 0 (see
Corollary 2.1.3 below). As a result, singularities are avoided in the hydrodynamic formulation.
Due to conservation of energy, the absence of vacuum is guaranteed for all times. Note that this
energy assumption is sharp in the sense that the black soliton solution q(t, x) = tanh(x) to (GP)
has a zero tanh(0) = 0, while also having energy E(tanh) = 4

3 .
We collect now some results that ensure the absence of vacuum, given certain energy bounds. We
start with the following lemma.
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Lemma 2.1.2. Consider the function b̃ : [0, 1] −→ [0, 4
3 ] defined by

b̃(δ) = 4
3 − 2δ + 2

3δ
3.

This is a strictly decreasing bijection (see Fig. 1) whose inverse we
denote by
δ̃(b) : [0, 4

3 ] −→ [0, 1]. We have

b̃(δ) = min
{︁
E(q) : q ∈ H1

loc(R), inf
x∈R
|q(x)| ≤ δ

}︁
,

δ̃(b) = min
{︁

inf
x∈R
|q(x)| : q ∈ H1

loc(R), E(q) ≤ b
}︁
.

δ

b

4
3

10
Fig. 1 Graph of b̃

This lemma is a stronger version of [26, Lemma 1]. The proof of a slightly more general Lemma
2.A.1 is given in the appendix. As a consequence of Lemma 2.1.2, the “energy gap” 4

3 − E(q)
yields an explicit lower bound for the distance of |q| to zero. Due to conservation of the energy
E(q), we obtain the following corollary.
Corollary 2.1.3. For any solution q ∈ C(R;X1) of (GP) (see Definition 2.3.2), we have

E(q0) < b <
4
3 =⇒ inf

(t,x)∈R2
|q(t, x)| > δ̃(b) > 0 . (2.1.8)

We thus consider solutions q of (GP) in Xs, s ≥ 1 with energy

E(q) < 4
3 , (2.1.9)

recalling the definitions (2.1.3) - (2.1.6) of Xs and E. We look for solutions (ρ, v) of (hGP) in the
function space

Ys = (1 +Hs(R;R))×Hs−1(R;R) , (2.1.10)

equipped with the metric

θs((ρ, v), (η, w)) = ∥ρ− η∥Hs + ∥v − w∥Hs−1 . (2.1.11)

We define the analogous energy

E(ρ, v) = E(M−1(ρ, v)) = 1
2

ˆ
R

(∂xρ)2

4ρ + ρv2 + (ρ− 1)2 dx. (2.1.12)

Here the inverse Madelung transform is defined as

M−1(ρ, v)(x) =
(︁√︁

ρ(x)eiφ(x))︁ S1 =
{︁
λ
√︁
ρ(x)eiφ(x) : λ ∈ S1}︁ , (2.1.13)

where φ is any spatial primitive of v, i.e. ∂xφ = v. Note that the energy E is indeed well-defined
on equivalence classes under multiplication by S1, and furthermore that the space Xs consists of
such equivalence classes, and is hence a suitable domain for the Madelung transform M, given in
(2.1.1).
In order to transform solutions of (GP) into solutions of (hGP) via the Madelung transform, we
establish an equivalence between the relevant function spaces (Xs, ds) and (Ys, θs). Specifically,
we prove a local bilipschitz equivalence between the distance functions ds and θs for all s > 1

2 .
While our main result only holds for s ≥ 1, our approach has the potential to be extended to the
case 1

2 < s < 1 if one finds a way to make sense of (hGP)2 in such a low regularity setting. For
example, this may be possible via a local smoothing result, as in [114] (see Remark 2.1.12 below).
When 1

2 < s < 1, the absence of vacuum can still be ensured by a smallness assumption of the
form

Eµ(q) < ε0(µ) << 1 ,

where µ > 1
2 (see (2.1.16) below). This smallness condition can also replace E < 4

3 in the case
s ≥ 1, µ ≤ s. Specifically, we have the following Lemma 2.1.4 as a replacement for Lemma 2.1.2.



2.1. Introduction 23

Lemma 2.1.4. For δ ∈ [0, 1] and µ > 1
2 define

Eµδ = inf
{︁
Eµ(q) : q ∈ Hµ

loc, inf
x∈R
|q(x)| ≤ δ

}︁
.

Then Eµ1 = 0, the function δ ↦→ Eµδ is decreasing, and there exists a constant C̃(µ) > 0 so that

Eµδ ≥
(1− δ)2

C̃(µ)
. (2.1.14)

This Lemma is also a special case of Lemma 2.A.1. By (2.1.7) there exists for any µ > 1
2 a constant

c(µ) > 0 such that
Eµ(q0) < ε =⇒ sup

t∈R
Eµ(q(t)) < c(µ) ε (2.1.15)

for all ε ∈ (0, 1) and any solution q ∈ C(R;Xµ) of (GP). Not attempting to obtain a sharp bound,
we state the analogous of Corollary 2.1.3.
Corollary 2.1.5. Let µ > 1

2 and define

ε0(µ) = max
{︃

1
2 ,

1
4c(µ)C̃(µ)

}︃
. (2.1.16)

For any solution q ∈ C(R;Xµ) of (GP) (see Definition 2.3.2), we have

Eµ(q0) < ε < ε0(µ) =⇒ inf
(t,x)∈R2

|q(t, x)| > 1−
√
ε

√︂
c(µ)C̃(µ) > 1

2 . (2.1.17)

Proof. We prove the contrapositive. Suppose inf(t,x)∈R2 |q(t, x)| ≤ δ := 1 −
√
ε
√︂
c(µ)C̃(µ) and

note that δ ∈ (0, 1). Using the definition of Eµ
δ̃

and (2.1.14), this implies that for any δ̃ > δ there
exists t ∈ R with

Eµ(q(t)) ≥ Eµ
δ̃
≥ (1− δ̃)2

C̃(µ)
.

In particular

sup
t∈R

Eµ(q(t)) ≥ (1− δ)2

C̃(µ)
= c(µ)ε ,

so (2.1.15) implies Eµ(q0) ≥ ε.

As the energies Eµ still provide a lower bound for the distance of |q| to zero, we can use the
smallness assumption Eµ < ε0(µ) as a substitute for E < 4

3 . We define for µ > 1
2 the energies

Eµ(ρ, v) = Eµ(M−1(ρ, v)) . (2.1.18)

2.1.4. Main results
For both the Gross-Pitaevskii equation (GP) and its hydrodynamic formulation (hGP), there are
three key objects in our function framework: the energy, the space and the metric. We summarize
the definitions given in §1.2 in the following diagram:

Es(q) = 1
2∥∂xq∥

2
Hs−1 + 1

2∥|q|
2 − 1∥2

Hs−1

Xs = {q ∈ Hs
loc(R;C) : Es(q) <∞} / S1

ds(q, p) =
(︁´

R infλ∈S1 ∥ sech(y − ·)(λq − p)∥2
Hs dy

)︁ 1
2

M

⏐⏐⏐⏐↓ q = √ρeiφ, ρ = |q|2, v = ∂xφ

p = √ηeiψ, η = |p|2, w = ∂xψ

↑⏐⏐⏐⏐M−1

Es(ρ, v) = Es(M−1(ρ, v))
Ys = {(ρ, v) ∈ (1 +Hs(R;R))×Hs−1(R;R)}

θs((ρ, v), (η, w)) = ∥ρ− η∥Hs + ∥v − w∥Hs−1

(2.1.19)
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Here the Madelung transform and its inverse

M(q) =
(︂
|q|2, Im

[︂∂xq
q

]︂)︂
M−1(ρ, v) =

(︁√
ρeiφ

)︁
S1, ∂xφ = v

are given in (2.1.1) and (2.1.13) respectively. Recall also the explicit forms of the energies E and
E in the most important case s = 1:

E(q) = 1
2

ˆ
R
|∂xq|2 + (|q|2 − 1)2 dx E(ρ, v) = 1

2

ˆ
R

(∂xρ)2

4ρ + ρv2 + (ρ− 1)2 dx .

Our first main result is the following theorem, which is central to our strategy as it establishes
a local bilipschitz equivalence between the metrics ds and θs. We require s > 1

2 to use L∞

embeddings and certain product estimates.
Theorem 2.1.6 (Local bilipschitz equivalence of ds and θs). Let s > 1

2 and r, δ > 0. Consider
measurable functions ρ, η, φ, ψ : R −→ R so that q, p ∈ S ′(R) ∩ Hs

loc(R) and |q|, |p| > δ, where
q = √ρeiφ and p = √ηeiψ. There exist constants C1(s, δ, r), C2(s, r) > 0 so that the following
hold:

(i) If ds(1, q), ds(1, p) < r, then

θs((ρ, ∂xφ), (η, ∂xψ)) ≤ C1(s, δ, r) ds(q, p) .

(ii) If θs((1, 0), (ρ, ∂xφ)), θs((1, 0), (η, ∂xψ)) < r, then

ds(q, p) ≤ C2(s, r) θs((ρ, ∂xφ), (η, ∂xψ)) .

Corollary 2.1.7. Let s ≥ 1, 1
2 < µ < 1. For all b < 4

3 and ε < ε0(µ) the maps(︁{︁
q ∈ Xs : E(q) < b

}︁
, ds
)︁ M−−−−−→

(︁{︁
(ρ, v) ∈ Ys : E(ρ, v) < b

}︁
, θs
)︁

and (︁{︁
q ∈ Xs : Eµ(q) < ε

}︁
, ds
)︁ M−−−−−→

(︁{︁
(ρ, v) ∈ Ys : Eµ(ρ, v) < ε

}︁
, θs
)︁

are bilipschitz equivalences. Recall that a bilipschitz equivalence is a map which is bijective,
Lipschitz continuous, and has a Lipschitz continuous inverse. Here ε0(µ) is a constant defined in
(2.1.16).

Our second main result is the global-in-time well-posedness of the hydrodynamic Gross-Pitaevskii
equations.
Definition 2.1.8 (Solution to (hGP)). Let s ≥ 1 and 0 ∈ I ⊂ R be an open time interval or
the real line, and let (ρ0, v0) ∈ Ys with ρ0 > 0. A solution to (hGP) with initial data (ρ0, v0) is
a pair (ρ, v) ∈ C(I;Ys) with ρ > 0 which solves (hGP) in the sense of distributions and fulfills
(ρ, v)(0) = (ρ0, v0).

Theorem 2.1.9 (Global-in-time well-posedness of (hGP) for s ≥ 1). Let s ≥ 1. The hydrodynamic
Gross-Pitaevskii equations (hGP) are globally-in-time well-posed in the metric space (Ys, θs) for
initial data (ρ0, v0) ∈ Ys with E(ρ0, v0) < 4

3 in the following sense:
There exists a solution (ρ, v) ∈ Cb(R;Ys) to (hGP) (see Definition 2.1.8). It is the unique solution
that fulfills

E(ρ(t), v(t)) = E(ρ0, v0) < 4
3 (2.1.20)

for all t ∈ R. For any T ≥ 0 the solution map{︂
(ρ0, v0) ∈ Ys : E(ρ0, v0) < 4

3

}︂
−→ Cb([−T, T ];Ys)

(ρ0, v0) ↦−→ (ρ, v)

is continuous.
For all 1

2 < µ < 1 there exist constants c(µ), ε0(µ) > 0, defined in (2.1.15) and (2.1.16), so that
if we replace the assumption E(ρ0, v0) < 4

3 by Eµ(ρ0, v0) < ε < ε0(µ), then the above statement
holds with (2.1.20) replaced by Eµ(ρ(t), v(t)) < c(µ) ε.
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Remark 2.1.10. In [145, Theorem 1.2] the well-posedness of (hGP) until the appearance of
vacuum is shown in (1 + Hk) ×Hk−1 for k ∈ N≥1. Furthermore, continuity properties for the
Madelung transform between (Yk, θk) and the space

Ẽk = {q ∈ L∞(R;C) : 1− |q|2 ∈ L2(R), ∂xq ∈ Hk−1(R)}

are established. Specifically, a strong metric

d̃k(q, p) = ∥q − p∥L∞(R) + ∥|q|2 − |p|2∥L2(R) + ∥∂xq − ∂xp∥Hk−1(R)

and a weak metric

d̃kloc(q, p) = ∥q − p∥L∞([−1,1]) + ∥|q|2 − |p|2∥L2(R) + ∥∂xq − ∂xp∥Hk−1(R)

are considered, and the following is shown [145, Proposition 1.1]:

(Yk ∩ {ρ > 0}, θk)
(Ẽk ∩ {|q| > 0}, d̃k)

(Ẽk ∩ {|q| > 0}, d̃kloc)

(Ẽk ∩ {|q| > 0}, d̃k)

(Ẽk ∩ {|q| > 0}, d̃kloc)

loc. Lipschitz

not loc. Lipschitz

not cont.

cont.

There are several ways in which Theorem 2.1.6 improves upon [145, Theorem 1.2]. The first is that
our result covers the fractional cases as well. The second is that we obtain a full local bilipschitz
equivalence

(Ys ∩ {ρ > 0}, θs)(Xs ∩ {|q| > 0}, ds) (Xs ∩ {|q| > 0}, ds)
loc. Lipschitz loc. Lipschitz

and do so down to s > 1
2 , while they have to work with two different metrics on the side of (GP)

for the two directions of estimates. Furthermore, they state well-posedness up to the appearance
of vacuum, while we use energy bounds to ensure this absence of vacuum for all times. Lastly, we
find solutions which are uniformly bounded.

Remark 2.1.11. Previously, P.E. Zhidkov [190, Theorem III.3.1] studied the stability of solutions
in the Zhidkov space Z1(R) (see (2.1.2)) near space-homogeneous solutions Φ, such as the constant
solution Φ = 1, with respect to the distance θ1. For the case s = 1 he derived similar estimates
as above under smallness assumptions, although he did not formulate a well-posedness result.
Curiously, in [190, Cor. III.3.5] he proved furthermore that for any ball B ⊂ R, if the initial
θ1-distance between the perturbed and the space-homogeneous solution is small, then for all times
also the distance

inf
λ∈S1
∥λq − Φ∥W 1,2(B)

is small. This can be interpreted as a weaker form of the estimate d1 ≲ θ1 we derive (see Lemma
2.2.6 and Remark 2.2.11 below).

Remark 2.1.12. As both Theorem 2.1.1 and Theorem 2.1.6 work for all s > 1
2 , it may be possible

to extend Theorem 2.1.9 to the case 1
2 < s < 1. The problem is that for v ∈ Hs−1 ̸⊆ L2 the

product of distributions v2 = v · v is not necessarily defined. Nevertheless, it may be possible to
find global distributional solutions. For example, in the paper [114] by R. Killip and M. Vis, an
global-in-time well-posedness of the KdV equation in H−1 is first shown in the sense that the
solution map R×S −→ S extends to a continuous mapping R×H−1 −→ H−1, and some other
conditions are fulfilled. In our case, it is similarly true that for any T ≥ 0 the solution map{︂

(ρ0, v0) ∈ Y1 : Es(ρ0, v0) < ε0(s)
}︂
−→ Cb([−T, T ];Y1)

has a unique continuous extension to a map{︂
(ρ0, v0) ∈ Ys : Es(ρ0, v0) < ε0(s)

}︂
−→ Cb([−T, T ];Ys) .
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This extension is given by the conjugation of the corresponding solution map for (GP) at regularity
s with the Madelung transform. R. Killip and M. Vis, an then furthermore show a local smoothing
result, which implies that the solution map produces functions in L2

loc,t,x. As a result, the equation
is indeed solved in the sense of distributions. We do not know if such a local smoothing result
holds in our case.

Organization of the paper. In §2 we prove Theorem 2.1.6, the local bilipschitz equivalence
of (Xs, ds) and (Ys, θs). In §3 we prove Theorem 2.1.9, the global-in-time well-posedness of the
hydrodynamic Gross-Pitaevskii equations.
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2.2. Local bilipschitz equivalence of (Xs, ds) and (Ys, θs)
The goal of this section is to prove Theorem 2.1.6. In §2.1, we introduce the necessary notations,
definitions, and basic results required for the rest of the paper. We split the proof of the two
statements (i) and (ii) of Theorem 2.1.6 into §2.2 and §2.3.

2.2.1. Notations and preliminaries
We use the notations R≥ = {r ∈ R : r ≥ 0} and R+ = {r ∈ R : r > 0}. We write C or C(...)
for various constants with possible dependence on other quantities. These may change from
one line to the next. We denote by D′ = D′(R) = D′(R;C) the space of distributions and by
S ′ = S ′(R) = S ′(R;C) the space of tempered distributions. In general, if for a family of function
spaces, such as the Lp-spaces, we write just “Lp”, then we mean Lp(R;C).

We write ˆ︁f for the Fourier transform

f̂(ξ) = 1√
2π

ˆ
R
e−ixξf(x) dx

for a Schwartz function f ∈ S and extend the definition as usual to the tempered distributions
f ∈ S ′. Let s ∈ R. We define the Sobolev space

Hs = Hs(R) = Hs(R;C) = {f ∈ S ′(R;C) : ∥f∥Hs <∞}

with norm
∥f∥Hs = ∥f∥Hs(R) =

⃦⃦
⟨ξ⟩s ˆ︁f ⃦⃦

L2(R) .

Here ⟨ξ⟩ =
√︁

1 + |ξ|2. We also define the quasinorm of the homogeneous Sobolev space

∥f∥Ḣs = ∥f∥Ḣs(R) =
⃦⃦
|ξ|s ˆ︁f ⃦⃦

L2(R) .

Let p ∈ [1,∞). For s ≥ 0, let α ∈ [0, 1) and m ∈ Z so that s = m+α. Let B ⊂ R be a non-empty
open interval. We define the Sobolev-Slobodeckij space

W s,p(B) = {f ∈ D′(B) : ∥f∥W s,p(B) <∞}
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with norm

∥f∥W s,p(B) =
(︄

m∑︂
k=0
∥∂kf∥pLp(B) +

ˆ
B

ˆ
B

|∂mf(x)− ∂mf(y)|p
|x− y|1+αp dx dy

)︄ 1
p

.

We define W s,p
0 (B) = D(B)W

s,p(B). For s < 0 we define W s,p′(B) = (W−s,p
0 (B))∗, where

1
p + 1

p′ = 1. We refer the reader to the book [140] by W. McLean for a comprehensive exposition.
For the convenience of the reader, let us recall some well-known results on Sobolev spaces that
may be used without mention.

2.2.1.1. Fractional Sobolev spaces on B and R
The only bounded domains we use are balls B, and on those we use the Sobolev-Slobodeckij
spaces W s,2(B). On the whole real line R we use Hs = Hs(R).
Lemma 2.2.1 (W s,2(B) and Hs(R)). Let s ∈ R and R > 0. Let B̃ ⊂ B ⊆ R be concentric balls
of radius R

2 and R. Set Bk = B + kR and B̃k = B̃ + kR for k ∈ Z.
(i) There exists a natural isomorphism H−s ∼= (Hs)∗ (see [140, p. 76]).
(ii) Hs = W s,2(R) and

∥f∥W s,2(B) ≤ C1 min{∥F∥Hs : F
⃓⃓
B

= f} ≤ C2∥f∥W s,2(B) .

(see [140, p. 77, (3.23) + Theorem 3.18, 3.19]).
(iii) For s ≥ 0, there exists a bounded linear extension operator E : W s,2(B) −→ Hs with

Ef
⃓⃓
B

= f (see [140, Theorem A.4]).
(iv) For s ≥ 0, there exists a constant C(s,R) so that∑︂

k∈Z
∥f∥2

W s,2(B̃k) ≤ ∥f∥
2
Hs ≤ C(s,R)

∑︂
k∈Z
∥f∥2

W s,2(Bk) ≤ 4C(s,R)∥f∥2
Hs

and
∥f∥2

H−s ≤ C(s,R)
∑︂
k∈Z
∥f∥2

W−s,2(Bk).

(v) If s > 1
2 , then ∥fg∥Hs ≤ C(s)∥f∥Hs∥g∥Hs (see [20, Cor. 2.87]). By use of the extension

operator, we also have ∥fg∥W s,2(B) ≤ C(s)∥f∥W s,2(B)∥g∥W s,2(B).

Proof. We only have to prove (iv). We start with the first inequality in the sequence. The case
s = 0 is trivial, so we assume s > 0. Here the statement is trivial for the terms with integer
regularity, and for the fractional terms we estimate∑︂

k∈Z

ˆ
B̃k

ˆ
B̃k

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy ≤

∑︂
j,k∈Z

ˆ
B̃j

ˆ
B̃k

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy

=
ˆ
R

ˆ
R

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy .

The third inequality in the sequence follows trivially. We show the second inequality first for
s > 0. For the terms with integer regularity the statement is again trivial, so we focus on the
fractional part1. Here
ˆ
R

ˆ
R

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy =

∑︂
j,k∈Z

ˆ
B̃k

ˆ
B̃j

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy

≤
∑︂
k∈Z

ˆ
Bk−1∪Bk+1

ˆ
Bk−1∪Bk+1

|∂mf(x)− ∂mf(y)|2
|x− y|1+2α dx dy

+
∑︂
k∈Z

ˆ
B̃k

2(|∂mf(x)|2 + |∂mf(x)|2)
∑︂
j∈Z

|k−j|≥2

ˆ
B̃j

1
|x− y|1+2α dx dy

1The proof in the published version of this paper contains a mistake, which is corrected in this version.
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= (I) + (II) .

Clearly

(II) ≤ C(s,R)
∑︂
k∈Z
∥∂mf∥2

L2(Bk)

and

(I) ≤ C(s,R)
∑︂
k∈Z
∥∂mf∥2

Wα,2(Bk−1∪Bk+1) ≤ C(s,R)
∑︂
k∈Z
∥f∥2

W s,2(Bk) .

The final estimate for (I) uses a partition of unity with the covering
⋃︁2
j=−2 Bk+j of Bk−1 ∪Bk+1.

Now we show the inequality for negative regularities. Let f ∈ H−s(R), g ∈ Hs(R) and denote
by ⟨f, g⟩ the dual pairing. We decompose g =

∑︁
k∈Z ηkg, where ηk is a smooth partition of

unity with supp ηk ⊂ Bk,
∑︁
k∈Z ηk = 1 and ηk(x) = ηk(x + kR). Since ηkg ∈ W s,2

0 (Bk) with
∥ηkg∥W s,2(Bk) ≤ C(s,R, η0)∥g∥W s,2(Bk), we can estimate

|⟨f, g⟩| ≤
∑︂
k∈Z
|⟨f, ηkg⟩| ≤

∑︂
k∈Z
∥f∥W−s,2(Bk)∥ηkg∥W s,2(Bk) ≤

(︄∑︂
k∈Z
∥f∥2

W−s,2(Bk)

)︄ 1
2
(︄∑︂
k∈Z
∥ηkg∥2

W s,2(Bk)

)︄ 1
2

≤ C(s,R, η0)
(︄∑︂
k∈Z
∥f∥2

W−s,2(Bk)

)︄ 1
2

∥g∥Hs(R) .

2.2.1.2. Estimates in Hs

The following lemma states two crucial estimates. Such kinds of product estimates are well-known
in the literature, see for example [58, Proposition 2.7].
Lemma 2.2.2. Let s > 1

2 and f, g ∈ S ′. There exists a constant C(s) so that

∥fg∥Hs ≤ C(s)∥g∥Hs

(︁
∥f∥L∞ + ∥f ′∥Hs−1

)︁
(2.2.1)

and
∥fg∥Hs−1 ≤ C(s)∥g∥Hs−1

(︁
∥f∥L∞ + ∥f ′∥Hs−1

)︁
. (2.2.2)

Proof. See Appendix B.

In this section we often write f ′ for the spatial derivative ∂xf . Recall the definitions (2.1.19). For
notational convenience, we sometimes prefer to use the variables

A = √ρ and B = √η .

These variables are equivalent for the sake of our estimates, by which we mean specifically Lemma
2.2.4. In order to prove this, we state two estimates regarding the action of a smooth function on
Sobolev spaces. They are a direct consequence of some results in [20].
Lemma 2.2.3 ([20, Theorem 2.87, Corollary 2.91]). Let s > 1

2 and F ∈ C∞(R;R) with F ′(0) =
F (0) = 0. Let u, v ∈ Hs(R;R) ∩ L∞(R;R). We have the estimates

∥F ◦ u∥Hs ≤ C(s, F ′, ∥u∥L∞)∥u∥Hs (2.2.3)

and
∥F ◦ u− F ◦ v∥Hs ≤ C(s, F ′′, ∥u∥Hs , ∥v∥Hs)∥u− v∥Hs . (2.2.4)

An analysis of the proof in [20] reveals that, more precisely, the constants depend on ∥F ′∥C⌈s⌉+1(B∥u∥L∞ )
and ∥F ′′∥C⌈s⌉+1(B∥u∥L∞ ) respectively.
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Lemma 2.2.4. Let s > 1
2 and ρ, η ∈ S ′(R;R) ∩Hs

loc(R;R) with ρ, η > 0. Define A = √ρ and
B = √η. We have the estimates

∥ρ− η∥Hs ≤ C1
(︁
s, ∥A− 1∥Hs , ∥B − 1∥Hs

)︁
∥A−B∥Hs

and
∥A−B∥Hs ≤ C2

(︁
s, ∥ρ− 1∥Hs , ∥η − 1∥Hs

)︁
∥ρ− η∥Hs .

Proof. We apply Lemma 2.2.3 with F (u) = u2 and obtain

∥A2 −B2∥Hs ≤ ∥(A− 1)2 − (B − 1)2∥Hs + 2∥A−B∥Hs

≤ C
(︁
s, ∥A− 1∥Hs , ∥B − 1∥Hs

)︁
∥A−B∥Hs .

Similarly with any function F ∈ C∞(R;R) that fulfills F (u) =
√
u+ 1 − 1

2u − 1 for x ≥ 0, we
obtain

∥√ρ−√η∥Hs ≤
⃦⃦⃦⃦(︃√︁

(ρ− 1) + 1− 1
2(ρ− 1)

)︃
−
(︃√︁

(η − 1) + 1− 1
2(η − 1)

)︃⃦⃦⃦⃦
Hs

+ 1
2∥ρ− η∥H

s

≤ C
(︁
s, ∥ρ− 1∥Hs , ∥η − 1∥Hs

)︁
∥ρ− η∥Hs .

The following lemma is also a consequence of Lemma 2.2.3 and will be used frequently in the
subsequent section.
Lemma 2.2.5. Let s, δ, R > 0. There exists C(s, δ, R) > 0 such that for any ball B0 ⊂ R of
radius R and all u ∈W s,2(B0) with |u| > δ > 0 we have

∥u−1∥W s,2(B0) ≤ C(s, δ)∥u∥W s,2(B0) .

Proof. This follows by applying Lemma 2.2.3 with any function F ∈ C∞(R;R) so that F (0) =
F ′(0) = 0 and F (x) = x−1 for |x| > δ

2 , and using the existence of an extension operator from
Lemma 2.2.1 (iii). Note that Lemma 2.2.3 requires real-valued functions, so we apply it to the
real and imaginary parts of u−1 separately.

2.2.2. Proof of Theorem 2.1.6 (i)
Recall the definitions (2.1.19), in particular q = √ρeiφ and p = √ηeiψ, as well as A = √ρ and
B = √η. We assume s > 1

2 , ds(1, q), ds(1, p) < r and |q|, |p| > δ > 0. We have to prove that

θs((ρ, ∂xφ), (η, ∂xψ)) ≤ C(s, δ, r) ds(q, p) .

We do this by showing an estimate of the form

θs ≲
∑︂
k∈Z

ds∗
⃓⃓
Bk

≲ ds . (2.2.5)

Let us elaborate on the quantity in the middle before we start the proof. Given a ball B ⊂ R, we
define for convenience the following notations:

ds∗
⃓⃓
B

(q, p) = inf
λ∈S1
∥λq − p∥W s,2(B) , (2.2.6)

ds
⃓⃓
B

(q, p) =
(︃ˆ

R
inf
λ∈S1
∥ sech(y − ·)(λq − p)∥2

W s,2(B) dy
)︃ 1

2

. (2.2.7)

Lemma 2.2.6. Let s > 1
2 and let B0 = {x ∈ R : |x| < R} be an open ball of radius R > 0 with

center 0. There exists C(s,R) > 0 so that

ds∗
⃓⃓
B0

(q, p) ≤ C(s,R) ds
⃓⃓
B0

(q, p) (2.2.8)

for all q, p ∈ S ′ ∩Hs
loc. As a consequence, for families of balls Bk = B0 + kR with k ∈ Z we have∑︂

k∈Z
ds∗
⃓⃓
Bk

(q, p)2 ≤ C(s,R) ds(q, p)2 . (2.2.9)
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Proof. As {y − x : x, y ∈ B0} ⊆ {x ∈ R : |x| < 2R}, there exists a finite constant C(s,R) > 0
such that supy∈B0 ∥ sech(y − ·)−1∥2

W s,2(B0) ≤ C(s,R). The first estimate follows:

inf
λ∈S1
∥λq − p∥2

W s,2(B0) ≤ C(s,R) inf
y∈B0

inf
λ∈S1
∥ sech(y − ·)(λq − p)∥2

W s,2(B0)

≤ C(s,R)
ˆ
R

inf
λ∈S1
∥ sech(y − ·)(λq − p)∥2

W s,2(B0) dy .

Using this and Lemma 2.2.1 (iv), we obtain the second estimate:∑︂
k∈Z

ds∗
⃓⃓
Bk

(q, p)2 ≤ C(s,R)
∑︂
k∈Z

ds
⃓⃓
Bk

(q, p)2

≤ C(s,R)
ˆ
R

inf
λ∈S1

∑︂
k∈Z
∥ sech(y − ·)(λq − p)∥2

W s,2(Bk) dy

≤ C(s,R) ds(q, p)2 .

Proof of Theorem 2.1.6 (i). Let B0 = {x ∈ R : |x| < 1} and observe that

∥|q|2 − |p|2∥W s,2(B0)

= inf
λ,ν∈S1

∥|λq|2 − |νp|2∥W s,2(B0)

= inf
λ,µ,ν∈S1

∥|λq − µ|2 − |νp− µ|2 + 2(Re(λµq)− Re(µνp))∥W s,2(B0) .

We can estimate

∥|q|2 − |p|2∥W s,2(B0) (2.2.10)

≤ inf
λ,µ,ν∈S1

⃦⃦⃦
Re
(︂(︁

(λq − µ)− (νp− µ)
)︁(︁

(λq − µ) + (νp− µ)
)︁)︂⃦⃦⃦

W s,2(B0)

+ 2∥Re(λµq − µνp)∥W s,2(B0)

≤ C(s) inf
λ,ν∈S1

∥λq − νp∥W s,2(B0) inf
µ∈S1

(︁
∥λq − µ∥W s,2(B0) + ∥νp− µ∥W s,2(B0) + 2

)︁
= C(s) inf

λ∈S1
∥λq − p∥W s,2(B0) inf

µ∈S1
inf
ν∈S1

(︁
∥λq − µ∥W s,2(B0) + ∥νp− µ∥W s,2(B0) + 2

)︁
≤ C(s) ds∗

⃓⃓
B0

(q, p)
(︁
2 + ds∗

⃓⃓
B0

(1, q) + ds∗
⃓⃓
B0

(1, p)
)︁

≤ C(s, r) ds∗
⃓⃓
B0

(q, p),

where in the last line we used (2.2.8). Now we set Bk = B0 + k and see with Lemma 2.2.1 (iv)
and (2.2.9) that

∥ρ− η∥2
Hs ≤ C(s)

∑︂
k∈Z
∥|q|2 − |p|2∥2

W s,2(Bk)

≤ C(s, r)
∑︂
k∈Z

ds∗
⃓⃓
Bk

(q, p)2

≤ C(s, r) ds(q, p)2.

It remains to estimate ∥φ′ − ψ′∥Hs−1 . Applying Lemma 2.2.2 yields

∥(φ− ψ)′∥2
Hs−1 = ∥(ei(φ−ψ))′e−i(φ−ψ)∥2

Hs−1

≤ C(s)∥(ei(φ−ψ))′∥2
Hs−1

(︁
∥e−i(φ−ψ)∥2

L∞ + ∥(e−i(φ−ψ))′∥2
Hs−1

)︁
≤ C(s)∥(ei(φ−ψ))′∥2

Hs−1

(︁
1 + ∥(ei(φ−ψ))′∥2

Hs−1

)︁
.

It therefore suffices to derive the estimate for the quantity ∥(ei(φ−ψ))′∥2
Hs−1 . Observe with Lemma

2.2.1 (iv) that

∥(ei(φ−ψ))′∥2
Hs−1 ≤ C(s)

∑︂
k∈Z

inf
λ∈S1
∥(ei(φ−ψ) − λ)′∥2

W s−1,2(Bk)



2.2. Local bilipschitz equivalence of (Xs, ds) and (Ys, θs) 31

= C(s)
∑︂
k∈Z

inf
θ∈R
∥ei(φ−ψ−θ) − 1∥2

W s,2(Bk)

= C(s)
∑︂
k∈Z

inf
θ∈R
∥e−iψ(ei(φ+θ) − eiψ)∥2

W s,2(Bk) .

We now carefully introduce the amplitudes:

inf
θ∈R
∥e−iψ(ei(φ+θ) − eiψ)∥2

W s,2(Bk)

= inf
θ∈R

⃦⃦⃦⃦
Be−iψ(x)B−1

(︃
Aei(φ(x)+θ) −Beiψ(x)

A
+Beiψ(x)

(︃
1
A
− 1
B

)︃)︃⃦⃦⃦⃦2

W 2,s(Bk)

≤ C(s)∥Be−iψ∥2
W s,2(Bk)∥B

−1∥2
W s,2(Bk)

×

(︄
inf
θ∈R

⃦⃦⃦⃦
Aei(φ(x)+θ) −Beiψ(x)

A

⃦⃦⃦⃦2

W s,2(Bk)
+
⃦⃦⃦⃦
Beiψ(x)

(︃
1
A
− 1
B

)︃⃦⃦⃦⃦2

W s,2(Bk)

)︄
.

As A,B > δ > 0, we can apply Lemma 2.2.5. Together with (2.2.10) we obtain

∥A−1∥2
W s,2(Bk) ≤ C(s, δ)∥A∥2

W s,2(Bk) ≤ C(s, δ, r)
(︁

inf
λ∈S1
∥A− λ∥2

W s,2(Bk) + |Bk|
)︁
≤ C(s, δ, r) ,

and similarly ∥B±1∥W s,2(Bk), ∥q±1∥W s,2(Bk), ∥p±1∥W s,2(Bk) ≤ C(s, δ, r). We conclude again by
reducing the situation to an application of Lemma 2.2.6 and the previously shown estimate
(2.2.10):

∥(ei(φ−ψ))′∥2
Hs−1 ≤ C(s)

∑︂
k∈Z
∥p∥2

W s,2(Bk)∥B
−1∥2

W s,2(Bk)

×
(︂

inf
λ∈S1
∥λq − p∥2

W s,2(Bk)∥A
−1∥2

W s,2(Bk)

+ ∥A−B∥2
W s,2(Bk)∥p∥

2
W s,2(Bk)∥A

−1∥2
W s,2(Bk)∥B

−1∥2
W s,2(Bk)

)︂
≤ C(s, δ, r)

∑︂
k∈Z

ds∗
⃓⃓
Bk

(q, p)2

≤ C(s, δ, r) ds(q, p)2 .

2.2.3. Proof of Theorem 2.1.6 (ii)
We assume

θs((1, 0), (ρ, ∂xφ)), θs((1, 0), (η, ∂xψ)) < r ,

and √ρ,√η > δ > 0. We have to prove that

ds(q, p) ≤ C(s, r) θs((ρ, ∂xφ), (η, ∂xψ)) .

As mentioned above, due to Lemma 2.2.4 it suffices to prove this with ρ, η replaced by A = √ρ
and B = √η. Recall the definitions (2.1.19). We define

d̃s(q, p) =
(︃ˆ

R
inf
λ∈S1
∥
√︁

sech(y − ·)(λq − p)∥2
Hs dy

)︃ 1
2

,

where we have replaced the sech in the definition of ds with
√

sech. Some of the hard work for this
direction has already been done in the proof of the following Lemma 2.2.7. This was proven for ds
in [119, Lemma 6.1], but the proof is identical for d̃s as

√
sech is positive and still has sufficiently

fast decay.
Lemma 2.2.7 ([119, Lemma 6.1]). For all s ≥ 0 the energy Es : Xs −→ R≥ is continuous with
respect to ds, and there exists C(s) > 0 so that

ds(1, q) ≤ C(s)
√︁
Es(q) and d̃s(1, q) ≤ C(s)

√︁
Es(q)

for all q ∈ Xs.
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Remark 2.2.8. The appearance of the square root is explained by a clash of notation: the energies
Es as defined in [119] correspond to

√
2Es in our notation.

We first prove two Lemmas.
Lemma 2.2.9. Let s > 1

2 . There exists a constant C(s) > 0 so that for all φ ∈ S ′ ∩Hs
loc we have

∥(eiφ)′∥Hs−1 ≤ C(s)(1 + ∥φ′∥Hs−1)γ∥φ′∥Hs−1 ,

where γ = 2s− 2 if s ≥ 1 and γ = 1−s
s− 1

2
if s < 1.

Proof. We assume ∥φ′∥Hs−1 ̸= 0. By Lemma 2.2.2 there exists a constant C(s) so that

∥φ′eiφ∥Hs−1 ≤ C(s)∥φ′∥Hs−1
(︁
∥eiφ∥L∞ + ∥(eiφ)′∥Hs−1

)︁
. (2.2.11)

For ε ∈ (0, 1) and f ∈ Hs
loc define fε(x) = f(εx). This has the scaling estimates

min{εs− 1
2 , ε

1
2 }∥f ′∥Hs−1 ≤ ∥(fε)′∥Hs−1 ≤ max{εs− 1

2 , ε
1
2 }∥f ′∥Hs−1 . (2.2.12)

Define smin ≤ smax so that {smin, smax} = {s− 1
2 ,

1
2}. Then we can rewrite the above as

εsmax∥f ′∥Hs−1 ≤ ∥(fε)′∥Hs−1 ≤ εsmin∥f ′∥Hs−1 . (2.2.13)

We choose ε = (1 + 2C(s)∥φ′∥Hs−1)− 1
smin so that

∥(φε)′∥Hs−1 ≤ εsmin∥φ′∥Hs−1 = ∥φ′∥Hs−1

1 + 2C(s)∥φ′∥Hs−1
≤ 1

2C(s) .

Combining this with (2.2.11) yields

∥(eiφε)′∥Hs−1 ≤ C(s)∥(φε)′∥Hs−1 + 1
2∥(e

iφε)′∥Hs−1 ,

so we obtain
∥(eiφε)′∥Hs−1 ≤ 2C(s)∥(φε)′∥Hs−1 .

We conclude with the scaling estimates (2.2.12) that

∥(eiφ)′∥Hs−1 ≤ ε−smax∥(eiφε)′∥Hs−1 ≤ 2C(s)ε−smax∥(φε)′∥Hs−1 ≤ 2C(s)εsmin−smax∥φ′∥Hs−1 .

Lastly, note that

εsmin−smax =
(︁
1 + 2C(s)∥φ′∥Hs−1

)︁ |s−1|
smin =

(︁
1 + 2C(s)∥φ′∥Hs−1

)︁γ
.

Lemma 2.2.10. Let s > 1
2 and r > 0. There exists C(s, r) > 0 so that for all q = Aeiφ ∈ S ′∩Hs

loc
with θs((1, 0), (A,φ′)) < r we have

Es(q) ≤ C(s, r) θs((1, 0), (A,φ′))2 .

Proof. For the amplitudinal part of the energy, we know from Lemma 2.2.4 that

∥|q|2 − 1∥Hs−1 ≤ ∥A2 − 1∥Hs ≤ C(s, r)∥A− 1∥Hs .

For the remainder, we use Lemma 2.2.2:

∥q′∥Hs−1 ≤ ∥A′eiφ∥Hs−1 + ∥A(eiφ)′∥Hs−1

≤ C(s)∥A′∥Hs−1
(︁
∥eiφ∥L∞ + ∥(eiφ)′∥Hs−1

)︁
+ ∥(eiφ)′∥Hs−1

(︁
∥A− 1∥L∞ + 1 + ∥A′∥Hs−1

)︁
.

We now conclude by estimating both appearances of ∥(eiφ)′∥Hs−1 with Lemma 2.2.9.
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Proof of Theorem 2.1.6 (ii). We split the distance ds(q, p) into two parts:

ds(q, p)2 ≤ 2
ˆ
R

inf
θ∈R
∥ sech(y − ·)A(ei(φ+θ) − eiψ)∥2

Hs dy

+ 2
ˆ
R
∥ sech(y − ·)(B −A)eiψ∥2

Hs dy

= (I) + (II) .

We use the algebra property of Hs and Lemma 2.2.7 to estimate

(I) ≤ C(s) sup
y∈R

⃦⃦⃦√︁
sech(y − ·)Aeiψ

⃦⃦⃦2

Hs
d̃s(1, ei(φ−ψ))2

≤ C(s, r)
(︁
∥A− 1∥2

Hs + 1
)︁

sup
y∈R

⃦⃦⃦√︁
sech(y − ·)eiψ

⃦⃦⃦
Hs
Es(ei(φ−ψ)) .

With Lemma 2.2.10 we can estimate Es(ei(φ−ψ)) by ∥φ′ − ψ′∥2
Hs−1 , and Lemma 2.2.2 yields

sup
y∈R

⃦⃦⃦√︁
sech(y − ·)eiψ

⃦⃦⃦
Hs
≤ C(s) sup

y∈R

⃦⃦⃦√︁
sech(y − ·)

⃦⃦⃦
Hs

(∥eiψ∥L∞ + ∥(eiψ)′∥Hs−1) ≤ C(s, r) .

It follows that
(I) ≤ C(s, r) θs((A,φ′), (B,ψ′))2 .

Note that

(II) ≤ C(s)
ˆ
R

⃦⃦⃦√︁
sech(y − ·)(A−B)

⃦⃦⃦2

Hs

(︂
1 + inf

λ∈S1

⃦⃦⃦√︁
sech(y − ·)(eiψ − λ)

⃦⃦⃦2

Hs

)︂
dy

≤ C(s)
(︃ˆ

R

⃦⃦⃦√︁
sech(y − ·)(A−B)

⃦⃦⃦2

Hs
dy +

⃦⃦√
sech

⃦⃦2
Hs∥A−B∥2

Hs d̃s(1, eiψ)2
)︃
.

We can deal with the second term as before. For the first one, we use Lemma 2.2.1 (iv) and
Young’s convolution inequality:
ˆ
R

⃦⃦⃦√︁
sech(y − ·)(A−B)

⃦⃦⃦2

Hs
dy ≤

∑︂
k∈Z

sup
y∈[k,k+1]

∑︂
j∈Z

⃦⃦⃦√︁
sech(y − ·)(A−B)

⃦⃦⃦2

W s,2([j,j+3])

≤
∑︂
j,k∈Z

⃦⃦√
sech

⃦⃦2
C⌈s⌉+1([k−j−3,k−j+1]))∥A−B∥

2
W s,2([j,j+3])

≤
∑︂
k∈Z

⃦⃦√
sech

⃦⃦2
C⌈s⌉+1([k−3,k+1]))

∑︂
j∈Z
∥A−B∥2

W s,2([j,j+3])

≤ C(s)∥A−B∥2
Hs .

Therefore
(II) ≤ C(s, r) θs((A,φ), (B,ψ))2 .

To conclude, we have shown that

ds(q, p)2 ≤ (I) + (II) ≤ C(s, r) θs((A,φ), (B,ψ))2 .

Remark 2.2.11. Recall the definition of ds∗
⃓⃓
B

(see (2.2.6)). We have shown in particular that
there exist constants such that(︄∑︂

k∈Z
ds∗
⃓⃓
Bk

(q, p)2

)︄ 1
2

≤ C(s, r) ds(q, p) ≤ C(s, δ, r)
(︄∑︂
k∈Z

ds∗
⃓⃓
Bk

(q, p)2

)︄ 1
2

for all q, p ∈ Xs with |q|, |p| > δ > 0 and ds(1, q), ds(1, p) < r. Here the first estimate is Lemma
2.2.6, while the second estimate actually follows from (ii) together with the fact that we showed (i)
by proving (2.2.5).
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Let us say a few words on how Corollary 2.1.7 follows from Theorem 2.1.6.
Proof of Corollary 2.1.7. The Madelung transform is well-defined on equivalence classes under
multiplication by S1, as v = φ′ ignores changes by a constant in the phase φ. Note also that s ≥ 1,
and so for any (ρ, v) ∈ Ys we have v ∈ L2 ⊂ L1

loc. Therefore we can define

φ(x) =
ˆ x

0
v(y) dy .

Recall that b < 4
3 and ε < ε0(µ) (see (2.1.16)). Due to (2.1.17) and (2.1.8), there exists δ > 0

such that |q| > δ for all q ∈ Xs with E(q) < b or Eµ(q) < ε. With Lemma 2.2.7 we find
some r = r(s, ε, b) > 0 such that ds(1, q) < r. Then Theorem 2.1.6 establishes the bilipschitz
estimates.

2.3. Proof of Theorem 2.1.9
Given that Theorem 2.1.6 establishes an equivalence between the relevant function spaces (Xs, ds)
and (Ys, θs), the proof of Theorem 2.1.9 is now primarily a matter of carefully carrying over
the results of Theorem 2.1.1. This is straightforward for the existence and continuity results.
Uniqueness requires a further Lemma.
Lemma 2.3.1. Let I ∋ 0 be an open time interval and q0 ∈ L∞ ∩ Ḣ1. Suppose

q1, q2 ∈ C(I;L2
loc) ∩ L∞(I;L∞ ∩ Ḣ1)

are two distributional solutions to (GP) with q1(0) = q2(0) = q0. Then q1 = q2.

Proof. See Appendix C.

This result is necessary because Theorem 2.1.1, in the way it is stated in [119], only yields
uniqueness for the following class of solutions, which for the case s ≥ 1 is a priori smaller.
Definition 2.3.2 (Solutions to (GP) [119]). Let s ≥ 0. We say that q ∈ C(I;Xs) is a solution of
the Gross-Pitaevskii equation (GP) with initial data q0 ∈ Xs on the open time interval I ∋ 0 if
there exists q̃ : I −→ Hs

loc such that the following hold:
(i) q̃ solves (GP) in the sense of distributions on I × R.
(ii) q̃ projects to q, which means that q̃S1 = q.
(iii) We have [︁

t ↦→ q̃(t)− q̃(0)
]︁
∈ C(I;L2(R)) .

(iv) For all compact intervals [a, b] ⊂ I and for some (and hence for all) regularized initial data
q̃∗

0 of q̃(0) we have [︁
t ↦→ q̃(t)− q̃∗

0
]︁
∈ L4([a, b]× R) .

The uniqueness result in Theorem 2.1.1 for s ≥ 1 is therefore weaker than the one in Lemma 2.3.1.
The proofs, however, are almost identical: in [119] uniqueness is shown by a classical argument
with an energy estimate and Grönwall’s inequality. We extend this argument for s ≥ 1 to gain
Lemma 2.3.1.
Remark 2.3.3. If p̃ ∈ C(I;L2

loc) ∩ L∞(I;L∞ ∩ Ḣ1) is a distributional solution to (GP), as in
Lemma 2.3.1, with initial data p̃(0)S1 ∈ X1, then p̃S1 is also a solution in the sense of Definition
2.3.2. The reason is that by Theorem 2.1.1 there exists a solution q ∈ C(I;X1) in the sense
of Definition 2.3.2 with initial data q(0) = p̃(0)S1. One can see that this has a representative
q̃ ∈ C(I;L2

loc)∩L∞(I;L∞ ∩ Ḣ1) which solves (GP) in distribution, so Lemma 2.3.1 implies q̃ = p̃.

Theorem 2.1.9 states that (hGP) is globally-in-time well-posed, meaning that there exist solutions,
they are unique, and the flow map is continuous. The structure of the proof is to transfer the
existence and continuity result for (GP) from Theorem 2.1.1 via the Madelung transform over to
(hGP). This requires the absence of vacuum, which we obtain by the energy assumptions E < 4

3
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or Eµ < ε0(µ) (see (2.1.17) and (2.1.8)). Uniqueness for (hGP) is similarly inferred from the
uniqueness result for (GP) in Lemma 2.3.1.
Recall that by Lemma 2.2.7 the energy functionals Es : Xs −→ R≥ are continuous. Recall
furthermore the definitions (2.1.19).

Proof of Theorem 2.1.9.

Existence. We are given an initial data (ρ0, v0) ∈ Ys which fulfills one of the bounds E(ρ0, v0) < 4
3

or Eµ(ρ0, v0) < ε0(µ). We define q0 = M−1(ρ0, v0) and obtain via Theorem 2.1.1 a solution
q ∈ Cb(R;Xs) of (GP) in the sense of Definition 2.3.2. Our solution q has a special representative
q̃ ∈ S ′(R×R). In both cases E(q0) < 4

3 and Eµ(q0) < ε0(µ), we obtain either (2.1.8) or (2.1.17),
so there exists some δ > 0 depending on the initial data such that |q̃| > δ > 0. Now Corollary
2.1.7 implies (ρ, v) =M(q̃) ∈ Cb(R;Ys).

(ρ0, v0) (ρ, v)(t)

q0 q(t)

(hGP)

M−1

(GP)

M

We show that (ρ, v) is a distributional solution of (hGP) in the sense of Definition 2.1.8. We fix a
ball B0 ⊂ R and a time interval J = (a, b) ⊂ R with 0 ∈ J . It suffices to verify that (hGP) holds
in distribution, i.e. when tested against any test function f ∈ D(J ×B0).

On regularity. Due to Lemmas 2.2.5 and 2.2.6 for s ≥ 1, we know that q̃, q̃−1 ∈ L∞(J ;W 1,2(B0)).
From these considerations ∂xxq̃ ∈ L∞(J ;W−1,2(B0)) and (|q̃|2 − 1)q̃ ∈ L∞(J ;W 1,2(B0)) directly
follow. Then ∂tq̃ ∈ L∞(J ;W−1,2(B0)) holds because q̃ solves (GP ) in the sense of distributions.

As a consequence of duality and the algebra property of H1, one obtains the product estimate
∥fg∥H−1 ≤ C∥f∥H1∥g∥H−1 . From this we obtain some regularity for some of the more difficult
terms appearing in the subsequent calculations, for example ∂tq̃q̃, ∂xxq̃q̃ ∈ L∞(J ;W−1,2(B0)).
We now present approximation arguments that derive (hGP)1 and (hGP)2 from (GP).

Obtaining (hGP)1 from (GP). Set q̃ε = ηε ∗ q̃ for a standard mollifier (ηε)ε>0, i.e. some
ηε(x) = η(ε−1(ε−1x)) where η ∈ C∞

c (R;R≥) with
´
η dx = 1. Note that |q̃| > δ implies |q̃ε| > δ

2
for sufficiently small ε > 0 as we have sufficient regularity. We define ρε = |q̃ε|2 and vε = Im

[︁
∂xq̃ε

q̃ε

]︁
.

Note furthermore the identity ∂xq̃ε

q̃ε
= 1

2
∂xρε

ρε
+ ivε, which we use below. Equation (hGP)1 can be

obtained by multiplying (GP) for q̃ε with q̃ε, taking the imaginary part, and then the limit:

0 = Im
(︁
q̃ (GP)

)︁ ε→0←−−− Im
[︁
i∂tq̃εq̃ε + ∂xxq̃εq̃ε − 2q̃ε(|q̃ε|2 − 1)q̃ε

]︁
= Re

[︁
∂tq̃εq̃ε

]︁
+ ∂x Im

[︃
∂xq̃ε
q̃ε

q̃εq̃ε

]︃
− Im

[︁
∂xq̃ε∂xq̃ε

]︁
− Im

[︁
2|q̃ε|2(|q̃ε|2 − 1)

]︁
= 1

2∂t(|q̃ε|
2) + ∂x

(︃
|q̃ε|2 Im

[︃
∂xq̃ε
q̃ε

]︃)︃
= 1

2∂tρε + ∂x(ρεvε)

ε→0−−−→ 1
2∂tρ+ ∂x(ρv) .

We have to justify the limits in distribution on both sides. Observe that⃓⃓⃓⃓ˆ
J

ˆ
B0

(∂tq̃εq̃ε − ∂tq̃q̃)f
⃓⃓⃓⃓
≲ ∥∂tq̃ε − ∂tq̃∥L∞(J;W−1,2(B0))∥q̃ε∥L∞(J;W 1,2(B0))∥f∥L∞(J;W 1,2(B0))

+ ∥∂tq̃∥L∞(J;W−1,2(B0))∥q̃ε − q̃∥L∞(J;W 1,2(B0))∥f∥L∞(J;W 1,2(B0))
ε→0−−−→ 0 .
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With the same estimates, we can take the limit of the distribution ∂xxq̃εq̃ε. The convergence of
the nonlinear term follows similarly. We have shown that

i∂tq̃εq̃ε + ∂xxq̃εq̃ε − 2q̃ε(|q̃ε|2 − 1)q̃ε
ε→0−−−→ q̃

(︁
i∂tq̃ + ∂xxq̃ − 2q̃(|q̃|2 − 1)

)︁
= 0

in distribution on J ×B0. As⃓⃓⃓⃓ˆ
J

ˆ
B0

(ρεvε − ρv)∂xf dx dt
⃓⃓⃓⃓

≲
(︁
∥q̃∥L∞(J×B0) + ∥q̃ε∥L∞(J×B0)

)︁
∥q̃ε − q̃∥L∞(J×B0)∥v∥L∞(J;L2(B0))∥∂xf∥L2(J×B0)

+
(︁
∥q̃∥L∞(J×B0) + ∥q̃ε∥L∞(J×B0)

)︁
∥q̃ε∥L∞(J×B0)∥vε − v∥L∞(J;L2(B0))∥∂xf∥L2(J×B0)

ε→0−−−→ 0 ,

and we can similarly show ∂tρε
ε→0−−−→ ∂tρ, we have

1
2∂tρε + ∂x(ρεvε)

ε→0−−−→ 1
2∂tρ+ ∂x(ρv)

in distribution on J ×B0.

Obtaining (hGP)2 from (GP). We now repeat these arguments for the second equation (hGP)2.
Here we divide (GP) for q̃ε by q̃ε, take a further derivative, the real part, and then the limit:

0 = Re ∂x
(︃

(GP)
q̃

)︃
ε→0←−−− Re

[︃
∂x

(︃
i∂tq̃ε
q̃ε

+ ∂xxq̃ε
q̃ε
− 2(|q̃ε|2 − 1)

)︃]︃
= − Im[∂x∂t(ln q̃ε)] + Re

[︄
∂x

(︄
∂x

(︃
∂xq̃ε
q̃ε

)︃
+
(︃
∂xq̃ε
q̃ε

)︃2
)︄]︄
− 2∂x(|q̃ε|2)

= − ∂tvε − ∂x(v2
ε)− 2∂xρε + ∂x

(︄
∂x

(︃
1
2
∂xρε
ρε

)︃
+
(︃

1
2
∂xρε
ρε

)︃2
)︄

ε→0−−−→ −∂tv − ∂x(v2)− 2∂xρ+ ∂x

(︄
∂x

(︃
1
2
∂xρ

ρ

)︃
+
(︃

1
2
∂xρ

ρ

)︃2
)︄
.

Of course, the limits have to be justified again. For the left-hand side, we can proceed just
as before since q̃−1 ∈ L∞(J ;W 1,2(B0)). On the right hand side the difficult terms are v2 and(︂

1
2
∂xρ
ρ

)︂2
, as here the square of a distribution in Hs−1 is taken. The situation would be much

more difficult if we did not assume s ≥ 1. In our case we indeed have v, ∂xρ
ρ ∈ C(J ;L2(B0)),

which implies that the squares are trivially defined. Furthermore⃓⃓⃓⃓ˆ
J

ˆ
B0

(v2
ε − v2)∂xf dx

⃓⃓⃓⃓
≤ ∥vε − v∥L∞(J;L2(B0))

(︁
∥vε∥L∞(J;L2(B0)) + ∥v∥L∞(J;L2(B0))

)︁
∥∂xf∥L∞(J×B0)

ε→0−−−→ 0 ,

and the same estimate works for
(︂

1
2
∂xρ
ρ

)︂2
. The remaining terms are strictly easier to deal with.

Uniqueness. Let 0 ∈ I ⊂ R be a bounded open interval and let (ρ1, v1), (ρ2, v2) ∈ C(I;Ys)
be two solutions to (hGP) in the sense of the theorem, both with initial data (ρ0, v0) ∈ Ys. In
particular, they satisfy one of the energy bounds E < b < 4

3 or Eµ < c(µ)ε < c(µ)ε0(µ) (see
(2.1.15) and (2.1.16)). As before, this implies that there exists a δ > 0 so that √ρk > δ, where
k ∈ {0, 1, 2}. Since vk ∈ L2 ⊂ L1

loc, we can define φk(x) =
´ x

0 vk(y) dy and q̃k = √ρkeiφk . Note
that q̃k having uniformly bounded energy E1 implies q̃k ∈ L∞(I;L∞ ∩ Ḣ1). We now fix j ∈ {1, 2}.
Writing qj = q̃jS1 for the equivalence class, we know from Corollary 2.1.7 that qj ∈ C(I;Xs).

Just as in the existence part of the proof, one can show that (ρj , vj) solving (hGP) implies that
for the quantity

Qj = i∂tq̃j + ∂xxq̃j − 2q̃j(|q̃j |2 − 1) (2.3.1)
we have

Im
[︁
Qj q̃j

]︁
= 0 and ∂x Re

[︃
Qj
q̃j

]︃
= 0 (2.3.2)

in the sense of distributions. We sketch the argument that follows with a diagram.
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(ρ1, v1)(t)

q̃1(t)

(ρ0, v0) (ρ2, v2)(t)

q̃0 q̃2(t)

p0 p2(t)p1(t)

(hGP)(hGP)

M−1M−1 M−1

(2.3.1) - (2.3.2)(2.3.1) - (2.3.2)

·eiG1(t) ·eiG2(t)

(GP) (GP)

Lemma 2.3.1

Due to (2.3.2) we have in particular

Im
[︃
Qj
q̃j

]︃
= Im

[︃
Qj q̃j
|q̃j |2

]︃
= Im[Qj q̃j ]

|q̃j |2
= 0 ,

and hence for every t ∈ I there exists a gj(t) ∈ R so that

gj(t) = Qj
q̃j

.

We see that, in fact, q̃j does not necessarily solve (GP). The reason is that for each time t ∈ I
we had to make an arbitrary choice of a constant-in-space phase rotation, as this information
is lost in the Madelung transform. This choice was the arbitrary lower limit 0 in the integral
φ(t) =

´ t
0 v(s) ds. In order to find solutions to (GP), we would now like to define

pj(t) = eiGj(t)q̃j(t) where Gj(t) =
ˆ t

0
gj(s) ds .

Then
i∂tpj + ∂xxpj − 2pj(|pj |2 − 1) = Qj −G′(t)q̃j = 0 .

This argument requires gj : I −→ R to be locally integrable. We show that gj ∈ C(I;R) by
verifying that Qj ∈ C(I;W−1,2(B0)) for any ball B0 ⊂ R. With the same reasoning as in
the existence part of the proof, ρj ∈ C(I;W 1,2(B0)) and vj ∈ C(I;L2(B0)) solving (hGP) in
distribution implies ρj ∈ C1(I;W−1,2(B0)) and vj ∈ C1(I;W−1,1(B0)). In particular we have
∂tφj ∈ C(I;L1(B0)). Observe that

Qj = i
∂tρj
ρj

q̃j + i(∂tφj)q̃j + ∂xxq̃j − 2q̃j(|q̃j |2 − 1) .

Verifying the products of distributions, each term can now be seen to be in C(I;W−1,2(B0)). We
have shown that for any bounded interval I ∋ 0, both p1 and p2 are distributional solutions to
(GP) with initial data p1(0) = p2(0) = q̃0. At the same time pj ∈ C(I;L2

loc) ∩ L∞(I;L∞
t,x ∩ Ḣ1).

Therefore Lemma 2.3.1 implies p1 = p2, from which q1 = q2 in C(I;Xs) and (ρ1, v1) = (ρ2, v2)
follow.

Continuity. This is a direct consequence of the continuity result for (GP) from Theorem 2.1.1,
the continuity of the energy functionals from Lemma 2.2.7, and the local bilipschitz equivalence
from Theorem 2.1.6.

2.A. Appendix: Absence of vacuum for small energies
Lemma 2.A.1. For δ ∈ [0, 1] and s ∈

(︁ 1
2 , 1
]︁

define

Esδ = inf
{︁
Es(q) : q ∈ Hs

loc, inf
x∈R
|q(x)| ≤ δ

}︁
.
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Then Es1 = 0, the function δ ↦→ Esδ is decreasing, and there exists a constant C̃(s) > 0 so that

Esδ ≥
(1− δ)2

C̃(s)
. (2.A.1)

Assume s = 1 and write Eδ = E1
δ . Set q0 = tanh, q1 = 1, and for δ ∈ (0, 1) define

qδ(x) = tanh
(︁
|x|+ tanh−1(δ)

)︁
. (2.A.2)

We have
Eδ = E(qδ) = 4

3 − 2δ + 2
3δ

3 .

There exists a strictly decreasing inverse function δ̃ : [0, 4
3 ] −→ [0, 1] with δ̃(0) = 1, δ̃( 4

3 ) = 0 and

δ̃(b) = inf
{︁

inf
x∈R
|q(x)| : q ∈ H1

loc, E(q) ≤ b
}︁
.

Proof. We see that Es1 = 0 by choosing q = 1. Clearly the set over which the infimum is taken
increases with δ, and hence the infimum is decreasing. Recall that Lemma 2.2.6 implies

inf
λ∈S1
∥q − λ∥W s,2(Bk) ≤ C(s) ds(1, q) ,

where Bk = B0 + k, k ∈ Z are balls of radius 1. Estimating with Lemma 2.2.7 on the right and
the Sobolev embedding W 1,2(Bk) ↪−→ L∞ on the left, we obtain

1− δ ≤ sup
k∈Z

inf
λ∈S1
∥q − λ∥L∞(Bk) ≤ C(s)

√︁
Es(q)

for every q ∈ Hs
loc with infx∈R |q(x)| ≤ δ. This proves (2.A.1).

Now we assume s = 1. We first rewrite the problem as Eδ = infν∈[0,δ] Ẽν with

Ẽν = inf{E(q) : q ∈ H1
loc, inf

x∈R
|q(x)| = ν} , ν ∈ [0, δ] .

Of course we expect that Ẽν is decreasing in ν and hence Eδ = Ẽδ. This will be verified once we
have calculated Ẽν . Using invariance under translations, phase rotations, and mirror symmetry,
we can equivalently consider the minimization problem

Ẽν = 2 inf
{︃

1
2

ˆ ∞

0
|∂xq|2 + (|q|2 − 1)2 dx : q ∈ H1

loc(R≥), q(0) = ν

}︃
.

We now follow the same arguments as in [26, Lemma 1] to find a minimizer. Consider a minimizing
sequence (qn)n∈N. As Es(qn) is uniformly bounded, so is ∥∂xqn∥L2(R≥). The Banach-Alaoglu
theorem then implies, up to a subsequence, that ∂xqn −→ p′

ν for some p′
ν ∈ L2(R≥). Furthermore

as qn(0) = ν is fixed, we have a Poincare inequality ∥qn∥W 1,2(B0) ≤ C(s,B) ∥∂xqn∥L2(B0) on any
finite interval B0 ⊂ R≥. Then we can use compactness of the Sobolev embedding H1 ↪−→ L∞ to
find, up to a subsequence, that qn −→ pν in L∞

loc(R≥) for some pν ∈ H1
loc(R≥), with p′

ν indeed
being its distributional derivative. Now we can conclude with Fatou’s lemma that pν is a minimizer
for Ẽν :

ˆ ∞

0
(|p0|2 − 1)2 + |p′

0|2 dx =
ˆ ∞

0
lim inf

n
(|qn|2 − 1)2 + lim inf

n
|q′
n|2 dx

≤ lim inf
n

ˆ ∞

0
(|qn|2 − 1)2 + lim inf

n
|q′
n|2 dx

= Eν .

For the case ν = 0, we obtain the Euler-Lagrange equation

p′′
0 − 2p0(1− |p0|2) = 0 .

Then as p0(0) = 0 and E(p0) <∞, [26, Theorem 1] implies that p0 = tanh is the unique solution.
Consequently, it must be the case that for a > 0 the function pν(x) = tanh(x+ a) is a minimizer
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for the problem with ν = tanh(a), as otherwise one could modify p0 on [r,∞) to find an admissible
function with strictly smaller energy for the minimization problem of Ẽ0. This implies that the qδ
defined in (2.A.2) are minimizers for Ẽν .

With a = tanh−1(ν), and noting the identities

cosh(a) = 1√
1− ν2

, cosh(2a) = −1 + ν2

1− ν2 , sech2(a) = 1− ν2 ,

we compute

E(qν) = 2 · 1
2

ˆ ∞

a

(tanh(x)′)2 + (tanh(x)2 − 1)2 dx

=
ˆ ∞

a

sech4(x) + sech4(x) dx .

Evaluating the integral yields

E(qν) =
[︃

2
3(cosh(2x) + 2) tanh(x) sech2(x)

]︃∞

r

= 2
3

(︂
2− ν(1− ν2)

(︂
2 + 1 + ν2

1− ν2

)︂)︂
= 4

3 − 2ν + 2
3ν

3 .

2.B. Appendix: Littlewood-Paley theory and proof of
Lemma 2.2.2

The proof uses the Bony decomposition

fg = Tfg +R(f, g) + Tgf ,

which J.M. Bony introduced in his 1981 paper [33]. It relies on the Littlewood-Paley theory,
for which we refer the reader to [20, Chp. 2]. We give a brief introduction below, always only
considering the one-dimensional case.
Let φ ∈ C∞

c ({ξ : 3
4 < |ξ| <

8
3} and χ ∈ C∞

c ({ξ : |ξ| < 4
3}) be non-negative functions on R so that

χ(ξ) +
∞∑︂
j=0

φ(2−j) = 1 .

This is called a dyadic partition of unity. We define for j ∈ Z the operators

∆j : S ′ −→ S ′

f ↦−→ ∆jf =

⎧⎪⎨⎪⎩
φ(2−j ·) ˆ︁f , j ≥ 0
χ ˆ︁f , j = −1
0 , j ≤ −2

and Sj =
∑︁
j′<j ∆j′ . These operators have nice properties such as ∥Sjf∥Lp ≤ C(p)∥f∥Lp ,

p ∈ [1,∞]. At least formally, we have the decomposition

Id = lim
j→∞

Sj =
∑︂
j

∆j .

The Bony decomposition is given by

fg =
∑︂
j,k

∆jf∆kg = Tfg +R(f, g) + Tgf ,
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where we define

Tfg =
∑︂
j

Sj−1f∆jg R(f, g) =
∑︂
j

∑︂
|ν|≤1

∆j+νf∆jg .

In the Littlewood-Paley setting it is easy to define the Besov spaces Bsp,q for 1 ≤ p, r ≤ ∞, s ∈ R
by

Bsp,q =
{︁
f ∈ S ′(R;C) : ∥f∥Bs

p,q
<∞

}︁
,

where
∥f∥Bs

p,q
=
⃦⃦(︁

2js∥∆jf∥Lp

)︁
j∈Z

⃦⃦
ℓr .

It is evident that

Bs2,2 = {f ∈ S ′(R;C) : ∥⟨ξ⟩s ˆ︁f∥L2(R) <∞} = Hs(R;C) .

Proof of Lemma 2.2.2. We only prove (2.2.2) as the proof of (2.2.1) is analogous and strictly
simpler. Consider the decomposition fg = gS0f + g(1− S0)f . Since S0f is spectrally supported
in a fixed ball there exists a constant N ∈ N so that ∆k(S0f∆jg) = 0 unless |k − j| ≤ N .
Consequently,

∥gS0f∥2
Hs−1 =

∑︂
j∈Z

22j(s−1)

⃦⃦⃦⃦
⃦⃦ ∑︂

|ν|≤N

∆j(S0f∆j+νg)

⃦⃦⃦⃦
⃦⃦

2

L2

≤ C(N)∥S0f∥2
L∞

∑︂
j∈Z

22j(s−1)∥∆kg∥2
L2

= C(N)∥S0f∥2
L∞∥g∥2

Hs−1 .

It remains to estimate ∥g(1− S0)f∥Hs−1 . To simplify notation, we now write f for (1− S0)f and
derive an estimate by ∥f∥Hs . Note that Sj−1f∆jg is only non-zero if j ≥ 1, and in that case it is
a convolution of a ball with an annulus of much larger radius. As a result, there exists an annulus
C so that F [Sj−1f∆jg] is supported in 2jC, and so [20, Lemma 2.69] implies

∥Tfg∥Hs−1 ≲
⃦⃦
2j(s−1)∥Sj−1f∆jg∥L2

⃦⃦
ℓ2(Z) .

Since
∥Sj−1f∆jg∥L2 ≤ ∥Sj−1f∥L∞∥∆jg∥L2 ≤ ∥f∥L∞∥∆jg∥L2 ,

this implies
∥Tfg∥Hs−1 ≲ ∥g∥Hs−1∥f∥L∞ .

For the same reason as before, we have

∥Tgf∥Hs−1 ≲
⃦⃦
2j(s−1)∥Sj−1g∆jf∥L2

⃦⃦
ℓ2 .

Here we consider two cases. If s ≤ 1 then we use the Bernstein inequality [20, Lemma 2.1]. It
states that

supp ˆ︁u ⊂ λB =⇒ ∥u∥L∞ ≤ C(B)λ 1
2 ∥u∥L2

for any fixed ball B. This yields

2j(s−1)∥Sj−1g∆jf∥L2 ≤ 2j(s−1)∥Sj−1g∥L2∥∆jf∥L∞

≲ ∥Sj−1g∥Hs−12
j
2 ∥∆jf∥L2

≲ ∥g∥Hs−12
j
2 ∥∆jf∥L2 .

Here we have used

22j(s−1)∥Sj−1g∥2
L2 =

∑︂
j′<j−1

22(j−j′)(s−1)⏞ ⏟⏟ ⏞
≤1

22j′(s−1)∥∆j′g∥2
L2 ≤ ∥Sj−1g∥2

Hs−1 ≤ ∥g∥2
Hs−1 .
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We see that
∥Tgf∥Hs−1 ≲ ∥g∥Hs−1∥f∥

H
1
2
.

For the case s > 1 we estimate

2j(s−1)∥Sj−1g∆jf∥L2 ≤ 2j(s−1)∥Sj−1g∥L∞∥∆jf∥L2

≲ ∥2−jSj−1g∥H12js∥∆jf∥L2

≲ ∥g∥L22js∥∆jf∥L2

and obtain
∥Tgf∥Hs−1 ≲ ∥g∥Hs−1∥f∥Hs .

It remains to estimate the remainder terms R(f, g). Here let it be noted that there exists an
integer N > 0, independent of j, so that

∑︁
|ν|≤1 ∆j−νf∆jg is spectrally supported in a ball of

radius 2j+N−1. In this case we know by [20, Lemma 2.84] that

∥R(f, g)∥Bs̃
p,r
≤ C(p, r, s̃)

⃦⃦⃦
2js̃
⃦⃦ ∑︂

|ν|=1

∆j−νg∆jf
⃦⃦
Lp

⃦⃦⃦
ℓr(Z)

(2.B.1)

for s̃ > 0. This does not work in general if s̃ < 0. Therefore, we use the embedding

∥R(f, g)∥Hs−1 ≤ C(s)∥R(f, g)∥
B

s− 1
2

1,1

in order to apply (2.B.1) with s̃ = s− 1
2 > 0 and p, r = 1. Now we can conclude via Hölder’s and

Young’s inequalities for sequences:⃦⃦⃦
2j(s− 1

2 )
⃦⃦⃦ ∑︂

|ν|=1

∆j−νf∆jg
⃦⃦⃦
L1

⃦⃦⃦
ℓ1(Z)

≲
∑︂

|ν|≤1

2 ν
2
⃦⃦
2

j−ν
2 ∥∆j−νf∥L2

⃦⃦
ℓ2(Z)

⃦⃦
2j(s−1)∥∆jg∥L2

⃦⃦
ℓ2(Z)

≲ ∥g∥Hs−1∥f∥
H

1
2
.

2.C. Appendix: Uniqueness for the Gross-Pitaevskii
equation

Proof of Lemma 2.3.1. Recall that q1, q2 ∈ C(I;L2
loc) ∩ L∞(I;L∞ ∩ Ḣ1) are two distributional

solutions of (GP) on an open interval I ∋ 0 with the same initial data q0. It follows that
q1, q2 ∈ L∞(I;W 1,2(B)) for any arbitrary ball B ⊂ R. We define b = q1 − q2 and compute that it
solves in distribution the following equation:

i∂tb+ ∂xxb = 2q1(|q1|2 − 1)− 2q2(|q2|2 − 1)
= 2b(|q1|2 − 1) + 2b(|q2|2 − 1) + 2q2(|q1|2 − 1)− 2q1(|q2|2 − 1)
= 2b(|q1|2 + |q2|2 − 2 + 1) + 2(q2|q1|2 − q1|q2|2)
= 2b((b+ q2)(b+ q2) + |q2|2 − 1) + 2(q2|b+ q2|2 − (b+ q2)|q2|2)
= 2b(|b|2 + bq2 + bq2 + 2|q2|2 − 1)
+ 2(q2|b|2 + b|q2|2 + bq2

2 + q2|q2|2 − b|q2|2 − q2|q2|2)
= 2b(|b|2 + bq2 + bq2 + 2|q2|2 − 1) + 2(q2|b|2 + bq2

2)
= 2|b|2b+ 4|b|2q2 + 2b2q2 + 2b(2|q2|2 − 1) + 2bq2

2 .

We know that ∂xxb ∈ L∞(I;W−1,2(B)). Then b solving the equation implies ∂tb ∈ L∞(I;W−1,2(B)).
Using duality and the algebra property ofW 1,2(B), we find that also b ∂tb, ∂t(|b|2) ∈ L∞(I;W−1,2(B)).
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Let φn(x) = φ( xn ) where φ ∈ C∞
c ([−2, 2]; [0, 1]) and φ

⃓⃓
[−1,1] = 1. One may choose φ in such a

way that there exists K > 0 with |∂xφ| ≤ K
√
φ and in particular |∂xφn| ≤ Kn−1√φn. We test

the above with bφn and take the imaginary part. On the left-hand side, we have
ˆ
R

Im[i(∂tb)bφn] + Im[(∂xxb)bφn] dx =
ˆ
R

1
2φn∂t(|b|

2)− Im[(∂xb)b∂xφn] dx .

Therefore for a fixed time t ∈ I,

1
2
d

dt

ˆ
R
φn|b|2 dx =

ˆ
R

Im[(∂xb)b∂xφn] dx

+
ˆ
R

(︁
2|b|4 + 4|b|2bq2 + 2|b|2bq2 + 2|b|2(2|q2|2 − 1) + 2b2

q2
2
)︁
φn dx

= (I) + (II) .

We estimate

(I) ≤ ∥∂xb∥L2
x
∥b∂xφn∥L2

x
≤
(︁
∥q1∥L∞

t Ḣ1
x

+ ∥q2∥L∞
t Ḣ1

x

)︁
Kn−1⃦⃦b√φn⃦⃦L2

x

and

(II) ≤ C
⃦⃦
b
√
φn∥2

L2
x

⃦⃦⃦⃦
|b|2 + |b||q2|+ |q2|2 + 1

⃦⃦
L∞

t,x

≤ C
⃦⃦
b
√
φn
⃦⃦2
L2

x

(︁
1 + ∥q1∥2

L∞
t,x

+ ∥q2∥2
L∞

t,x

)︁
.

We have shown that there exists some C > 0, depending on q1, q2 but independent of time, such
that

1
2
d

dt

(︁
∥b√φn∥2

L2
x

)︁
≤ C

(︃
1√
n
∥b√φn∥L2

x
+ ∥b√φn∥2

L2
x

)︃
.

In particular
d

dt
∥b√φn∥L2

x
≤ C

(︃
1√
n

+ ∥b√φn∥L2
x

)︃
.

Now Grönwall’s inequality implies for any fixed t > 0 that

∥b(t)∥L2
x

n→∞←−−−− ∥b(t)√φn∥L2
x
≤

(︄
∥b(0)√φn∥L2

x⏞ ⏟⏟ ⏞
=0

+ C
t√
n

)︄
eCt

n→∞−−−−→ 0 ,

hence q1 = q2 for positive times. The argument for negative times is analogous.



CHAPTER 3

Global Well-posedness of the NLS Hierarchy
with Nonzero Boundary Conditions

Abstract

We consider the NLS hierarchy with the nonzero boundary conditions q(t, x) → q± ∈ S1

as x → ±∞ and prove that it is globally well-posed for initial data of high regularity.
Specifically, we prove well-posedness of the problem for the perturbation p = q − q∗ from a
time-independent front q∗ connecting q− to q+.

We present a new proof for the asymptotic expansion of the logarithmic derivative of the Jost
solutions associated with the Lax operator, from which the equations in the NLS hierarchy
are defined. Using the corresponding recurrence relation, we derive new explicit formulas for
all terms in the NLS hierarchy with at most one factor that is qx, qx, or a derivative thereof.

This allows us to view the equations for the perturbation p as dispersive nonlinear PDEs with
explicit linear parts and sufficiently localized nonlinearities. They are part of a large class of
systems for which we develop a local well-posedness theory in weighted Sobolev spaces. We
establish local smoothing and maximal function estimates for general dispersion relations
with finitely many critical points, which are of independent interest.

Finally, we globalize the solutions using the conserved energies constructed in [119, 120].

3.1. Introduction
Consider the defocusing Nonlinear Schrödinger (NLS) equation

iqt + qxx = 2q|q|2 (NLS)

for a wavefunction q = q(t, x) : R×R −→ C. While NLS is most naturally associated with the
zero boundary condition

lim
|x|→∞

q(t, x) = 0 , (ZBC)

we are interested in the nonzero boundary conditions

lim
x→±∞

e2itq(t, x) = q± where |q±| = 1 . (3.1.1)

Because solutions of NLS–(3.1.1) are not stationary at infinity, it is preferable to work instead
with the so-called Gross-Pitaevskii (GP) equation

iqt + qxx = 2q(|q|2 − 1) , (GP)

which is formally equivalent to NLS under the transformation q ↦→ e2itq. The boundary conditions
(3.1.1) are replaced by

lim
x→±∞

q(t, x) = q± where |q±| = 1 . (NZBC)

From now on, we write NLS for the system NLS–ZBC and GP for the system GP–NZBC, respectively.
Before stating our main result, we discuss various aspects of NLS, GP, and the associated hierarchies.
On applications of NLS and GP. The systems NLS and GP, also in their focusing variants,
have been intensely studied due to their ubiquity in the analysis of wave phenomena in various
physical systems. We refer to the review papers [92] for applications in nonlinear optics and
specifically high-speed communications, [23] for applications in Bose-Einstein condensation and
plasma physics, and [24] for applications in the study of wave collapse.
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We remark that GP is equivalent (under the Madelung transform, see [145] and Chapter 2) to a
quantum hydrodynamical system, which is relevant in the study of Bose-Einstein condensation
[73, 83], superfluidity [72, 127, 138], and quantum semiconductors [76].
Well-posedness results and function spaces in view of NZBC. We start with a brief review
of some well-posedness results for NLS, focusing only on global results on R due to the breadth of
the literature. For global well-posedness results in Sobolev spaces Hs(R), we note, in descending
regularity, [21] for s = 2, [82] for s = 1, [173] for s = 0, and [49] for a priori bounds and existence
of weak solutions with s > − 1

12 . In [121, 122, 123] a priori bounds are given down to s > − 1
2 .

Besides the Sobolev scale, there are global well-posedness results in Fourier-Lebesgue spacesˆ︁Hs
r (R), with s ≥ 0 [87], and modulation spaces Ms

p,q(R), also with s ≥ 0 [117, 148]. We also
note [176], where global well-posedness is shown for a certain class of initial data with an infinite
L2(R)-norm. For the reader interested in other settings, we refer to the books [44, 170] as well as
the recent program started in [96] by M. Ifrim and D. Tataru.
Because NZBC is not preserved under addition and scalar multiplication of functions, it is not
compatible with traditional scales of function spaces, such as the Sobolev scale. As a result, the
well-posedness of GP is more delicate. Spaces compatible with ZBC contain the trivial background
solution q = 0 to NLS, while spaces compatible with NZBC contain, for example, the trivial solution
q = 1 of GP, the stationary “black soliton” solution q = tanh, or any of the time-dependent “dark
soliton” solutions q(t, x) = Re[ζ] + i Im[ζ] tanh(Im[ζ](x+ 2 Re[ζ]t)), ζ ∈ S1 to GP. Generally, for
any q± ∈ S1, there exists a dark soliton profile connecting q− to q+ (see (3.2.1) below for an
explicit formula).
P. E. Zhidkov gave a first result in 1987 [191], establishing local well-posedness of GP in the Zhidkov
space Zk(Rn) with n, k ∈ N≥1, which is the closure of C∞

c (Rn) under the norm ∥ · ∥Zk(Rn) =
∥u∥L∞(Rn) + ∥∇xu∥Hk−1(Rn). This implies global well-posedness in Z1(R) due to conservation of
energy (see HGP

2 below) in one space dimension. In [74] this is extended to n = 2, 3. A global
result in the energy space was obtained by P. Gérard [77, 78] for n = 1, 2, 3, and for n = 4 under
smallness assumptions. The smallness assumptions for n = 4 are lifted in [113]. In [89] and
preceding works, global stability and scattering results were obtained for small initial data in
higher dimensions. We note [151] for a global well-posedness result permitting infinite energy in
1 +Hs(R3), s ∈

(︁ 5
6 , 1), and [7] for more general nonlinearities in the cases n = 2, 3. Recently in

[119, 120], when n = 1, H. Koch and X. Liao proved the global well-posedness of GP in a complete
metric space (Xs, ds) with s ≥ 0, which we define below in (3.1.15). They use the complete
integrability to construct conserved energies that control the solution at every regularity s ≥ 0
(see (3.4.35) below). We make use of these energies in our globalization argument in Section 3.4.2.
Complete integrability and the conserved Hamiltonians of NLS and GP. The systems
NLS and GP are completely integrable in the sense that they admit Lax pairs. A Lax pair for
a time-evolving PDE is a pair of operators L and P , depending on a time-dependent potential
function, such that the Lax equation ∂tL = [P,L] = PL − LP holds true if and only if the
potential is a solution to the PDE. For NLS and GP, it is shown in [189] that the operators

L = LNLS = LGP = i

(︃
∂x −q
q −∂x

)︃
(3.1.2)

and

PNLS = i

(︃
2∂2
x − qq −2q∂x − qx

2q∂x + qx −2∂2
x + qq

)︃
PGP = i

(︃
2∂2
x − qq + 1 −2q∂x − qx

2q∂x + qx −2∂2
x + qq − 1

)︃
(3.1.3)

yield Lax pairs. A consequence of the Lax pair formulation is that eigenvalues of the Lax operator
are stationary, and furthermore that the time evolution of the scattering data (including the
reflection coefficient) is characterized by a linear equation. One may try to recover the potential
from the evolved scattering data. This is indeed possible for NLS and GP, where the so-called
inverse scattering transform (IST) method can be applied. For NLS, the IST method was already
well-developed in the seminal paper [2] (see also [34] and references therein for more recent work).
Recently, attention toward the nonzero boundary data case of GP, where the IST method is harder
to deploy, has grown, and significant progress has been made. We refer to the pioneering work
[189] and the recent review [155]. An application of the IST method in our setting can be found
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in [149], where the authors prove orbital stability of the dark soliton solutions to the real mKdV
hierarchy, i.e. the flows (NLS2n+1) with real-valued q.
Another consequence of complete integrability is the existence of an infinite number of conserved
quantities. For NLS, we denote these by HNLS

n and list the initial ones:

HNLS
0 (q) =

ˆ
R
qq dx (Mass)

HNLS
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HNLS
2 (q) =

ˆ
R
qxqx + q2q2 dx (Energy)

HNLS
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 dx

HNLS
4 (q) =

ˆ
R
qxxqxx − 6q2qqxx − 5q2q2

x − 6qqxqqx − qqxxq2 + 2q3q3 dx .

Using the energy, NLS can be written in Hamiltonian form

iqt = δHNLS
2 (q)
δq

.

The Hamiltonian structure is commonly considered for a pair of variables (q, r), where the
identification r = q is made later. For convenience, we use q from the beginning, writing qq instead
of |q|2 when we intend to highlight the functional dependencies.
The Hamiltonians HNLS

n are formally still conserved under the flow of GP, but the even ones HNLS
2n

are ill-defined in the setting of NZBC. We use instead a renormalized sequence of Hamiltonians
HGP
n , which are conserved quantities for GP and compatible with NZBC. The initial ones are:

HGP
0 (q) =

ˆ
R
qq − 1 dx (Mass)

HGP
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HGP
2 (q) =

ˆ
R
qxqx + (qq − 1)2 dx (Energy)

HGP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 4qqx dx

HGP
4 (q) =

ˆ
R
qxxqxx − 6q2qqxx − 5q2q2

x − 6qqxqqx − qqxxq2

− 6qxqx + 2q3q3 − 6q2q2 + 6qq − 2 dx .

Using the energy, GP can be written in Hamiltonian form

iqt = δHGP
2 (q)
δq

.

The Hamiltonians HNLS
n and HGP

n satisfy

δHGP
2m(q)
δq

=
m∑︂
k=0

(︃
m− 1

2
m− k

)︃
(−4)m−k δHNLS

2k (q)
δq

(3.1.4)

δHGP
2m+1(q)
δq

=
m∑︂
k=0

(︃
m

m− k

)︃
(−4)m−k δH

NLS
2k+1(q)
δq

. (3.1.5)

More specifically, the densities of HGP
n are affine linear combinations of the densities of HNLS

n , and
vice versa (see Remark 3.2.10 below, and also [71, Chapter 1, (10.25)]). In the setting of NZBC
there is an additional nontrivial conserved quantity, which plays no significant role in this work:

HGP
−1(q) = −i logpr

(︃
q−

q+

)︃
. (Phase change)
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Here logpr denotes the principal logarithm.

We also consider another sequence of Hamiltonians H ˜︁GP
n , defined by

H ˜︁GP
2m(q) = HGP

2m(q) H ˜︁GP
2m+1(q) =

m∑︂
k=−1

(︃
− 1

2
m− k

)︃
4m−k2−1{k=−1}HGP

2k+1(q) , (3.1.6)

or equivalently

HGP
2m(q) = H ˜︁GP

2m(q) HGP
2m+1(q) = 21{m=−1}

m∑︂
k=−1

(︃ 1
2

m− k

)︃
4m−kH ˜︁GP

2k+1(q) .

Here the initial odd Hamiltonians H ˜︁GP
2n−1 are

H ˜︁GP
−1(q) = 1

2H
GP
−1(q)

H ˜︁GP
1 (q) = −i

ˆ
R
qqx dx−HGP

−1(q)

H ˜︁GP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 6qqx dx+ 3HGP

−1(q) .

A relation similar to (3.1.4)–(3.1.5) holds between HNLS
n and H ˜︁GP

n :

δH ˜︁GP
2m(q)
δq

=
m∑︂
k=0

(︃
m− 1

2
m− k

)︃
(−4)m−k δHNLS

2k (q)
δq

(3.1.7)

δH ˜︁GP
2m+1(q)
δq

=
m∑︂
k=0

(︃
m+ 1

2
m− k

)︃
(−4)m−k δH

NLS
2k+1(q)
δq

. (3.1.8)

The Hamiltonians HNLS
n , HGP

n and H ˜︁GP
n appear naturally in asymptotic expansions of the logarithm

of the transmission coefficient (see (3.2.50) and (3.2.51) below).

Definitions of the NLS, GP, and ˜︂GP hierarchies. It is natural to consider for n ≥ 0 the
infinite sequence of Hamiltonian PDEs

iqt = δHNLS
n (q)
δq

. (3.1.9)

This is referred to as the NLS hierarchy. Some caution is needed, as sometimes only the flows
where n is even are called the NLS hierarchy, while the flows where n is odd are called the complex
mKdV hierarchy. The Hamiltonians HNLS

n are conserved quantities for every one of these flows.
Equivalently, for any n,m ≥ 0 we have

{︁
HNLS
n ,HNLS

m

}︁
:= δHNLS

n

δq

δHNLS
m

δq
− δHNLS

n

δq

δHNLS
m

δq
= 0 , (3.1.10)

i. e. they pairwise Poisson commute (see [71, III.§2] or [118, Theorem B.7]). As a result, their
Hamiltonian flows commute and we can consider instead for a single function q = q(t0, t1, t2, . . . , x) :
RN×R −→ C the infinite hierarchy of PDEs

i∂tnq = δHNLS
n (q)
δq

. (NLSn)

In this paper, we denote the set of all nonnegative integers by N. By an abuse of notation, we
exclude 0 from N when the case n = 0 would obviously not make sense.
As is the case for NLS, solutions to (NLSn) with nonzero boundary data are not stationary at
infinity, and so it is preferable to work instead with the infinite sequence of Hamiltonian PDEs

iqt = δHGP
n (q)
δq

, (3.1.11)
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which we call the GP hierarchy.1 Here we take n ∈ N, excluding the case n = −1 as the flow
generated by HGP

−1 is the constant flow q(t, x) = q(0, x). In the case n = 0 equation (3.1.11) is
iqt = q, whose solution is given by the rotation in phase q(t, x) = e−itq(0, x). All flows with n ≥ 1
are compatible with NZBC in the sense that they are stationary at infinity (see also Corollary
3.1.7, (iii) below).
Of course, the same Poisson commutation relations

{︁
HGP
n ,HGP

m

}︁
= 0 for n,m ≥ 0 hold, so we can

again consider for a single function q = q(t0, t1, . . . , x) the infinite hierarchy of PDEs

i∂tnq = δHGP
n (q)
δq

. (GPn)

Lastly, we define the ˜︂GP hierarchy as the infinite hierarchy of PDEs

i∂tnq = δH ˜︁GP
n (q)
δq

. (˜︂GPn)

Our motivation to introduce the Hamiltonians H ˜︁GP
n is that later, the linear part of (˜︂GP2m+1) is

easier to work with than the linear part of (GP2m+1).
On applications of the NLS, GP, and other integrable hierarchies. First and foremost,
the study of any particular higher equation of an integrable hierarchy is also the study of every
other equation in the hierarchy due to Noether’s theorem: the flows generated by the higher
Hamiltonians are symmetries for every other flow, in particular the usually eponymous initial
PDE (NLS, KdV, etc.) of the hierarchy under consideration. As such, the well-posedness result
for the NLS hierarchy that we present here represents the construction of an infinite number
of symmetries for GP. Integrable equations like NLS and KdV appear frequently as amplitude
equations for the long-wave regime of other equations (see e. g. [24, 163, 172, 183, 187]). In
such cases, they may be modulated using the symmetries in their hierarchies (see [22] for an
example involving higher symmetries). On another note, integrable hierarchies are also relevant
in mathematical physics, in connection with algebraic geometry [67, 68].
Renormalization of hierarchies. Let us state clearly that taking affine linear combinations of
the (densities of the) Hamiltonians in an integrable hierarchy yields flows which are essentially
equivalent to those already in the hierarchy. We make this precise with a proposition.
Proposition 3.1.1 (Equivalence between hierarchies). Let c = (cn,k) ∈ CN×N be an invertible
infinite upper triangular matrix and set t = (t0, t1, . . . ). Formally, q(t, x) solves (NLSn) for all
n ∈ N if and only if u(t, x) = q(ct, x) solves the renormalized NLS hierarchy

i∂tnu =
n∑︂
k=0

ck,n
δHNLS

k (u)
δu

for all n ∈ N.

Proof. The Hamiltonians only depend on q, q and their spatial derivatives, but not on t, so the
proof follows from the chain rule.

The relations (3.1.4)–(3.1.5) represent precisely such an equivalence between the NLS and GP
hierarchies. Here c = cNLS↦→GP where

cNLS↦→GP
2k,2m = 1{m≥k}

(︃
m− 1

2
m− k

)︃
(−4)m−k cNLS↦→GP

2k+1,2m = 0

cNLS↦→GP
2k,2m+1 = 0 cNLS↦→GP

2k+1,2m+1 = 1{m≥k}

(︃
m

m− k

)︃
(−4)m−k ,

(cNLS↦→GP)

and this matrix is invertible with its diagonal entries being 1 (with (−4)m−k replaced by 4m−k).
As an example, we have

(cNLS↦→GP
n,k )0≤n,k≤2 =

⎛⎝1 0 −2
0 1 0
0 0 1

⎞⎠ ,

1Not to be confused with the “Gross–Pitaevskii hierarchy” from kinetic theory (see e. g. [70]).
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so in the case n = 2 the energy of NLS is renormalized with the mass to yield the energy of GP.
Similarly, the relations (3.1.7)–(3.1.8) correspond to the choice c = cNLS↦→ ˜︁GP where

cNLS↦→ ˜︁GP
2k,2m = 1{m≥k}

(︃
m− 1

2
m− k

)︃
(−4)m−k cNLS↦→ ˜︁GP

2k+1,2m = 0

cNLS↦→ ˜︁GP
2k,2m+1 = 0 cNLS↦→ ˜︁GP

2k+1,2m+1 = 1{m≥k}

(︃
m+ 1

2
m− k

)︃
(−4)m−k .

(cNLS↦→ ˜︁GP)

We can also derive c = cGP↦→ ˜︁GP from the relation (3.1.6) to be

cGP↦→ ˜︁GP
2k,2m = 1{m=k} cGP↦→ ˜︁GP

2k+1,2m = 0

cGP↦→ ˜︁GP
2k,2m+1 = 0 cGP↦→ ˜︁GP

2k+1,2m+1 = 1{m≥k}

(︃
− 1

2
m− k

)︃
4m−k2−1{k=−1} ,

(cGP↦→ ˜︁GP)

with its inverse c ˜︁GP↦→GP similarly defined, except c ˜︁GP↦→GP
2k+1,2m+1 = 21{m=−1}

(︁ 1
2

m−k
)︁
4m−k. Then q(t, x)

solves the GP hierarchy (GPn) if and only if u(t, x) = q(cGP↦→ ˜︁GPt, x) solves the ˜︂GP hierarchy
(˜︂GPn), and correspondingly q(t, x) solves the ˜︂GP hierarchy if and only if u(t, x) = q(c ˜︁GP↦→GPt, x)
solves the GP hierarchy.
These equivalences allow us to transfer well-posedness results among the NLS, GP, and ˜︂GP
hierarchies.

3.1.1. Main result
We denote by D(R;C) = C∞

c (R;C) the space of test functions. For a function f ∈ D(R;C), we
define the Fourier transform ˆ︁f(ξ) = 1√

2π

ˆ
R
e−ix·ξf(x) dx

and extend it to tempered distributions in the usual manner. Before stating our main result, we
define for s, s′ ∈ N the (weighted) Sobolev spaces(︁

Hs(R), ∥ · ∥Hs(R)
)︁

=
(︁{︁
u ∈ L2(R) : (1 + |ξ|2) s

2 ˆ︁u(ξ) ∈ L2(R)
}︁
, ∥(1 + |ξ|2) s

2 ˆ︁·(ξ) ∥L2(R)
)︁(︁

Hs′,1(R), ∥ · ∥Hs′,1(R)
)︁

=
(︁{︁
u ∈ Hs′

(R) : xu ∈ Hs′
(R)
}︁
, ∥x · ∥Hs′ (R) + ∥ · ∥Hs′ (R)

)︁
(3.1.12)

and the energy functionals

Es(q) = ∥|q|2 − 1∥Hs−1(R) + ∥qx∥Hs−1(R) Es
′,1(q) = ∥|q|2 − 1∥Hs′−1,1(R) + ∥qx∥Hs′−1,1(R) .

(3.1.13)

In this paper, we do not search for optimal regularity assumptions, and shall always take the
Sobolev regularity indices s, s′ to be sufficiently large integers. For ω ∈ R we use the notations
⌈ω⌉ = min{k ∈ Z : k ≥ ω} and ⌊ω⌋ = max{k ∈ Z : k ≤ ω}.
Theorem 3.1.2 (Global well-posedness of each flow (GPn) in the GP hierarchy). Let n ≥ 2 and
define ω = n−1

2 . Let s, s′ ∈ N such that s ≥ 3n−1+ω and s+3ω
2 ≤ s′ ≤ s−n. Then (GPn) is globally

well-posed in the following sense: For every q∗ = q∗(x) ∈ Hs+1−⌈ω⌉+n
loc with Es+1−⌈ω⌉+n,1(q∗) <∞

and every p0 = p0(x) ∈ Hs ∩ Hs′,1, there exists a unique p = p(t, x) ∈ C(R;Hs ∩ Hs′,1) with
p(0) = p0 such that q∗ + p(t) is a solution of (GPn) in the sense of distributions. The solution is
strong in the sense that p solves the corresponding perturbative formulation (see (3.1.21) below)
strongly in Hs−n ∩Hs′−n,1. For every T > 0 the map

Hs ∩Hs′,1 −→ Cb([−T, T ];Hs ∩Hs′,1)
p0 ↦−→ p

is Lipschitz continuous. Lastly, there exists C = C(n, s, Es+1−⌈ω⌉+n,1(q∗), ∥p0∥Hs∩Hs′,1) > 0 such
that for all t ≥ 0 we have

∥p(t)∥L∞
x

+ ∥px(t)∥Hs−1
x
≤ C ∥p(t)∥

Hs′,1
x
≤ CeCt . (3.1.14)
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Remark 3.1.3 (On the ˜︂GP hierarchy). The same result holds for the ˜︂GP hierarchy. In fact, the
proof is given for the ˜︂GP hierarchy because its perturbative formulation has a better linear part
(see (3.1.25)).

Remark 3.1.4 (On the proof). The difficulty lies in the nonzero boundary conditions, which
is why we solve for a localized perturbation p of a time-independent front q∗. The main step of
the proof is a study of the coefficients appearing in (GPn) in order to show that the equation for
p is part of a broad class of nonlinear dispersive PDEs (Proposition 3.1.14) for which we can
show local well-posedness (Theorem 3.4.6) in Hs ∩ Hs′,1. In [119, 120] the authors construct
conserved energies for GP that control the solution at every level of regularity in certain metric
spaces. In particular, the energies Es(q) remain bounded. These energies are strong enough to
prevent finite-time blow-up of the local solution p in Hs ∩Hs′,1 (Lemma 3.4.8), allowing us to
conclude global well-posedness. The reason that the Hs′,1-norm of p is not globally bounded is that
we cannot directly control it with the energies, instead having to use Grönwall’s inequality in an
energy estimate. An explicit example of the L2-norm blow-up at infinity for the first flow in the
GP hierarchy is given in (3.1.16).

Remark 3.1.5 (On the energy assumption and NZBC). The assumption Es+1−⌈ω⌉+n,1(q∗) <∞
implies that (q∗)x ∈ L1 and hence limx→±∞ q∗(x) = q± for some q± ∈ S1, i. e. NZBC holds.
Conversely, we can connect any end state pair (q−, q+) with a dark soliton profile (see (3.2.1))
that satisfies Es+1−⌈ω⌉+n,1(q∗) <∞.
One may be tempted to consider a more general finite-energy setting with |q∗|2 − 1 ∈ L2 and
(q∗)x ∈ L2. This permits (q∗)x ̸∈ L1, and hence solutions which do not have limits q± at ±∞
could be studied. However, it turns out that the well-posedness theory in Section 3.4 requires
|q∗|2−1 and (q∗)x in Hs−⌈ω⌉+n,1 for some large s. This implies (q∗)x ∈ L1, so our method cannot
consider boundary conditions more general than NZBC.

Remark 3.1.6 (On the time-independence of q∗ and stability of solitons). When q± = ±1, we
can take q∗ to be the black soliton solution tanh(x) of the Gross-Pitaevskii equation (GP) (i. e.
(GPn) for n = 2). Note that our result does not show the stability of the black soliton solution. We
refer to [56] for the asymptotic behavior of the perturbed solution under further decay assumptions
on p0.
It would be natural to choose q∗ as a moving front, for example a dark soliton, and attempt to
study its stability using the perturbative formulation for p. Currently we choose q∗ to be time-
independent, which causes terms depending only on q∗ to appear on the right-hand side in (3.1.24)
(this also causes g ≠ 0 in (3.4.2)). Removing these terms would lead to minor improvements of
certain estimates and regularity assumptions. Since our well-posedness theory can handle these
inhomogeneous terms, and for the sake of simplicity, we choose q∗ to be time-independent.

Recall the invertible matrices in (cNLS↦→GP) and (cNLS↦→ ˜︁GP), and define cGP↦→NLS = (cNLS↦→GP)−1

and c ˜︁GP↦→NLS = (cNLS↦→ ˜︁GP)−1. For the reader interested in a formulation of well-posedness
explicitly for the NLS hierarchy, i. e. for a function q = q(t0, . . . , tN , x) with several time variables
that solves (NLSn) for all 0 ≤ n ≤ N , we draw a corollary. Note that we use the notation
t = (t0, . . . , tN ),0 = (0, . . . , 0) ∈ RN+1.

Corollary 3.1.7 (Global well-posedness of the N -truncated NLS, GP, and ˜︂GP hierarchies). Let
N ≥ 2 and define ω = N−1

2 . Let s, s′ ∈ N such that s ≥ 3N − 1 + ω and s+3ω
2 ≤ s′ ≤ s−N . For

every q0 : R→ C of the form q0 = q∗ + p0, where q∗ ∈ Hs+1−⌈ω⌉+N
loc with Es+1−⌈ω⌉+N,1(q∗) <∞

and p0 ∈ Hs ∩Hs′,1, there exists a unique function q = q(t, x) : RN+1×R → C with q(0) = q0
which satisfies the following:

(i) For every n ∈ {0, . . . , N} the functions q(t, x), q(cNLS↦→GPt, x), and q(cNLS↦→ ˜︁GPt, x) respec-
tively solve (NLSn), (GPn), and (˜︂GPn) in the sense of distributions.

(ii) We have q ∈ Cb(RN+1;Xs) and

sup
t∈RN+1

Es(q(t)) ≤ C(N, s,Es(q0)) .
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Here Xs stands for the complete metric space (Xs, ds), s ≥ 0 defined in [119, 120]

Xs = {q ∈ Hs
loc(R) : Es(q) <∞}

/︁
S1 (3.1.15)

ds(q, p) =
(︃ˆ

R
inf
λ∈S1
∥ sech(· − y)(λp− q)∥2

Hs dy
)︃ 1

2

.

(iii) The function p = q − e−i(cGP↦→NLSt)0q∗ satisfies p ∈ C(RN+1;Hs ∩Hs′,1). Furthermore, p(t),
p(cNLS↦→GPt), and p(cNLS↦→ ˜︁GPt) solve the respective perturbative formulations of (NLSn),
(GPn), and (˜︂GPn) (see Proposition 3.1.14 below), for the fronts e−i(cGP↦→NLSt)0q∗, e−it0q∗,
and e−it0q∗, strongly in Hs−n ∩Hs′−n,1.

Remark 3.1.8. Notice that the zeroth GP flow

i∂t0q = δHGP
0 (q)
δq

= q

is simply a phase rotation, which changes a front q∗ into e−it0q∗:

q∗(x) + p0(x) (GP0)↦−→ e−it0q∗(x) + e−it0p0(x).

This results in the change of the profile in (iii) above. The first GP flow

i∂t1q = δHGP
1 (q)
δq

= i∂xq

is a transport equation, which transports a front q∗ to the left and preserves its limits at infinity:

q∗(x) + p0(x) (GP1)↦−→ q∗(x+ t1) + p0(x+ t1).

The nth GP flow with n ≥ 2, by Theorem 3.1.2, preserves also the limits of a front for any finite
time:

q∗(x) + p0(x) (GPn)↦−→ q∗(x) + p(tn, x), p(tn, x) ∈ C(R;Hs ∩Hs′,1).

Note, however, that we have not shown uniform-in-time control of the norm ∥p(tn)∥Hs∩Hs′,1 in
Theorem 3.1.2. Observe that for the first GP flow the L2

x-norm of the t1-dependent perturbation of
the front q∗ = tanh blows up at infinity:

∥ tanh(x+ t1)− tanh(x)∥L2
x
→∞ as t1 →∞ . (3.1.16)

The reason is that tanh(x + t1) − tanh(x) ≥ 1
2 on the interval [−t1, 0] for sufficiently large t1,

while the perturbation derivative is uniformly bounded in time due to tanh′ = sech2 ∈ S.

Remark 3.1.9. In principle, solutions with infinitely many nonzero time variables can also be
constructed, given q0 satisfies the assumptions of Corollary 3.1.7 for every N ∈ N, but this requires
a non-trivial limit argument which we do not wish to study here.

3.1.2. Organization of the paper and further results
All sections and appendices are largely self-contained and can in principle be read in any order.

3.1.2.1. Overview
In Subsection 3.1.2.2 we motivate Section 3.2, which is not directly relevant for the proof of the
main result and instead is concerned with the rigorous definition and asymptotic expansion of
the logarithm of the transmission coefficient associated with the Lax operator L (see (3.1.2)). In
addition, we review some of the literature on the Inverse Scattering Transform (IST) method for
NLS/GP with a nonzero background and elaborate on our contribution. Section 3.2 concludes
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with the derivation of the well-known recurrence relation (3.2.47), which is fundamental for the
computations in Section 3.3.
In Subsection 3.1.2.3 we discuss Section 3.3, which contains an essential result on the structure of
the NLS and GP hierarchies. Using generating functions, we are able to give explicit formulas for
all terms in the hierarchies containing at most one factor that is qx, qx, or a derivative thereof.
Section 3.3 concludes with the proof of Proposition 3.1.14, which is a perturbative formulation of
the GP hierarchy that fits into the well-posedness theory developed in Section 3.4.
In Subsection 3.1.2.4 we discuss Section 3.4. We begin with a review of different approaches to
the well-posedness of the NLS and KdV hierarchies. Subsequently, we motivate our choice to use
techniques developed by C. E. Kenig, G. Ponce and L. Vega in the 1990s. The key result is the
local well-posedness of a large class of dispersive nonlinear systems, of which the perturbative
formulation of the GP hierarchy is a special case. Section 3.4 concludes with the proof of Theorem
3.1.2, our main result.

3.1.2.2. Section 2: Direct scattering theory revisited and further
developed

In Section 3.2 we recall some aspects of the Lax operator L, associated with GP, in the setting of
NZBC, with the goal of rigorously defining the transmission coefficient a(λ) and proving that its
logarithm has asymptotic expansions in powers of the spectral parameters λ and z =

√
λ2 − 1 at

infinity. For λ and z in the first quadrant of the complex plane, we define Hamiltonians HNLS
n ,

HGP
n , and H ˜︁GP

n as the following expansion coefficients (see (3.2.50)–(3.2.51)):

log a(λ) ∼ i
∞∑︂
n=0

HNLS
n

(2λ)n+1 log a(λ) ∼ i
∞∑︂

n=−1

HGP
n

(2z)n+1 ∼ i
∞∑︂
n=0

H ˜︁GP
2n

(2z)2n+1 + i
λ

z

∞∑︂
n=0

21{n=0}H ˜︁GP
2n−1

(2z)2n

in the different functional settings (ZBC) and (NZBC). Their densities satisfy certain recurrence
relations (see Lemma 3.2.8 below), which are the basis of our calculations in Section 3.3. The
recurrence relation for the densities of HNLS

n is well-known and also appears in the seminal paper
[189] by V. E. Zakharov and A. B. Shabat, which initiated the study of the IST method for GP
with NZBC. We refer to [30, 56, 63, 64, 65, 142] and the review [155] for further development of
the IST method for NLS-type integrable equations with nonzero boundary data.
Note that most of these references are concerned with the formal and rigorous establishment of
the inverse scattering transform, but not the rigorous asymptotic expansion of the logarithm of
the transmission coefficient. The standard reference for this is the monograph [71, I.§3-§8], where
first the periodic case on an interval of length L is considered, and then the limit L→∞ is taken.
More recently in [119, 120], the renormalized transmission coefficient is defined and asymptotically
expanded in the general finite-energy setting Es(q) < ∞ for s ≥ 0 (see (3.1.13)), by finding a
change of variables for the Zakharov-Shabat scattering problem that essentially causes only the
quantities |q|2 − 1 and qx to appear.
We believe there is expository value in a direct path from the Zakharov-Shabat scattering problem
to the rigorous expansion of the transmission coefficient, using the classical approach described in
[71], but not working with the periodic case first. Specifically, we use the integral representation
ansatz (3.2.12), which to the best of our knowledge is not present in the literature. In order to
explain, we consider the two Jost solutions Φ±

1 (x, λ), with x ∈ R and λ ∈ C, to the Zakharov-Shabat
scattering problem associated with the Lax operator (3.1.2)

LΦ±
1 (x, λ) = λΦ±

1 (x, λ) , or equivalently ∂xΦ±
1 (x, λ) =

(︃
−iλ q(x)
q(x) iλ

)︃
Φ±

1 (x, λ) , (ZS)

for a potential of interest q which connects two limit states q± ∈ S1. Then we search for an
appropriate reference potential q∗ ∈ C∞(R;R) with the following properties

• q∗ → q± as x→ ±∞
• The Jost solutions Φ±

∗,1 are known.
Fortunately such q∗ exists (see the dark soliton profile (3.2.1)), and we now restrict ourselves to
the functional setting q ∈ q∗ + S(R;R).
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We make the triangular representation ansatz

Φ±
1 (x, λ) = Φ±

∗,1(x, λ) +
ˆ x

±∞
Γ±(x, y)Φ±

∗,1(y, λ) dy , (3.1.17)

where Γ±(x, y) is a kernel that is independent of λ. Such triangular representations are well-known
in the constant-potential cases q∗ = q− or q∗ = q+ (see e. g. [65, 71, 141, 189, 149]). Since
the kernel Γ± is independent of λ, these integral representations are suitable for the asymptotic
analysis in the parameter λ of the Jost solutions via integration by parts. In fact, the density of
the difference of the logarithm of the transmission coefficient log a(λ) and log(q−q+) is ∂x log Ψ−

1,1,
i. e. the logarithmic derivative of the first component of the modified Jost solution Ψ−

1 = Φ−
1 e

ixz

(see (3.2.30) below). Therefore, we can use (3.1.17) to derive the desired asymptotic expansion
for log a(λ), as long as the error terms can be controlled in L1

x. An essential source of this desired
integrability when working with (3.1.17) is the difference q − q∗ ∈ S.
We comment on the existence and decay properties of the kernels Γ±. It is important for Φ±

∗,1
to be a solution of the Zakharov-Shabat scattering problem (ZS) in order for Γ±(·, ·) to solve a
boundary value problem which does not involve λ (see the system (3.2.15)–(3.2.17) below, which
generalizes [71, Chapter 1, (8.18)–(8.19)]). We subsequently state and prove a well-posedness
result for Γ± in Lemma 3.2.2, which we believe to be of independent interest. The decay estimates
in Lemma 3.2.2 allow us to deduce the desired expansion of the transmission coefficient in Lemma
3.2.5.
Note that we work in the setting where q and q∗ are smooth, and q − q∗ is Schwartz. The reader
interested in weaker assumptions may adapt the proof for this purpose. We see potential for
the triangular representation (3.1.17) to be useful in other aspects of the IST method, such as
WKB expansions of various scattering data. Furthermore, it may be of use in the setting with
asymmetric boundary conditions (i. e. |q−| ̸= |q+|), when a Jost solution Φ−

∗,1 for a reference
potential q∗ is known.

3.1.2.3. Section 3: Explicit formulas for parts of the hierarchies
and the perturbative setting

In Section 3.3 we determine the coefficients of all terms in the NLS hierarchy which have at
most one factor that is qx, qx, or a derivative thereof. When using a perturbative ansatz
q(t, x) = q∗(x) +p(t, x), these are precisely the terms which we need to know in order to determine
the linear part of the PDEs for p.
To describe the nonlinear terms in the PDEs in a quantitative way, we introduce the notation
OM,L
A (B), where M,L ∈ N and A,B are sets of formal complex-valued functions. We define the

sets of formal functions

A ∪A = {f : f ∈ A or f ∈ A} JB ∪BK = {∂nxf : f ∈ B or f ∈ B,n ∈ N}

and the set OM,L
A (B) consists of sums of products with at least M factors from the set JB ∪BK,

and at most L derivatives in total:

OM,L
A (B) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
K∑︂

k=M

∑︂
l=(l1,...,lk)∈Nk

|l|≤L

∑︂
h1,...,hk∈A∪A

∂
l1
x h1,...,∂

lM
x hM ∈JB∪BK

ck,lh1,...,hk

k∏︂
j=1

∂ljx hj : K ∈ N, ck,lh1,...,hk
∈ C

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

(3.1.18)

We write f = OM,L
A (B) if f ∈ OM,L

A (B). If any of the parameters of O are missing, we set by
default M , L to zero and A, B to the empty set.
Theorem 3.1.10 (Structure of the NLS, GP, and ˜︂GP hierarchies). The following hold true.

(i) Let m =
⌊︁
n
2
⌋︁
≥ 1. The equations (NLSn) of the NLS hierarchy have the form

i∂t2m
q =

m−2∑︂
j=0

J2m+1,jq
j+2qj(i∂x)2m−2−2jq −

m−1∑︂
j=0

K2m+1,jq
jqj(i∂x)2m−2jq (NLS2m)
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+ (m+ 1)Cmqmqm+1 +O2,n−2
q (qx)

i∂t2m+1q =
m∑︂
j=0

K2m+2,jq
jqj(i∂x)2m+1−2jq +O2,n−2

q (qx) . (NLS2m+1)

In the above, the real-valued coefficients Jk,j, Kk,j are defined as follows. Let [uj ] denote
the functional that extracts the coefficient in front of uj from a formal power series in the
symbol u, e. g. [u2](1 + u)3 = 3. With this notation, we define

Jk,j =
{︄

0 k even
[uj ]2(1 + 4u) k−2

2 k odd
Kk,j =

{︄
[uj ](1 + 4u) k−1

2 k even
[uj ](−1− 2u)(1 + 4u) k−2

2 k odd
.

(3.1.19)

The coefficients Cm are the Catalan numbers, defined by the recurrence relation: C0 = 1,
Cn+1 =

∑︁n
k=0 CkCn−k (see also (3.2.45) below).

The nonlinear term O2,n−2
q (qx), as defined in (3.1.18), refers to the class of polynomial

expressions in q, q, and their derivatives, for which each monomial has at most n − 2
derivatives in total, and at least two factors are qx, qx, or derivatives thereof.

(ii) For n ≥ 3 with m =
⌊︁
n
2
⌋︁
≥ 1 the equations of the GP hierarchy (GPn) have the form

i∂t2mq =
(︁
(i∂x)2m + 2(i∂x)2m−2)︁q + 2q2(i∂x)2m−2q +O2,n−2

q,|q|2−1(qx, |q|2 − 1) (GP2m)

i∂t2m+1q =
m∑︂
j=0

(︃ 1
2

m− j

)︃
4m−j(i∂x)2j+1q +O2,n−2

q,|q|2−1(qx, |q|2 − 1) , (GP2m+1)

while equations of the ˜︂GP hierarchy (˜︂GPn) have the form

i∂t2mq =
(︁
(i∂x)2m + 2(i∂x)2m−2)︁q + 2q2(i∂x)2m−2q +O2,n−2

q,|q|2−1(qx, |q|2 − 1) (˜︂GP2m)

i∂t2m+1q = (i∂x)2m+1q +O2,n−2
q,|q|2−1(qx, |q|2 − 1) . (˜︂GP2m+1)

Recall that for n = 2m the equations (˜︂GP2m) = (GP2m) are identical. Here O2,n−2
q,|q|2−1(qx, |q|2−

1), defined in (3.1.18), refers to the class of polynomial expressions in q, q, |q|2 − 1, and
their derivatives, for which each monomial has at most n− 2 derivatives in total, and at
least two factors are qx, qx, |q|2 − 1, or derivatives thereof.

Remark 3.1.11. To the best of our knowledge these coefficients are not known in the literature.
For further efforts to calculate explicit coefficients in integrable hierarchies, we refer to [4], where
the coefficients of all cubic terms in the dNLS hierarchy are calculated, and also [19] for the KdV
hierarchy. The general theory in [66] may also be of use.

Remark 3.1.12. The equation (NLS)=(NLS2) corresponds to (NLS2m) with m = 1, n = 2
and with O2,n−2

q (qx) replaced by 0. However, (GP)=(GP2) is excluded from the general form
(GP2m) because there is a mismatch in the coefficient before the term q. Nevertheless, (GP) can be
formulated in the perturbative form (3.1.21) below, with an additional term 2(|q∗|2 − 1)q∗ when
n = 2, which is included in O1,0

q∗,|q∗|2−1(|q∗|2 − 1) in (3.1.24).

Remark 3.1.13. We present an elegant reformulation of (i), whose proof is found at the end of
Section 3.3. We have as |λ| → ∞ the asymptotic expansion

δ log a(λ)
δq

∼
∞∑︂
n=0

O2,n
q (qx)

(2iλ)n+1 (3.1.20)

+ i

2(λ2 − qq) 1
2

(︄
q + 2λ+ i∂x

4(λ2 − qq) + ∂2
x

[iqx] + 1
2(λ2 − qq)(4(λ2 − qq) + ∂2

x) [q∂2
x(λ2 − qq)]

)︄
.

This is a formal statement, which is to be understood in the sense of expansion in λ by the
geometric series and subsequent comparison of orders. Note that ∂2

x and the multiplication operator
qq commute up to terms in O2,1

q (qx). The square brackets denote operator application.



54 3. Well-posedness of NLS hierarchy with NZBC

We would like to point out that (3.1.20) might “by chance” describe more terms in the hierarchy
than (NLS2m)–(NLS2m+1) do. To explain, observe that different arrangements of the order of ∂2

x

and multiplication by qq in the geometric series expansion of the resolvent yield different residual
terms in (2iλ)−n−1O2,n

q (qx). One may hope that by choosing the correct ordering the residual
terms can vanish, such that the formula above would become exact. We have concluded, after
testing various natural arrangements, that this does not seem to be the case.

Given a choice of q∗, we can now write down a dispersive PDE for p = q − q∗.
Proposition 3.1.14 (Perturbative formulation of the GP and ˜︂GP hierarchies). Let q(t, x) =
q∗(x) + p(t, x), where limx→±∞ q∗(x) = q± ∈ S1. Let n ≥ 2 and m =

⌊︁
n
2
⌋︁
. We consider the

extended system for p = (pj)1≤j≤2 = (p, p). Then the following hold.
(i) q solves (GPn) if and only if p solves

i∂tnp = Ln[p] +Nn(p) , (3.1.21)

where with Dx = −i∂x we have the linear operator

L2m = D2m−2
x

(︃
D2
x + 2 2q2

∗
−2q2

∗ −D2
x − 2

)︃
(3.1.22)

L2m+1 = −
m∑︂
k=0

(︃ 1
2

m− k

)︃
4m−kD2k+1

x , (3.1.23)

and for j ∈ {1, 2} we have

(Nn[p])j = O1,0
q∗,|q∗|2−1(|q∗|2 − 1) +O1,n

q∗
((q∗)x) +O2,n−2

p,p,q∗,|q∗|2−1(p, (q∗)x, |q∗|2 − 1)
(3.1.24)

where the notation O is defined in (3.1.18).
(ii) If q solves (˜︂GPn) instead, then the above still holds with the only difference being an improved

linear part when n = 2m+ 1 is odd:

L2m+1 = −D2m+1
x . (3.1.25)

(iii) Assume n = 2m. Let R > 0 and η ∈ C∞
c (R; [0, 1]) with η|[−R,R] = 1 and supp η ⊆ [−2R, 2R].

We change to a new variable

u = T −1p where T = 1 +Bψ(Dx) and ψ(ξ) = 1− η(ξ)
ξ2 + 2 and B =

(︃
0 1− q2

∗
1− q2

∗ 0

)︃
.

Then (3.1.21) can be rewritten, using modified nonlinear parts Nn satisfying (3.1.24), as

i∂t2mu = D2m−2
x

(︃
D2
x + 2 2
−2 −D2

x − 2

)︃
u (3.1.26)

+ T −1(︁Nn(T u) +
0∑︂

γ=−1

(︁
Nn(Dγ

xψ(Dx)u) +Nn(Dγ
x(1− η(Dx))u)

)︁
− [σ3, B]D2m−2

x η(Dx)u
)︁
.

Remark 3.1.15. As an example, in the case n = 2, m = 1 and q∗ = 1 the system (3.1.22) reads

i∂tp = (D2
x + 2)p+ 2p+ 2p2p+ 4pp+ 2p2

i∂tp = −2p+ (−D2
x − 2)p− 2p2p− 4pp− 2p2 .

We refer to [89] for a specific study of this system, also in higher dimensions.

Remark 3.1.16. For the even flows we switch to the variable u in order to eliminate the non-
constant coefficient q2 that can be seen in (GP2m), and would otherwise appear in the linear part
of the equation for p. Then the key point is that the linear part is benign, and that each term in
the “nonlinear” part has sufficient integrability, in the sense that it either has two factors which
are p or p or derivatives thereof, or a coefficient which provides integrability, e. g. |q∗|2 − 1, (q∗)x.
The extra term [σ3, B]D2m−2

x η(Dx) is of order zero, which is the key improvement over (3.1.21).
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3.1.2.4. Section 4: Local well-posedness of a large class of
nonlinear dispersive systems including the ˜︃GP hierarchy

In Section 3.4 we construct a local well-posedness theory for a large class of dispersive nonlinear
systems of PDEs that includes the perturbative formulation of the ˜︂GP hierarchy in Proposition
3.1.14. We then deduce global well-posedness in Theorem 3.1.2 by using the conserved energies
constructed in [119, 120].
Before we explain our argument in detail, let us review existing well-posedness results for integrable
hierarchies and general dispersive nonlinear equations. Due to their nature, when working with
integrable hierarchies, one expects to have available a plethora of conserved quantities. Nevertheless,
it is not a trivial matter to construct useful conserved quantities, especially at low regularity
(see for example [119, 120, 122] and [91, 115, 158]). We work with high, integer regularity, and
for us local well-posedness is the essential problem. Here it is not easy to derive a benefit from
the integrability of the equation under consideration. As such, the local well-posedness of large,
not necessarily integrable, classes of dispersive nonlinear equations may be studied, and in turn
integrable hierarchies serve as natural applications for such theories.
We start with the KdV hierarchy, which we define for a function u = u(t0, t1, . . . , x) : RN×R→ R
as the infinite sequence of PDEs

∂tnu = 1
2∂x

δEKdV
n (u)
δu

EKdV
n (u) = (−1)n

ˆ
R
σKdV

2n+3(u) dx (KdVn)

σKdV
0 (u) = 0 σKdV

1 (u) = −u σKdV
n+1(u) = ∂xσ

KdV
n (u) +

n∑︂
k=0

σKdV
k (u)σKdV

n−k(u) ∀n ≥ 1 .

The derivation of this recurrence relation, up to a different choice of signs, can be found in [186].
J.-C. Saut first proved in [159] the existence of global distributional solutions to (KdVn) for initial
data in Sobolev spaces. Subsequently, M. Schwarz in [99] showed global existence and uniqueness
of solutions in Sobolev spaces on the torus, again at high regularity.
We are most interested in a theory developed in the 1990s by C. E. Kenig, G. Ponce and L. Vega
[106, 108, 109, 110, 111]. Here local smoothing and maximal function estimates for the linear
evolution are proven and used to derive local and global well-posedness results for dispersive
PDEs for large classes of linear and nonlinear parts. We focus in particular on the papers [105,
107], where local (and in some cases global) well-posedness results in weighted Sobolev spaces are
proven for a class of equations that includes the KdV hierarchy.
We use their methods to set up a local well-posedness theory for a large class of dispersive nonlinear
systems of PDEs that covers the case of Proposition 3.1.14. Before we provide the details, let us
discuss more recent methods and results, and why we do not use them here.
D. Pilod [152] studied a family of equations similar to the KdV hierarchy, but with only quadratic
nonlinearities, and proved local well-posedness for small initial data in weighted L2-based Sobolev
spaces. However, they also proved ill-posedness in Hs(R) for any s ∈ R in the sense that the
solution map cannot be C2 at zero. Subsequently in [104], D. Pilod and C. E. Kenig established
local well-posedness in Hs(R) for initial data of arbitrary size for a class of equations that includes
the KdV hierarchy, using subtle energy estimates and parabolic regularization. Technically, the
smallness of the initial data is used in the proofs in both of these papers, although this smallness
assumption is later lifted in the second paper by using the scaling symmetry. We want to
avoid smallness assumptions in the proof because there is no scaling symmetry available in the
perturbative setting of Proposition 3.1.14.
Based on their work on the Fourier restriction norm method and the use of Fourier-Lebesgue spaces
for dispersive nonlinear equations (see e. g. [86]), A. Grünrock proved in [88] well- and ill-posedness
results in the aforementioned spaces for the mKdV and KdV hierarchies at low regularity. Recently,
J. Adams continued work in this direction [4, 5], proving well- and ill-posedness results for the
NLS- and dNLS hierarchies in Fourier-Lebesgue and modulation spaces at low regularity.
We certainly expect the Fourier restriction norm method to be applicable to our setting, but
not without considerable work. We face the following complications for our system (3.1.21) in
Proposition 3.1.14 (see Lemma 3.4.1 below for details):
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• We are dealing with a genuine system, which is only diagonalizable with a singular change of
variables (see (3.4.13));

• The dispersion relation is nonpolynomial: for n ∈ 2N it is of the form φ(ξ) = ±ξn−1
√︁
ξ2 + 4.

• The “nonlinearity” contains quadratic terms, and also linear terms with non-constant coeffi-
cients.

For these reasons, we focus on the classical theory developed by C. E. Kenig, G. Ponce and
L. Vega, working with high regularity and the weighted Sobolev spaces (Hs ∩ Hs′,1)(R). We
attempt to push their arguments for local smoothing and maximal function estimates to the limit
in terms of the generality of the dispersion relation. Although the linear estimates we obtain are,
to the best of our knowledge, not in the literature, we have relegated them to Appendix 3.A due
to their independence from the rest of the work. Our general linear estimates admit dispersion
relations φ that are truly “not like a derivative” in the sense that critical points φ′(ξ) = 0 with
ξ ≠ 0 are possible. We use these linear estimates in an adaptation of the method in [107] to obtain
a local well-posedness result for a large class of dispersive nonlinear systems of PDEs. This is the
content of Theorem 3.4.6.
In this local well-posedness theory we need to restrict ourselves to dispersion relations that are
rather “like a derivative”, in the sense that φ′(ξ) = 0 =⇒ ξ = 0 and φ(ξ) ∼ ⟨ξ⟩n for large
frequencies. The reason is that by the local smoothing effect we have a gain of regularity of
order |φ′(Dx)| 12 . In practice, this assumption is encoded in the requirement of boundedness of
the auxiliary symbol ˜︁a(ξ), which plays a subtle role that we would like to explain further. For
example, consider the case n = 2, where the perturbative formulation of (˜︂GP2) from Proposition
3.1.14 has the matrix dispersion relation

Φ(ξ) =
(︃
ξ2 + 2 2
−2 −ξ2 − 2

)︃
with eigenvalues φ(ξ) = ±ξ

√︁
ξ2 + 4. Here we choose

˜︁a(ξ) = |ξ| 12
|φ′(ξ)| 12⏞ ⏟⏟ ⏞

(I)

ξ

⟨ξ⟩⏞⏟⏟⏞
(II)

·
(︂

linear combinations of ξ

⟨ξ⟩
and ⟨ξ⟩

ξ

)︂
⏞ ⏟⏟ ⏞

(III)

This symbol appears in the local smoothing estimate in the following way:

∥(˜︁a|φ′| 12 )(Dx)eitφ(Dx)u0∥L∞
x L2

t
≲ ∥u0∥L2 .

The purpose of the term (I) is to obtain an estimate which is convenient for use with Sobolev
spaces. A complication which was also encountered in [89] is that the diagonalization of Φ(ξ) is
singular at ξ = 0, which causes the terms (III) to appear. We relax the estimate that we aim to
show by introducing the factor (II), which removes this singularity. Conveniently, the resulting
symbol ˜︁a(ξ) is still admissible for our linear estimates. For details we refer to Lemma 3.4.1 and
Remark 3.4.2.
After establishing the local well-posedness results, we prove a blow-up alternative and use
Grönwall’s inequality to prevent the Hs′,1-norm from blowing up, provided the Hs-norm does not
(see Lemma 3.4.8). This allows us to prove Theorem 3.1.2.
Finally, let us also mention the method of commuting flows, which was developed and used by
R. Killip and M. Vis,an to prove global well-posedness of KdV in H−1(R) in [114], and subsequently
applied to other equations such as Benjamin-Ono [112] and NLS [91]. We would like to mention
that in [114] the flow of KdV is approximated by a flow whose Hamiltonian involves the logarithm
of the transmission coefficient. One may understand this as a modulation of the solution along the
higher flows, giving an example of higher symmetries aiding in the understanding of an equation
in an integrable hierarchy. In the paper [38] by B. Bringmann and the aforementioned authors,
this method was applied to the fifth-order equation in the KdV hierarchy, and finally to the whole
hierarchy in the work [118] by F. Klaus, H. Koch and B. Liu. We again believe that it is in
principle possible to apply this method to the NLS hierarchy with nonzero boundary data, but
recognize that it would take considerable work.
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3.1.3. Notations and definitions
When we write A ≲things B we mean A ≤ C(things)B, where the constant is a function of the
objects in the parentheses, and must be continuous in the real or complex parameters.
Whenever we consider a function space without explicit domain, the domain is implicitly assumed
to be R. When functions in the variables (t, x) are considered, we use subscripts to denote with
respect to which variable the function space should be considered.
For Banach spaces X and Y , we denote by L(X,Y ) the space of bounded linear operators from
X to Y .
Set Dx = −i∂x and note that ˆ︃Dxf = ξ ˆ︁f and ˆ︂xf = −Dξ

ˆ︁f for f ∈ S(R;C).

For matrices c ∈ CN×N we denote the entry in the n-th row and m-th column by cn,m. The only
exception is the matrix of Jost solutions Φ± = (Φ±

1 |Φ±
2 ). We denote by |c| the operator norm and

remark that the choice of underlying vector norm does not matter up to universal constants.
If u(t) is a formal power series in t, then [tn]u(t) denotes the application of the linear functional
that extracts the coefficient in front of tn.
For real numbers x, y ∈ R, we define x ∧ y = min{x, y} and x ∨ y = max{x, y}, as well as the
Japanese bracket ⟨x⟩ =

√
x2 + 1 and a modified version ⟨x⟩∼ =

√
x2 + 4. We use the notations

⌈x⌉ = min{k ∈ Z : k ≥ x} and ⌊x⌋ = max{k ∈ Z : k ≤ x}.
Lastly, we write Qj , j ∈ {1, 2, 3, 4} for the four open quadrants of the complex plane.
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3.2. Asymptotic expansions of direct scattering data
and definitions of HNLS

n and HGP
n

In this section we shall study the spectral problem LΦ = λΦ of the Lax operator (3.1.2) for a
potential q ∈ q∗ + S(R;C), where q∗ = q∗(x) is the reference potential with limits q± ∈ S1 at
infinity. We choose q∗ to be the dark soliton profile

q∗(x) = q+ζ+(Re[ζ+] + i Im[ζ+] tanh(Im[ζ+]x))
= q−ζ−(Re[ζ−] + i Im[ζ−] tanh(Im[ζ−]x)) .

(3.2.1)

Here ζ+ ∈ ei[0,π) and ζ− = ζ+ ∈ ei(π,2π] are defined by ζ2
+ = q+

q−
and ζ2

− = q−
q+

.

The time dependence is largely ignored. We aim to establish the triangular representations for the
Jost solution matrices Φ±(x, λ) in terms of λ-independent kernels Γ±(x, y), which will be shown
to have sufficiently strong decay properties (see Lemma 3.2.2 below).
Based on Lemma 3.2.2, in Section 3.2.4 we rigorously show the asymptotic expansion of the
logarithm of the transmission coefficient log a(λ) as |z| → ∞ (see Lemma 3.2.5 below). The relation
between the two spectral parameters λ, z is explained in Subsection 3.2.1 below. The coefficients
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in this expansion are the GP-Hamiltonians HGP
n (see Lemma 3.2.9 below). The NLS-Hamiltonians

HNLS
n appear as coefficients in the asymptotic expansion in the ZBC setting q ∈ S(R;C) instead

(see (3.2.50)). The sequence of densities σn of these Hamiltonians plays an important role in the
analysis, and its recurrence relation is crucial for the structure analysis in Section 3.3 below.

3.2.1. A Riemann surface
Consider the Riemann surface

K = {(λ, z) ∈ C2 : λ2 − z2 = 1}

and decompose K = K+ ∪K− using the two sheets

K± = {(λ, z) ∈ K : λ ∈ C \((−∞,−1] ∪ [1,∞)),± Im z > 0} .

We define two branches of the square root:
√
reiθ =

√
rei

θ
2 ∀ θ ∈ (−π, π] ∀ r > 0 ∼√

reiθ =
√
rei

θ
2 ∀ θ ∈ (0, 2π] ∀ r > 0 .

In Figure 3.1 we depict pictographically the mapping properties between λ and z on the four open
quadrants Qj , j ∈ {1, 2, 3, 4} of the complex plane.

Figure 3.1.: Mapping properties of λ ↔ z. An arrow is bold if and only if the corresponding map is continuous from closed
quadrant to closed quadrant.

Q1 Q3 Q2 Q4

∈ C(Qj ; Qk) ∈ C(Qj ,Qk)√
λ2 − 1 −

√
λ2 − 1√

z2 + 1 −
√
z2 + 1

∼√λ2 − 1 − ∼√λ2 − 1
∼√z2 + 1 − ∼√z2 + 1

With the help of this pictogram, we can find on each closed quadrant an explicit homeomorphism
that maps λ ↔ z. There is no single choice which works for all quadrants. It is convenient to
introduce the complex variable ζ, which is defined by

ζ = λ+ z ζ−1 = λ− z λ = ζ + ζ−1

2 z = ζ − ζ−1

2 . (3.2.2)

When considering (λ, z) ∈ K and ζ ∈ C, we shall freely use the maps depicted in Figure 3.1,
as well as the relations (3.2.2), to consider functions of one parameter also as functions of the
others. In particular, we may write λ ∈ K± or z ∈ K± to refer to a pair (λ, z) ∈ K±. In situations
where the details of the mapping matter, we split into cases depending on the quadrant under
consideration.
Abusing notation, we define

γ1 = 1 = “+” γ2 = −1 = “−”

and write

K+γ1 = K−γ2 = K+ K−γ1 = K+γ2 = K− .

We shall define below Jost solutions Φ±
j = Φ±

j (x, λ) for λ ∈ K∓γj
, that is, Φ−

1 and Φ+
2 on K+,

and Φ−
2 and Φ+

1 on K−. We recognize Φ±
j , j = 1, 2 as the first and second columns in the Jost

solution matrices Φ± = (Φ±
1 |Φ±

2 ).

3.2.2. Jost solutions
Let q ∈ C∞(R;C) have boundary values limx→±∞ q(x) = q± ∈ S1 such that q − q± ∈ S(R±;C).
Consider for j ∈ {1, 2} the solutions to the Zakharov-Shabat scattering problem

Φ±
j : R×K∓γj −→ C2
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∂xΦ±
j (x, λ) =

(︃
−iλ q(x)
q(x) iλ

)︃
Φ±
j (x, λ) (3.2.3)

lim
x→±∞

Φ±
j (x, λ)exizγj = E±

j (λ) where E±(λ) =
(︃

q± i(z − λ)
i(λ− z) q±

)︃
. (3.2.4)

Here E±
1 is the first and E±

2 the second column of E±, and the functions E±
j e

−xizγj are solutions
to (3.2.3) if q is replaced by q±. We call Φ±

j the Jost solutions for the potential q.
For notational simplicity, we can rewrite the system (3.2.3) as

∂xΦ±
j (x, λ) = U(x, λ)Φ±

j (x, λ) with U(x, λ) = Q(x)− iλσ3, Q(x) =
(︃

0 q(x)
q(x) 0

)︃
, σ3 =

(︃
1 0
0 −1

)︃
where the limit matrices U± = Q± − iλσ3 with Q± =

(︃
0 q±
q± 0

)︃
have eigenvalues −izγj with

corresponding eigenvectors E±
j , j = 1, 2, that is, exU±(λ) = E±(λ)e−xizσ3E±(λ)−1.

We define the modified Jost solutions Ψ±
j by

Ψ±
j (x, λ) = Φ±

j (x, λ)exizγj .

They are the (unique) solutions to the system

∂xΨ±
j (x, λ) =

(︃
−iλ+ izγj q(x)

q(x) iλ+ izγj

)︃
Ψ±
j (x, λ) =

(︁
U±(λ) + (Q−Q±)(x) + izγj

)︁
Ψ±
j (x, λ)

(3.2.5)
lim

x→±∞
Ψ±
j (x, λ) = E±

j (λ) . (3.2.6)

Consider the following equivalent integral representations for the modified Jost solutions, each of
which yields a corresponding Neumann series ansatz:

Ψ±
j (x, λ) = E±

j (λ) +
ˆ x

±∞
e(x−y)U±(λ)(Q−Q±)(y)Ψ±

j (y, λ)e(x−y)izγj dy (3.2.7)

Ψ±
j (x, λ) = E±

j (λ) +
ˆ x

±∞
ex˜︁U(x,λ)e−y˜︁U(y,λ)(Q− ˜︁Q)(y)Ψ±

j (y, λ)e(x−y)izγj dy . (3.2.8)

Here ˜︁Q(x) = 1{x≤0}Q− + 1{x>0}Q+ and ˜︁U(x, λ) = ˜︁Q(x)− iλσ3. By solving the above integral
equations, one proves the following well-known existence result for the Jost solutions. Note
that we are interested in the behavior for large |λ| and hence do not put emphasis on points of
nonanalyticity.
Lemma 3.2.1 (Existence of Jost solutions, [64, Proposition 3]). If q − q± ∈ L1(R±) then the
Jost solutions Φ±

j and their modified versions Ψ±
j exist. They are analytic in λ except for a finite

set of points. They are smooth in x if q is smooth and all derivatives are in L1(R).

The representation (3.2.8) has the advantage that the integrand contains Q− ˜︁Q, which decays at
both infinities. As explained in the introduction, we are interested in integral representations of
modified Jost solutions because we wish to study their asymptotic expansion in powers of λ and z
at infinity. Since we aim to control these asymptotic expansions at both limits x→ ±∞, it is of
importance to use an appropriate integral representation. To obtain such an expansion, we may
attempt to repeatedly integrate the factor e(x−y)izγj in (3.2.8) using integration by parts. Since
the remaining integrand depends nontrivially on λ, this is inconvenient. We therefore need an
integral representation that has an integrand with decay at both infinities, and is also suitable for
asymptotic expansion via integration by parts.

3.2.3. Triangular representations
Another integral representation of the modified Jost solutions is given by the triangular represen-
tation (see [71, Chapter 1, §8] and [189]):

Ψ±
j (x, λ) = E±

j (λ) +
ˆ x

±∞
Γ±(x, y)E±

j (λ)e(x−y)izγj dy . (3.2.9)
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Here the kernel Γ± is independent of λ and E±
j (λ) is bounded and analytic (up to a finite set of

points) in λ. Therefore, this representation is suitable for the asymptotic expansion of Ψ±
j (x, λ)

in powers of z at infinity. In [71] it is shown that Γ± ∈ C∞({(x, y) ∈ R2 : ±(x− y) < 0};C2×2)
exists and satisfies Γ±(x, ·) ∈ S({y ∈ R : ±(x − y) < 0};C2×2). Subsequently, the authors use
this integral representation to derive various asymptotic expansions of the Jost solutions, but
not the crucial expansion (3.2.32) in Lemma 3.2.5 for the transmission coefficient that we are
interested in. Nevertheless, (3.2.32) is proven in [71], but the proof is heavily abridged and works
by referring to previous chapters, where the Zakharov-Shabat problem is considered on a torus
of length L, and then transferring expansions obtained in this setting through the limit L→∞.
We present here a direct approach to the expansion of the Jost solutions and the transmission
coefficient that uses the triangular representation (3.2.12) below.
Instead of using q − ˜︁q, with ˜︁q(x) = 1{x≤0}q− + 1{x>0}q+, as a source of decay at both infinities,
we compare q to the reference profile q∗ in (3.2.1) that assumes our boundary data q± at infinity.
Most conveniently, explicit formulas are given in [46] for the modified Jost solutions of the dark
soliton. They are

Ψ−
∗,1(x, λ) =

(︄
q−

ζ−ζ+
ζ−ζ−

+ iq−
1

ζ−ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

iζ−1 ζ−ζ+
ζ−ζ−

ζ2
− − 1

ζ−ζ−
ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

)︄
Ψ−

∗,2(x, λ) =
(︄
−iζ−1 − 1

ζ−ζ+
ζ+

2 Im[ζ−]
e2 Im[ζ−]x+1

q− − iq−
1

ζ−ζ+

2 Im[ζ−]
e2 Im[ζ−]x+1

)︄
(3.2.10)

Ψ+
∗,1(x, λ) =

(︄
q+

ζ−ζ−
ζ−ζ+

+ iq+
1

ζ−ζ+

2 Im[ζ−]
e2 Im[ζ−]x+1

iζ−1 ζ−ζ−
ζ−ζ+

ζ2
+ − 1

ζ−ζ+
ζ+

2 Im[ζ−]
e2 Im[ζ−]x+1

)︄
Ψ+

∗,2(x, λ) =
(︄
−iζ−1 − 1

ζ−ζ−
ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

q+ − iq+
1

ζ−ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

)︄
(3.2.11)

in our notation. The subscript ∗ always denotes that the potential in the Zakharov-Shabat
problem is q∗ instead of q. We may now study Ψ±

j as perturbations of Ψ±
∗,j by use of the integral

representation formula

Ψ±
j (x, λ) = Ψ±

∗,j(x, λ) +
ˆ x

±∞
Γ±(x, y)Ψ±

∗,j(y, λ)e(x−y)izγj dy , (3.2.12)

where crucially the kernel Γ±(x, y) is independent of λ, and Ψ±
∗,j(y, λ) is bounded and analytic

(up to a finite set of points) in λ, i. e. a benign factor.
We have to show the existence of the kernel Γ±(x, y). To this end, we are going to derive boundary
value problems for Γ±(x, y) from the system (3.2.5)–(3.2.6). Define

Q∗(x) =
(︃

0 q∗(x)
q∗(x) 0

)︃
U∗(x, λ) = Q∗(x)− iλσ3 ,

and recall that Ψ±
∗,j solves

∂xΨ±
∗,j(x, λ) = (U∗(x, λ) + izγj)Ψ±

∗,j(x, λ) (3.2.13)
lim

x→±∞
Ψ±

∗,j(x, λ) = E±
j (λ) . (3.2.14)

We write the differential equation (3.2.5) as 0 = (∂x−U(x, λ)− izγj)Ψ±
j (x, λ) and substitute into

this the ansatz (3.2.12), yielding

0 = −(U(x, λ) + izγj − U∗(x, λ)− izγj)Ψ±
∗,j(x, λ) + Γ±(x, x)Ψ±

∗,j(x, λ)

+
ˆ x

±∞

(︁
(∂x − U(x, λ))Γ±(x, y)

)︁
Ψ±

∗,j(y, λ)e(x−y)izγj dy

=
(︁
Γ±(x, x)− (U − U∗)(x, λ)

)︁
Ψ±

∗,j(x, λ) +
ˆ x

±∞

(︁
(∂x − U(x, λ))Γ±(x, y)

)︁
Ψ±

∗,j(y, λ)e(x−y)izγj dy .

We denote the diagonal and off-diagonal parts of the 2× 2 matrices Γ± by

Γ±
d = 1

2(Γ± + σ3Γ±σ3) Γ±
od = 1

2(Γ± − σ3Γ±σ3) .
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They satisfy

Γ± = Γ±
d + Γ±

od = σ3Γ±σ3 + 2Γ±
od.

We note that (U − U∗)d = (Q − Q∗)d = 0 and prescribe the value of Γ±
od on the diagonal

{(x, x) : x ∈ R} to be

Γ±
od(x, x) = 1

2(U − U∗)od(x) = 1
2(Q−Q∗)(x) .

Thus, the differential equation (3.2.5) reduces to

0 = σ3Γ±(x, x)σ3Ψ±
∗,j(x, λ) +

ˆ x

±∞

(︁
(∂x − U(x, λ))Γ±(x, y)

)︁
Ψ±

∗,j(y, λ)e(x−y)izγj dy .

Define Φ±
∗,j(x, λ) = e−xizγj Ψ±

∗,j(x, λ) and let

F (x, y) = σ3Γ±(x, y)σ3Φ±
∗,j(y, λ) +

ˆ y

±∞
(∂x − U(x, λ))Γ±(x, s)Φ±

∗,j(s, λ) ds .

Then the above equation is a special case of F (x, y) = 0. Observe that

∂yF (x, y) =
(︁
σ3∂yΓ±(x, y)σ3 + σ3Γ±(x, y)σ3U∗(y, λ) + (∂x − U(x, λ))Γ±(x, y)

)︁
Φ±

∗,j(y, λ)
lim

y→±∞
F (x, y) = lim

y→±∞
σ3Γ±(x, y)σ3Φ±

∗,j(y, λ) .

We see that F (x, y) = 0 is satisfied if Γ± solves the boundary value problem

σ3∂yΓ±(x, y)σ3 = −σ3Γ±(x, y)σ3U∗(y, λ)− (∂x − U(x, λ))Γ±(x, y)

lim
y→±∞

σ3Γ±(x, y)σ3Φ±
∗,j(y, λ) = 0 Γ±

od(x, x) = 1
2(Q−Q∗)(x) .

It is necessary at this point that Φ±
∗,j(y, λ) remains bounded as y → ±∞, which is valid on the

domain of definition R×K∓γj
. Then a solution to the boundary value problem

σ3∂yΓ±(x, y)σ3 = −σ3Γ±(x, y)σ3Q∗(y)− (∂x −Q(x))Γ±(x, y)

lim
y→±∞

Γ±(x, y) = 0 Γ±
od(x, x) = 1

2(Q−Q∗)(x)

indeed yields a solution to (3.2.5)–(3.2.6), as long as (3.2.12) is well-defined.
We state now our well-posedness result for this boundary value problem, which is equivalent to
(3.2.15)–(3.2.17) below. It provides all the estimates necessary for the aforementioned asymptotic
expansion of the Jost solutions and the transmission coefficient in powers of λ and z. In the
following, for a matrix M ∈ C2×2 we write M to denote the operator of multiplication from the
right by M , and treat it as if it were a matrix in our use of language and notation.
Lemma 3.2.2 (Existence and decay properties of kernels Γ± in the triangular representations).
Let q ∈ q∗ + S(R;C) with the dark soliton profile q∗ being defined in (3.2.1). There exist smooth
solutions Γ± : {(x, y) : ±(x− y) ≤ 0} → C2×2 to the boundary value problem

(∂x + ∂y)Γ±
d (x, y) =

(︂
Q(x) +Q∗(y)

)︂
Γ±

od(x, y) (3.2.15)

(∂x − ∂y)Γ±
od(x, y) =

(︂
Q(x)−Q∗(y)

)︂
Γ±

d (x, y) (3.2.16)

lim
y→±∞

Γ±(x, y) = 0 Γ±
od(x, x) = 1

2(Q−Q∗)(x) (3.2.17)

with the following properties:
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(i) For every k,m ∈ N there exist bounded, monotonic control functions c± ∈ Cb(R;R+),
decreasing faster than any power of 1

x as x→ ±∞, such that

∥((∂x + ∂y)∂mx ∂kyΓ−)(s+ y, s− y)∥(L1∩L∞)s((−∞,x]) ≤ c−(x)e
´ x+y

x−y
c−(s) ds (3.2.18)

∥((∂x + ∂y)∂mx ∂kyΓ+)(s− y, s+ y)∥(L1∩L∞)s([x,∞)) ≤ c+(x)e
´ x+y

x−y
c+(s) ds (3.2.19)

for all x ∈ R and y ≥ 0. Integrating along the direction ∂x + ∂y yields

|∂mx ∂kyΓ−(x, y)| ≲ c−

(︃
x+ y

2

)︃
e
´ x

y
c−(s) ds (3.2.20)

|∂mx ∂kyΓ+(x, y)| ≲ c+

(︃
x+ y

2

)︃
e
´ y

x
c+(s) ds . (3.2.21)

(ii) On the diagonal y = x, we have

(∂kyΓ±)|y=x ∈ Cb(R;C2×2) ∩ S(R±;C2×2) ((∂x + ∂y)∂kyΓ±)|y=x ∈ S(R;C2×2) . (3.2.22)

Consequently, the formula (3.2.12) gives the solutions

Ψ±
j : R×K∓γj −→ C2

to the Zakharov-Shabat scattering problem (3.2.5)–(3.2.6).

Proof. Appendix 3.B contains the proof of (3.2.18) and (3.2.19), as well as the statements on the
diagonal (see Claim 3.B.2).

Remark 3.2.3. If the reference profile q∗ is chosen as q∗ = q−, then the system (3.2.15)–(3.2.17)
matches [71, Chapter 1, (8.18)–(8.19)].

3.2.4. Transmission coefficient, asymptotic expansions, recurrence
relations, and definitions of HNLS

n and HGP
n

We focus only on the sheet K+ here for simplicity, but every result in this section has an analogous
statement and proof on K−.

3.2.4.1. Definitions of the transmission coefficient and its
logarithm

If Im z = 0 then Φ− = (Φ−
1 |Φ−

2 ) and Φ+ = (Φ+
1 |Φ+

2 ) are two fundamental solution matrices to
(3.2.3), hence there exist a(λ), b(λ) ∈ C such that

Φ−
1 (x, λ) = a(λ)Φ+

1 (x, λ) + b(λ)Φ+
2 (x, λ) , (3.2.23)

or equivalently, Ψ−
1 (x, λ) = a(λ)Ψ+

1 (x, λ) + b(λ)e2xizΨ+
2 (x, λ) . (3.2.24)

We call a(λ) the transmission coefficient of the Lax operator (3.1.2) with the potential q. It fulfills

a(λ) = det(Ψ−
1 ,Ψ+

2 )
det(Ψ+

1 ,Ψ+
2 )

=
Ψ−

1,1Ψ+
2,2 −Ψ−

1,2Ψ+
2,1

det(Φ+
1 ,Φ+

2 )
=

Ψ−
1,1Ψ+

2,2 −Ψ−
1,2Ψ+

2,1

2z(λ− z) . (3.2.25)

For the last equality we used the fact that det(Φ+
1 ,Φ+

2 ) is independent of x ∈ R (due to the
trace-free matrix in (3.2.3)), and hence equal to detE+ = 2z(λ − z). Using this formula, we
extend a(λ) analytically to λ ∈ K+, where Ψ−

1 ,Ψ+
2 are well-defined, up to a finite set of points.

For the dark soliton profile q∗ given in (3.2.1), we can explicitly determine a∗(λ) = q−
q+

ζ−ζ+
ζ−ζ−

and
b∗(λ) = 0.
Suppose for now that

the limits lim
x→∞

Ψ−
1 (x, λ), lim

x→−∞
Ψ+

2 (x, λ) and lim
x→∞

∂xΨ−
1 (x, λ), lim

x→−∞
∂xΨ+

2 (x, λ) exist.
(3.2.26)
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In particular, the latter two limits must be zero. Suppose further that for every q ∈ q∗ + S(R;C)
there exist c = c(q) > 0 and C = C(q) > 0 such that Im z > c implies

sup
x∈R
|Ψ−

1,1(x, λ)− q−|+ sup
x∈R
|Ψ+

2,2(x, λ)− q+| <
C

|z|
<

1
2 . (3.2.27)

Using (3.2.5) to substitute Ψ−
1,2 in (3.2.25) and taking the limit x→∞, or respectively substituting

Ψ+
2,1 and taking the limit x→ −∞, we find from (3.2.6) that

lim
x→∞

Ψ−
1,1(x, λ) = a(λ)q+ lim

x→−∞
Ψ+

2,2(x, λ) = a(λ)q− . (3.2.28)

Consequently, if Im z > c, the functions Ψ−
1,1(·, λ)q+ and Ψ+

2,2(·, λ)q− have similar limits at infinity
in the following sense:

lim
x→−∞

Ψ−
1,1(x, λ)q+ = q−q+ = lim

x→+∞
Ψ+

2,2(x, λ)q− (3.2.29)

lim
x→+∞

Ψ−
1,1(x, λ)q+ = a(λ) = lim

x→−∞
Ψ+

2,2(x, λ)q−.

By (3.2.27) there exists a choice of branch log of the logarithm, depending only on q−q+, for
which log(Ψ−

1,1(·, λ)q+) and log(Ψ+
2,2(·, λ)q−) are continuously differentiable in x when Im z > c,

and

log a(λ)− log(q−q+) =
ˆ
R
σGP(x, λ) dx =

ˆ
R
˜︁σGP(x, λ) dx , (3.2.30)

where

σGP(x, λ) =
∂xΨ−

1,1(x, λ)
Ψ−

1,1(x, λ)
˜︁σGP(x, λ) = −

∂xΨ+
2,2(x, λ)

Ψ+
2,2(x, λ)

. (3.2.31)

In Lemma 3.2.5 below, we establish that these densities are indeed integrable and (3.2.26)–(3.2.27)
hold.

3.2.4.2. Asymptotic expansions for Ψ−
1 , Ψ+

2 , σGP, σ̃GP, and log a(λ)
Definition 3.2.4 (Asymptotic expansion). Let D ⊂ C be an unbounded set, d ∈ N, and
1 ≤ p ≤ ∞.

(i) We say that a function f = f(z) : D → Cd has an asymptotic expansion in powers of
2iz at infinity on D if there exist (fn)n∈N ⊂ Cd such that

∀N ∈ N lim
|z|→∞
z∈D

(2iz)N
(︄
f(z)−

N∑︂
n=0

fn
(2iz)n

)︄
= 0 .

We call fn the expansion coefficients of f and note that they are unique. If f and g
have such an expansion then 2izf and fg do as well. If g(z) ̸= 0 for |z| sufficiently large,
then fg−1 also has such an expansion.

(ii) We say that a function f = f(x, z) : D × R → Cd has an Lp-smooth asymptotic
expansion in powers of 2iz at infinity on D if f(·, z) is smooth for every z ∈ D, and
there exist (fn)n∈N ⊂ (C∞ ∩ Lp)(R;Cd) such that

∀ k,N ∈ N lim
|z|→∞
z∈D

⃦⃦⃦⃦
⃦(2iz)N

(︄
∂kxf(x, z)−

N∑︂
n=0

∂kxfn(x)
(2iz)n

)︄⃦⃦⃦⃦
⃦
Lp

x(R)

= 0 .

In this case ∂xf has such an expansion as well. If g has such an L∞-smooth expansion and
infx∈R |g(x, z)| > 0 for |z| sufficiently large, then fg−1 also has an Lp-smooth asymptotic
expansion. If p = 1 then

´∞
−∞ f(x, z) dx has an asymptotic expansion in powers of 2iz at

infinity on D with expansion coefficients
´∞

−∞ fn(x) dx.
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When f has an asymptotic expansion of some kind with expansion coefficients (fn)n∈N, we write

f ∼
∞∑︂
n=0

fn
(2iz)n .

We now make use of the reference Jost solution (3.2.10) and the decay properties of kernels Γ± in
Lemma 3.2.2 to show the asymptotic expansions for log a(λ).
Lemma 3.2.5 (Asymptotic expansions of σGP, ˜︁σGP, log a(λ)). Assume q ∈ C∞(R;C) with q−q± ∈
S(R±;C). Then Ψ−

1 , Ψ+
2 , ∂xΨ−

1 , ∂xΨ+
2 , σGP, and ˜︁σGP have L∞-smooth asymptotic expansions

in powers of 2iz at infinity on the unbounded domain D = K+ ∩{Im z > c, Imλ > 0} for some
c = c(q) > 0, and our assumptions (3.2.26)–(3.2.27) are true there.
Furthermore, the asymptotic expansions for ∂xΨ−

1 , ∂xΨ+
2 , σGP, and ˜︁σGP are L1-smooth, and as a

result log a(λ) has an asymptotic expansion of the form

log a(λ)− log(q−q+) ∼
∞∑︂
n=1

´
σGP
n (x) dx
(2iz)n =

∞∑︂
n=1

´ ˜︁σGP
n (x) dx
(2iz)n , (3.2.32)

where σGP
n and ˜︁σGP

n (with σGP
0 = ˜︁σGP

0 = 0) denote the corresponding expansion coefficients of σGP

and ˜︁σGP.

Remark 3.2.6. We can analogously consider the same asymptotic expansions on the unbounded
set D− = K+ ∩{Im z > c, Imλ < 0}. Notice the difference between the expansions of λ in powers
of 2z on D (with Imλ > 0) and on D− (with Imλ < 0):

ζ = λ+ z ∼ 2z
(︄

1 +
∞∑︂
m=0

(−1)m
2m+ 1

(︃
2m+ 1
m

)︃
1

(2z)2m+2

)︄
, if Imλ > 0, (3.2.33)

1
ζ

= λ− z ∼ −2z
(︄

1 +
∞∑︂
m=0

(−1)m
2m+ 1

(︃
2m+ 1
m

)︃
1

(2z)2m+2

)︄
, if Imλ < 0.

In particular σGP
n and ˜︁σGP

n in (3.2.32) differ between D and D−.

Remark 3.2.7. Note that from (3.2.12) and the same dominated convergence argument, we
obtain on D the integral representation formula

a(λ) = a∗(λ)
(︃

1−
ˆ ∞

0
lim
x→∞

Γ−(x, x− y)
(︃

1
1

λ−z

)︃
eyiz dy

)︃
.

Proof. We give the proof only for the case of Ψ−
1 and σGP, as it is analogous for Ψ+

2 and ˜︁σGP.

Recall the triangular representation formula (3.2.12). For k ∈ N it implies

∂kxΨ−
1 (x, λ) = ∂kxΨ−

∗,1(x, λ)−
ˆ ∞

0
∂kx
(︁
Γ−(x, x− y)Ψ−

∗,1(x− y, λ)
)︁
eyiz dy . (3.2.34)

Integrating by parts N times, we have the following expression for ∂kxΨ−
1 in terms of the reference

Jost solution Ψ−
∗,1 and the kernel Γ−(x, y):

∂kxΨ−
1 (x, λ) = ∂kxΨ−

∗,1(x, λ)−
N∑︂
n=1

∂kx

(︂
∂n−1
y

⃓⃓
y=x

(︁
Γ−(x, y)Ψ−

∗,1(y, λ)
)︁)︂

(iz)−n

−
ˆ ∞

0
∂kx(−∂y)N

(︁
Γ−(x, x− y)Ψ−

∗,1(x− y, λ)
)︁
eyiz(iz)−N dy .

We summarize the known facts concerning Ψ−
∗,1 and Γ−(x, y).
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• From the explicit formula (3.2.10), we know that

Ψ−
∗,1 =

(︄
q−

ζ−ζ+
ζ−ζ−

+ iq−
1

ζ−ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

iζ−1 ζ−ζ+
ζ−ζ−

ζ2
− − 1

ζ−ζ−
ζ−

2 Im[ζ+]
e2 Im[ζ+]x+1

)︄
(3.2.35)

and we recall
ζ = λ+ z, ζ2

+ = q+q−, Im[ζ+] ≥ 0, ζ− = ζ+ . (3.2.36)
Note that Ψ−

∗,1,1q+ has the limits q−q+ at −∞ and a∗(λ) at +∞, which matches (3.2.29) for
Ψ−

1,1q+. By virtue of (3.2.33), Ψ−
∗,1 has an L∞-smooth asymptotic expansion in powers of

2iz at infinity on the unbounded set D:

∀N ∈ N lim
|z|→∞
z∈D

(2iz)N
⃦⃦⃦⃦
⃦Ψ−

∗,1(x, λ)−
N∑︂
n=0

Ψ−,n
∗,1 (x)

(2iz)n

⃦⃦⃦⃦
⃦
L∞

x (R)

= 0 . (3.2.37)

Here Ψ−,0
∗,1 =

(︃
q−
0

)︃
.

• The derivative

∂xΨ−
∗,1 =

⎛⎝−iq−
1

ζ−ζ−

(2 Im[ζ+])2e2 Im[ζ+]x

(e2 Im[ζ+]x+1)2

1
ζ−ζ−

ζ−
(2 Im[ζ+])2e2 Im[ζ+]x

(e2 Im[ζ+]x+1)2

⎞⎠ (3.2.38)

has an L1- and L∞-smooth asymptotic expansion in powers of 2iz at infinity on the unbounded
set D as follows:

∀ k ≥ 1, N ∈ N lim
|z|→∞
z∈D

⃦⃦⃦⃦
⃦(2iz)N

(︄
∂kxΨ−

∗,1(x, λ)−
N∑︂
n=1

∂kxΨ−,n
∗,1 (x)

(2iz)n

)︄⃦⃦⃦⃦
⃦
L1

x∩L∞
x (R)

= 0 . (3.2.39)

Here ∂xΨ−,0
∗,1 = 0.

• Using the estimates (3.2.18)–(3.2.20), we know that for every k,N ∈ N with k ≥ 1 there
exists some control function c− ∈ L∞(R;R), decreasing faster than any power of 1

x at −∞,
such that⃦⃦

(−∂y)N
(︁
Γ−(x, x− y)Ψ−

∗,1(x− y, λ)
)︁
eyiz

⃦⃦
L∞

x ((−∞,x0]) ≤ c
−
(︂
x0 −

y

2

)︂
eyc

−(x0)−y Im z⃦⃦
∂kx(−∂y)N

(︁
Γ−(x, x− y)Ψ−

∗,1(x− y, λ)
)︁
eyiz

⃦⃦
(L1∩L∞)x((−∞,x0]) ≤ c

−
(︂
x0 −

y

2

)︂
eyc

−(x0)−y Im z

for all y ≥ 0 and λ with Im z > ∥c−∥L∞ .
We now rewrite carefully the above expression for ∂kxΨ−

1 , k ≥ 0, by use of the asymptotic expansion
of Ψ−

∗,1:

∂kxΨ−
1 (x, λ) =

N∑︂
n=0

(2iz)−n∂kx

(︄
Ψ−,n

∗,1 (x)−
(︄
n−1∑︂
m=0

2n−m∂n−1−m
y

⃓⃓
y=x

(︁
Γ−(x, y)Ψ−,m

∗,1 (y)
)︁)︄)︄

+
(︄
∂kxΨ−

∗,1(x, λ)−
N∑︂
n=0

∂kxΨ−,n
∗,1 (x)

(2iz)n

)︄

−
N∑︂
n=1

(2iz)−n2n∂kx

⎛⎝∂n−1
y

⃓⃓⃓⃓
⃓
y=x

(︄
Γ−(x, y)

(︄
Ψ−

∗,1(y, λ)−
N−n∑︂
m=0

Ψ−,m
∗,1 (y)

(2iz)m

)︄)︄⎞⎠
− (iz)−N

ˆ ∞

0
∂kx(−∂y)N

(︁
Γ−(x, x− y)Ψ−

∗,1(x− y, λ)
)︁
eyiz dy .

By combining the above facts concerning Ψ−
∗,1 and Γ−, we derive that Ψ−

1 (x, λ) has an L∞-smooth,
and ∂xΨ−

1 (x, λ) an L∞- and L1-smooth asymptotic expansion in powers of 2iz at infinity on D.
The expansion coefficients are

Ψ−,n
1 (x) = Ψ−,n

∗,1 (x)−
n−1∑︂
m=0

2n−m∂n−1−m
y

⃓⃓
y=x

(︁
Γ−(x, y)Ψ−,m

∗,1 (y)
)︁
.
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In particular

Ψ−,0
1 =

(︃
q−
0

)︃
∂xΨ−,0

1 = 0 ,

which, together with the knowledge of Ψ−
∗,1 and Γ−, implies the assumptions (3.2.26)–(3.2.27).

Thus infx∈R |Ψ−
1,1(x, λ)| > 0 when Im z is sufficiently large, and hence σGP(x, λ) = ∂xΨ−

1,1

Ψ−
1,1

has
the same type of asymptotic expansion as ∂xΨ−

1,1. That is, an L∞- and L1-smooth asymptotic
expansion in powers of 2iz at infinity on D, with expansion coefficients σGP

n (note that σGP
0 = 0).

Finally, the expansion (3.2.32) for log a(λ) follows from (3.2.30).

3.2.4.3. The expansion coefficients σGP
n and σNLS

n

In this subsection we would like to establish the recurrence relations for the expansion coefficients
σGP
n from Lemma 3.2.5. The first idea would be to apply (3.2.5) to (3.2.31), which yields the

Riccati equation

(2iz)σGP − σGP
x − (σGP)2 + qq − 1 + qx

σGP + i(λ− z)
q

= 0 . (3.2.40)

We can then obtain a recurrence relation for the expansion coefficients σGP
n by substituting σGP in

(3.2.40) with the power series
∑︁∞
n=0

σGP
n

(2iz)n and comparing coefficients.

However, due to the presence of λ on the right-hand side, this yields an awkward recurrence
relation, so we consider instead the quantity 2

σNLS(x, λ) = σGP(x, λ) + i(λ− z) , (3.2.41)

for which we show the following.
Lemma 3.2.8. Assume the setting of Lemma 3.2.5, i. e. q ∈ C∞(R;C) with q − q± ∈ S(R±;C).
With σNLS defined by (3.2.41), the following hold:

• σNLS has an L∞- (while not L1-) smooth asymptotic expansion in powers of 2iλ at infinity
on D:

σNLS(x, λ) ∼
∞∑︂
n=0

σNLS
n (x)
(2iλ)n with σNLS

0 = 0 . (3.2.42)

• The following relations between expansion coefficients σNLS
n and σGP

n hold

σNLS
2m =

m∑︂
k=0

(︃
m− 1
m− k

)︃
(−4)m−kσGP

2k σNLS
2m+1 =

m∑︂
k=0

(︃
m− 1

2
m− k

)︃
(−4)m−kσGP

2k+1 + (−1)m+1Cm

(3.2.43)

σGP
2m =

m∑︂
k=0

(︃
m− 1
m− k

)︃
4m−kσNLS

2k σGP
2m+1 =

m∑︂
k=0

(︃
m− 1

2
m− k

)︃
4m−kσNLS

2k+1 + Cm . (3.2.44)

Here (Cn)n≥0 are the Catalan numbers. They can be defined either by the recurrence relation
they solve, or by their generating function:

C0 = 1 Cn+1 =
n∑︂
k=0

CkCn−k

∞∑︂
n=0

XnCn = 1−
√

1− 4X
2X . (3.2.45)

• σNLS satisfies the Riccati equation

(2iλ)σNLS = ∂xσ
NLS − qx

q
σNLS + (σNLS)2 − qq , (3.2.46)

2In the (NLS)–(ZBC) setting σNLS(x, λ) is indeed the density of the transmission coefficient, i. e. it fulfills (3.2.46)
and also (3.2.30) in the absence of the term log(q−q+), and it is σGP which is not integrable.
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which yields for σNLS
n the recurrence relation

σNLS
0 = 0 σNLS

1 = −qq σNLS
n+1 = ∂xσ

NLS
n − qx

q
σNLS
n +

n∑︂
k=0

σNLS
k σNLS

n−k . (3.2.47)

The recurrence relation for σGP
n follows from (3.2.44) and (3.2.47).

Proof.

Recall from Lemma 3.2.5 that σGP has an L∞- and L1-smooth asymptotic expansion in powers of
2iz:

σGP(x, λ) ∼
∞∑︂
n=0

σGP
n (x)

(2iz)n , with σGP
0 = 0 (3.2.48)

at infinity on D = K+ ∩{Im z > c, Imλ > 0} for some sufficiently large c = c(q) > 0. Together
with the equivalence between λ =

√
z2 + 1 and z as |z| → ∞ in the case Im z > 0, Imλ > 0 (see

also (3.2.33) for more detail), this implies the validity of the expansion (3.2.42). The fact that
σNLS

0 = 0 follows from σGP
0 = 0 and λ− z = O( 1

|z| ) as |z| → ∞.

We can then derive the relations (3.2.43)–(3.2.44) from (3.2.41), (3.2.42) and (3.2.48) by direct
computation.

The Riccati equation (3.2.46) is equivalent to (3.2.40), and the recurrence relation (3.2.47) follows
from (3.2.46) and the L∞-smooth asymptotic expansion (3.2.42).

3.2.4.4. The Hamiltonians HNLS
n and HGP

n

In the classical setting q ∈ S(R;C) one can similarly define the Jost solutions, the transmission
coefficient aNLS(λ), and σNLS(x, λ) (see e. g. [71]). Then σNLS has an L∞- and L1-smooth
asymptotic expansion in powers of 2iλ on {λ ∈ C : Imλ > c(q)}, with expansion coefficients σNLS

n .
We define

HNLS
n = −(−i)n

ˆ
R
σNLS
n+1(x) dx, n ≥ 0 . (3.2.49)

The Hamiltonians HNLS
n are real-valued functionals and they Poisson commute:

{︁
HNLS
n ,HNLS

m

}︁
= 0.

We have a corresponding asymptotic expansion of log aNLS(λ) in powers of 2λ of the form

log aNLS(λ) ∼ i
∞∑︂
n=0

HNLS
n

(2λ)n+1 . (3.2.50)

We return now to the setting with the nonzero boundary condition (NZBC).
Lemma 3.2.9. Assume the setting of Lemma 3.2.5, i. e. q ∈ C∞(R;C) with q − q± ∈ S(R±;C).
We define

HGP
−1 = −i logpr(q−q+) HGP

n = −(−i)n
ˆ
R
σGP
n+1(x) dx n ≥ 0.

Recall also that the Hamiltonians H ˜︁GP
n are defined from HGP

n via (3.1.6).
(i) The Hamiltonians HGP

n are real-valued functionals.
(ii) For n,m ∈ N we have {︁

HGP
n ,HGP

m

}︁
= 0 .

More generally, for all λ1, λ2 ∈ K+ we have {a(λ1), a(λ2)} = 0.
(iii) There exists some c = c(q) > 0 for which the functional log a(λ) has an asymptotic expansion

in powers of 2z at infinity on D = K+ ∩{Im z > c, Imλ > 0} of the form

log a(λ) ∼ i
∞∑︂

n=−1

HGP
n

(2z)n+1 ∼ i
∞∑︂
n=0

H ˜︁GP
2n

(2z)2n+1 + i
λ

z

∞∑︂
n=0

21{n=0}H ˜︁GP
2n−1

(2z)2n . (3.2.51)
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Proof.
(i) This follows from symmetry: one can derive the Riccati equation for ˜︁σGP by applying (3.2.5)

to (3.2.31), which yields (2iz)˜︁σGP + ˜︁σGP
x − (˜︁σGP)2 + qq − 1− qx

˜︁σGP+i(λ−z)
q = 0. We notice

that ˜︁σGP(−x, λ; q♯) with q♯(x) = q(−x) also solves (3.2.40).
A consequence of the recurrence relations (3.2.44) and (3.2.47) is that σGP

n consists of mono-
mials with a total number of derivatives that has the opposite parity of n. Then (∂kxq♯)(x) =
(−1)k(∂kxq)(−x) together with (3.2.30) yields

´
σGP
n (x, λ) dx = (−1)n+1 ´ σGP

n (x, λ) dx.
Hence HGP

n = −(−i)n
´
R σ

GP
n+1(x) dx is real-valued.

(ii) We refer to [71, III.§2] and [118, Theorem B.7].
(iii) This follows from Lemma 3.2.5 and a calculation with the definitions of the Hamiltonians,

in particular (3.1.6).

Remark 3.2.10 (Relations between δ
δqH

NLS
n and δ

δqH
GP
n ). As explained above in Subsection 3.2.4.3,

in the setting of NZBC, σNLS, defined in (3.2.41), is not integrable with respect to x ∈ R, and thus
HNLS
n cannot be well-defined in (3.2.49). Nevertheless, the L∞-smooth asymptotic expansion for

σNLS in D implies the well-definedness of δHNLS
n

δq , and in particular the relations (3.1.4)–(3.1.5)
between δHNLS

n

δq and δHGP
n

δq follow from (3.2.44).

3.3. Analysis of the structure of the NLS and GP
hierarchies

The goal of this section is to prove Theorem 3.1.10 and Proposition 3.1.14. We do this by studying
the recurrence relation (3.2.47) from Lemma 3.2.8. The arguments are computational in nature,
involving lengthy calculations with generating functions and recurrence relations. Since these
calculations are simple, in the sense that they can be carried out mechanically, we do not present
the details. In order to help the reader follow the argument, and indeed convince themselves of
the correctness of the claimed formulas, we provide a “Python companion”3 to go along with this
section. It contains 39 Python functions, named test1 to test39, that test specific identities
(for a finite number of cases) symbolically, using the “SymPy” library [144]. Note that these
Python functions are not part of the proof; they are only supplementary material. We indicate
with footnotes when an identity has a corresponding Python function.
For a function F = F (q, q), we use the shorthand notation

δF = δF (q, q) = δ

δq

ˆ
R
F (q(x), q(x)) dx

for the functional derivative with respect to q. With this notation, we write (NLSn) as

i∂tnq = δHNLS
n

δq
= −(−i)nδσNLS

n+1

where HNLS
n is given in terms of σNLS

n+1 in (3.2.49), and σNLS
n are the expansion coefficients of σNLS

given in Lemma 3.2.8. In this section we study these coefficients in a purely symbolic sense, so the
question of boundary conditions ((ZBC) or (NZBC)) is not relevant. For the rest of this section
we write σ = σNLS.
Given a polynomial Q of q, q and their derivatives, we write πkQ for the sum of all monomials
in Q which have exactly k factors with derivatives. We want to obtain an explicit formula for
π0δσn+1 and π1δσn+1. The reason is that in our well-posedness theory we make a perturbative
ansatz q(x, t) = q∗(x) + p(x, t), and the non-trivial linear part of the equation for p depends only
on this part of δσn+1. Using the notation OM,L

A (B) in (3.1.18), we decompose δσn+1 as follows:

δσn+1 = π0δσn+1 + π1δσn+1 +O2,n−2
q (qx) . (3.3.1)

3https://gist.github.com/Robert-Wegner/05451952fee3019bb784bc659a85409c

https://gist.github.com/Robert-Wegner/05451952fee3019bb784bc659a85409c
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Recall the recurrence relation (3.2.47) for σn = σNLS
n :

σ0 = 0 σ1 = −qq σn+1 = ∂xσn −
qx
q
σn +

n∑︂
k=0

σkσn−k . (3.3.2)

We make a number of observations:
• Observation for π0σn. (3.3.2) implies

π0σ1 = −|q|2

π0σn+1 =
n∑︂
k=1

π0σkπ0σn−k . (3.3.3)

This allows us to find an explicit formula for π0σn, which we state in Lemma 3.3.1 below.
• Observation for π1σn. (3.3.2) implies the following recurrence relation for π1σn, involving
π0σn:

π1σ1 = 0

π1σn+1 = ∂xπ0σn −
qx
q
π0σn + π1∂xπ1σn +

n∑︂
k=1

2π1σkπ0σn−k . (3.3.4)

This allows us to find an explicit formula for π1σn, which we state in Lemma 3.3.2 below.
• Observation for π1δσn. Unfortunately, π1δσn depends not just on δπ1σn, but also on certain

terms from π2σn. Let us carefully perform this analysis, starting with the trivial observation

π1δσn =
∞∑︂
k=0

π1δπkσn .

Clearly, δπ0σn has no derivatives and is therefore in the kernel of π1. Similarly, δπkσn for
k ≥ 3 always has at least 2 factors in each monomial which have derivatives, so it is also in
the kernel of π1. We suppose here that we already have an explicit formula for π1δπ1σn, so
it remains to study π1δπ2σn. In fact, we have

π1δπ2σn = π1δ˜︁π2σn,

where ˜︁π2 projects onto sums of monomials which have exactly two factors with derivatives,
and one of those factors is of the form ∂kxq. Similarly, we define ˜︁π1 to project onto sums of
monomials which have only one factor with derivatives, and this factor is ∂kxq for some k ≥ 1.
We obtain the decomposition

π1δσn = π1δπ1σn + π1δ˜︁π2σn . (3.3.5)

With our explicit formula for π1σn, we can compute the first term, so it remains to find an
explicit formula for ˜︁π2σn.

• Observation for ˜︁π2σn. (3.3.2) implies

˜︁π2σ1 = 0

˜︁π2σn+1 = ˜︁π2∂x˜︁π2σn −
qx
q
˜︁π1σn + ˜︁π2∂xπ1σn + 2

n−1∑︂
k=1

(˜︁π2σkπ0σn−k + ˜︁π1σkπ1σn−k) . (3.3.6)

This helps us derive the formula for π1δ˜︁π2σn in Lemma 3.3.3 below.
We finally state and prove in Lemma 3.3.4 our formulas for π0δσn and π1δσn, which correspond
to part (i) of Theorem 3.1.10. In Subsection 3.3.4 we use this to deduce part (ii) of Theorem
3.1.10, which concerns the GP hierarchy. Lastly, we prove Proposition 3.1.14, which describes the
perturbative formulation of the GP and ˜︂GP hierarchies.
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3.3.1. Formulas for π0σn and π1σn

Lemma 3.3.1. We have

π0σn = 1{n odd}Cn−1
2
q

n+1
2 (−q)

n+1
2 , (3.3.7)

where Cn are the Catalan numbers defined in (3.2.45).

Proof. We prove by induction. The base case is trivial, so we assume the formula holds for n.
Then

π0σn+1 =
n∑︂
k=1

π0σkπ0σn−k

=
n∑︂
k=1

1{k odd}C k−1
2
q

k+1
2 (−q)

k+1
2 1{n−k odd}Cn−k−1

2
q

n−k+1
2 (−q)

n−k+1
2

= 1{n+1 odd}q
n+2

2 (−q)
n+2

2

n∑︂
k=1

1{k odd}C k−1
2
Cn−k−1

2
,

so by the definition of the Catalan numbers (3.2.45), we are done.

Lemma 3.3.2. We have the formula

π1σn =
⌊n

2 ⌋−1∑︂
j=0

Dn,j(−q)j+1qj∂n−1−2j
x q +

⌊n
2 ⌋−2∑︂
j=0

En,j(−q)j+1qj+2∂n−3−2j
x q , (3.3.8)

where

Dn,j = 4j

(︃
n
2 − 1

j

)︃
(3.3.9)

En,j =
j∑︂

l=0

(−1)l(Cl+1 − 2Cl)4j−l

(︃
n−1

2 − 1
j − l

)︃
. (3.3.10)

Proof. Using (3.3.7), the iteration (3.3.4) simplifies to

π1σn+1 = ∂x(1{n odd}C n−1
2

q
n+1

2 (−q)
n+1

2 ) + π1∂xπ1σn + qx1{n odd}C n−1
2

q
n+1

2 (−q)
n−1

2

+
n∑︂

k=1

2π1σk1{n−k odd}C n−k−1
2

q
n−k+1

2 (−q)
n−k+1

2 .

We plug (3.3.8) as an ansatz into this recurrence relation. After a lengthy calculation, which we
do not present, we obtain the following recurrence relations for the coefficients:4

D2,0 = 1 Dn+1,j = 2
j−1∑︂
k=0

CkDn−2k−1,j−1−k +

{︄
C n−1

2

n+1
2 , j = n−1

2

Dn,j , else
∀ 0 ≤ j ≤

⌊︂
n + 1

2

⌋︂
− 1

E4,0 = −1 En+1,j = 2
j−1∑︂
k=0

CkEn−2k−1,j−1−k +

{︄
−C n−1

2

n−1
2 , j = n−3

2

En,j , else
∀ 0 ≤ j ≤

⌊︂
n + 1

2

⌋︂
− 2 .

When writing down such recurrence relations, we always set the coefficients that are not explicitly
defined to zero (e. g. D1,0 = E3,0 = 0).

We now verify that (3.3.9)–(3.3.10) solve this recurrence relation. Note that

Cm(m + 1) =
(︃

2m

m

)︃
= (−4)m

(︃
− 1

2
m

)︃
= 4m

(︃
1
2 + m − 1

m

)︃
.

4See test1, test2, test3, and test4 for a “sanity check” that for n ∈ {0, . . . , 12} our coefficients indeed satisfy
these recurrence relations.
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Since solutions to the recurrence are unique, to verify (3.3.9) it suffices to show that

4j

(︃
n+1

2 − 1
j

)︃
= 2

j−1∑︂
k=0

Ck4j−1−k

(︃
n−1

2 − 1 − k

j − 1 − k

)︃
+ 4j

(︃
n
2 − 1

j

)︃
0 ≤ j ≤

⌊︂
n + 1

2

⌋︂
− 1

⇐⇒
(︃

n+1
2 − 1
j + 1

)︃
−
(︃

n
2 − 1
j + 1

)︃
= 1

2

j∑︂
k=0

4−kCk

(︃
n−1

2 − 1 − k

j − k

)︃
∀ − 1 ≤ j ≤

⌊︂
n + 1

2

⌋︂
⇐⇒

(︃
s
2 + 1
j + 1

)︃
−
(︃

s
2 + 1

2
j + 1

)︃
= 1

2

j∑︂
k=0

4−kCk

(︃
s
2 − k

j − k

)︃
where s = n − 3 .

This identity is verified by tedious calculation and subsequent comparison of the generating
functions5 ∑︂

s,j≥0

XsY j

(︃
s
2 + 1
j + 1

)︃
−
∑︂

s,j≥0

XsY j

(︃
s
2 + 1

2
j + 1

)︃
= 1 + Y −

√
1 + Y

Y

1
1 − X

√
1 + Y

and6

∑︂
s,j≥0

XsY j 1
2

j∑︂
k=0

4−kCk

(︃
s
2 − k

j − k

)︃
= 1 + Y −

√
1 + Y

Y

1
1 − X

√
1 + Y

.

We proceed similarly for the coefficients En,j . Here it suffices to show that for 0 ≤ j ≤
⌊︁
n+1

2
⌋︁
− 2

we have
j∑︂

l=0

(−1)l(Cl+1 − 2Cl)4−l

(︃
n
2 − 1
j − l

)︃
= 2

j−1∑︂
k=0

Ck

j−1−k∑︂
l=0

(−1)l(Cl+1 − 2Cl)4−1−k−l

(︃
n
2 − 2 − k

j − 1 − k − l

)︃

+

{︄
−4−jC n−1

2

n−1
2 , j = n−3

2∑︁j

l=0(−1)l(Cl+1 − 2Cl)4−l
(︁n−1

2 −1
j−l

)︁
, 0 ≤ j ≤

⌊︁
n
2

⌋︁
− 2

.

If j = n−3
2 the two expressions at the end agree, which we verify by calculating 7

∞∑︂
m=0

Y m

m∑︂
l=0

(−1)l(Cl+1 − 2Cl)4−l

(︃
m

m − l

)︃
= 8

Y 2 − 4
√

1 − Y

Y 2 − 4
Y 2

√
1 − Y

and8

−
∞∑︂

m=0

4−mY mCm+1(m + 1) = 8
Y 2 − 4

√
1 − Y

Y 2 − 4
Y 2

√
1 − Y

.

After removing the case distinction, it remains to show that
j∑︂

l=0

(−1)l(Cl+1 − 2Cl)4−l

(︃(︃
n
2 − 1
j − l

)︃
−
(︃

n−1
2 − 1
j − l

)︃)︃

= 2
j−1∑︂
k=0

Ck

j−1−k∑︂
l=0

(−1)l(Cl+1 − 2Cl)4−1−k−l

(︃
n
2 − 2 − k

j − 1 − k − l

)︃
.

This follows by yet another lengthy calculation of the generating functions9

∑︂
n,j≥0

XnY j

j∑︂
l=0

(Cl+1 − 2Cl)4−l

(︃(︃
n
2 − 1
j − l

)︃
−
(︃

n−1
2 − 1
j − l

)︃)︃
=
(︃

2
(︂ 4

Y
− 2
)︂1 −

√
1 − Y

Y
− 4

Y

)︃
1

1 + Y

1
1 − X

√
1 + Y

(︃
1 − 1√

1 + Y

)︃
5See test5
6See test6
7See test7
8See test8
9See test9
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and10

∑︂
n,j≥0

XnY j2
j−1∑︂
k=0

Ck

j−1−k∑︂
l=0

(Cl+1 − 2Cl)4−1−k−l

(︃
n
2 − 2 − k

j − 1 − k − l

)︃
=
(︃

2
(︂ 4

Y
− 2
)︂1 −

√
1 − Y

Y
− 4

Y

)︃
1

1 + Y

1
1 − X

√
1 + Y

(︃
1 − 1√

1 + Y

)︃
.

3.3.2. Formulas for π1δ˜︁π2σn

Lemma 3.3.3. We have the formula

π1δ˜︁π2σn =
⌊n−1

2 ⌋−2∑︂
j=0

(−q)j+2qj∂n−3−2j
x q ˜︁Fn,j +

⌊n−1
2 ⌋−1∑︂
j=0

(−q)jqj∂n−1−2j
x q ˜︁Gn,j , (3.3.11)

where

˜︁F2m,j = 0 (3.3.12)

˜︁F2m+1,j = −(8m− 8j − 6)4j
(︃
m− 1

2
j

)︃
(3.3.13)

˜︁G2m,j = −
j−1∑︂
k=0

Ck4j−k(m− 1− j)
(︃
m− 3

2 − k
j − 1− k

)︃
(3.3.14)

˜︁G2m+1,j = 4j−12
(︃
m− 1

2
j − 1

)︃
+
j−1∑︂
k=0

Ck4j−k(m− j)
(︃
m− 1

2 − k
j − 1− k

)︃
. (3.3.15)

Proof. We first consider ˜︁π2σn and then π1δ˜︁π2σn.

Recurrence relation for the coefficients Gn,j,t, Fn,j,t in ˜︁π2σn. Recall the recurrence relation
(3.3.6) for ˜︁π2σn:

˜︁π2σ1 = 0

˜︁π2σn+1 = ˜︁π2∂x˜︁π2σn −
qx
q
˜︁π1σn + ˜︁π2∂xπ1σn + 2

n−1∑︂
k=1

(˜︁π2σkπ0σn−k + ˜︁π1σkπ1σn−k) .

We make the ansatz

˜︁π2σn =
⌊ n−1

2 ⌋−1∑︂
j=1

(−q)jqj

n−2−2j∑︂
t=1

Gn,j,t∂
n−1−2j−t
x q∂t

xq

+
⌊ n−1

2 ⌋−2∑︂
j=0

(−q)j+2qj

⌊ n−1
2 ⌋−1−j∑︂

t=1

Fn,j,t∂
n−3−2j−t
x q∂t

xq .

(3.3.16)

Unfortunately, we must now plug this ansatz, as well as the formulas for π0σn and π1σn that we
have obtained, into this recurrence relation. A lengthy calculation, which we spare the reader,
yields the following recurrence relations for Gn,j,t and Fn,j,t. We set G5,1,1 = −6 and for n ≥ 0,
1 ≤ j ≤

⌊︁
n
2
⌋︁
− 1, 1 ≤ t ≤ n− 1− 2j we have the following recurrence relation for Gn,j,t:

Gn+1,j,t = 2
j−2∑︂
k=0

Gn−2k−1,j−k−1,tCk + 2
j−2∑︂
k=0

Dt+1+2k,kEn−1−2k−t,j−2−k

+ 1{j ̸= n
2 −1}1{t̸=n−1−2j}Gn,j,t + 1{j ̸= n

2 −1}1{t̸=1}Gn,j,t−1

+ 1{t=1}(j + 1)En,j−1 − 1{t=n−1−2j}jDn,j .

10See test10



3.3. Analysis of the structure of the NLS and GP hierarchies 73

Similarly, we set F5,0,1 = 5 and for n ≥ 5, 0 ≤ j ≤
⌊︁
n
2
⌋︁
− 2, 1 ≤ t ≤

⌊︁
n
2
⌋︁
− 1− j we have

Fn+1,j,t = 2
j−1∑︂
k=0

Fn−2k−1,j−k−1,tCk + (1 + 1{t̸= n
2 −1−j})

j∑︂
k=0

Dt+1+2k,kDn−1−2k−t,j−k

+ 1{t=1}(j + 1)Dn,j+1 + 1{j ̸= n
2 −2}

(︂
1{t̸= n

2 −1−j}Fn,j,t + 1{t̸=1}Fn,j,t−1 + 1{t= n−1
2 −1−j}Fn,j,t

)︂
.

Recurrence relations for the coefficients ˜︁Gn,j , ˜︁Fn,j in π1δ˜︁π2σn. The ansatz (3.3.16) implies
the formula for π1δ˜︁π2σn of the desired form (3.3.11), with the coefficients given by

˜︁Gn,j =
n−2−2j∑︂

t=1

(−1)tGn,j,t ˜︁Fn,j = (1 − (−1)n)
⌊ n−1

2 ⌋−1−j∑︂
t=1

(−1)tFn,j,t .

Then11

˜︁Gn+1,j = 2
j−2∑︂
k=0

n−1−2j∑︂
t=1

(−1)tGn−2k−1,j−k−1,tCk + 2
j−2∑︂
k=0

n−1−2j∑︂
t=1

(−1)tDt+1+2k,kEn−1−2k−t,j−2−k

+ 1{j ̸= n
2 −1}

n−1−2j∑︂
t=1

(−1)t(1{t̸=n−1−2j}Gn,j,t + 1{t̸=1}Gn,j,t−1)

+
n−1−2j∑︂

t=1

(−1)t(1{t=1}(j + 1)En,j−1 − 1{t=n−1−2j}jDn,j)

= 2
j−1∑︂
k=0

˜︁Gn−2k−1,j−k−1Ck + 2
j−2∑︂
k=0

n−1−2j∑︂
t=1

(−1)tDt+1+2k,kEn−1−2k−t,j−2−k

− (j + 1)En,j−1 + (−1)njDn,j

and12

˜︁Fn+1,j = 21{n even}

(︄
2

j−1∑︂
k=0

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)tFn−2k−1,j−k−1,tCk

+
j∑︂

k=0

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)t(1 + 1{t̸= n
2 −1−j})Dt+1+2k,kDn−1−2k−t,j−k +

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)t
(︂
1{t=1}(j + 1)Dn,j+1

+ 1{j ̸= n
2 −2}

(︂
1{t̸= n

2 −1−j}Fn,j,t + 1{t̸=1}Fn,j,t−1 + 1{t= n−1
2 −1−j}Fn,j,t

)︂)︂)︄

= 21{n even}

(︄
j−1∑︂
k=0

˜︁Fn−2k−1,j−k−1Ck +
j∑︂

k=0

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)t(1 + 1{t̸= n
2 −1−j})Dt+1+2k,kDn−1−2k−t,j−k

− (j + 1)Dn,j+1 + 1{n odd}2(−1)
n−1

2 −1−jF
n,j, n−1

2 −1−j

)︄

= 1{n even}

(︄
2

j−1∑︂
k=0

˜︁Fn−2k−1,j−k−1Ck + 2
j∑︂

k=0

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)t(1 + 1{t̸= n
2 −1−j})Dt+1+2k,kDn−1−2k−t,j−k

− 2(j + 1)Dn,j+1

)︄
.

Verification of the formula (3.3.14)–(3.3.15) for ˜︁Gn,j. Recall the formulas (3.3.9) and (3.3.10)
for Dn,j and En,j . A calculation with binomial identities (or alternatively verified manually using

11See test11
12See test12
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generating functions) yields13

j−2∑︂
k=0

n−1−2j∑︂
t=1

(−1)tDt+1+2k,kEn−1−2k−t,j−2−k = −1{n even}En,j−2 .

Therefore the recurrence relation for ˜︁Gn,j becomes14

˜︁Gn+1,j = 2
j−2∑︂
k=0

˜︁Gn−2k−1,j−k−1Ck − 21{n even}

j−2∑︂
l=0

(Cl+1 − 2Cl)(−1)l4j−2−l

(︃
n−1

2 − 1
j − 2 − l

)︃

− (j + 1)
j−1∑︂
l=0

(Cl+1 − 2Cl)(−1)l4j−1−l

(︃
n−1

2 − 1
j − 1 − l

)︃
+ (−1)nj4j

(︃
n
2 − 1

j

)︃

= 2
j−2∑︂
k=0

˜︁Gn−2k−1,j−k−1Ck + (−1)nj4j

(︃
n
2 − 1

j

)︃

−
j−1∑︂
l=0

(Cl+1 − 2Cl)(−1)l

(︃
(j + 1)4j−1−l

(︃
n−1

2 − 1
j − 1 − l

)︃
+ 21{n even}4j−2−l

(︃
n−1

2 − 1
j − 2 − l

)︃)︃
.

A set of tedious generating function calculations needs to be performed to verify that the desired
formulas (3.3.14)–(3.3.15) for ˜︁Gn,j :

˜︁Gn,j = (−1)n+14
(︂⌊︂

n − 1
2

⌋︂
− j
)︂ j−1∑︂

k=0

Ck4j−1−k

(︃⌊︁
n−1

2

⌋︁
− 1

2 − k

j − 1 − k

)︃
+ 21{n odd}4j−1

(︃
n
2 − 1
j − 1

)︃
satisfy the above recurrence relation. We calculate from this formula that15

∞∑︂
n=0,j=0

XnY j ˜︁Gn+1,j = −4Y√
1 + 4Y

−X

1 − X2(1 + 4Y ) + −2Y√
1 + 4Y

1
1 − X2(1 + 4Y )

+
(︃

1 − 1√
1 + 4Y

)︃
2
√

1 + 4Y
X2(1 − X)

(1 − X2(1 + 4Y ))2 .

Next, we calculate16

∞∑︂
n=0,j=0

XnY j2
j−2∑︂
k=0

Ck ˜︁Gn−2k−1,j−k−1 =
(︃

1 − 1√
1 + 4Y

)︃2

2
√

1 + 4Y
X2(1 − X)

(1 − X2(1 + 4Y ))2

+
(︃

1 − 1√
1 + 4Y

)︃
2Y√

1 + 4Y

(︃
−2 − 2√

1 + 4Y

)︃
−X

1 − X2(1 + 4Y )

+
(︃

1 − 1√
1 + 4Y

)︃
2Y√

1 + 4Y

(︃
−1 − 2√

1 + 4Y

)︃
1

1 − X2(1 + 4Y ) .

Lastly, we calculate17

∞∑︂
n=0,j=0

XnY j(−1)nj4j

(︃
n
2 − 1

j

)︃
=
(︃

1√
1 + 4Y

− X

)︃
4Y√

1 + 4Y

X2

(1 − X2(1 + 4Y ))2 +
(︃

1
2X − 1√

1 + 4Y

)︃
4Y

√
1 + 4Y

3
1

1 − X2(1 + 4Y )

and18

−
∞∑︂

n=0,j=0

XnY j

j−1∑︂
l=0

(Cl+1 − 2Cl)(−1)l

(︃
(j + 1)4j−1−l

(︃
n−1

2 − 1
j − 1 − l

)︃
+ 21{n even}4j−2−l

(︃
n−1

2 − 1
j − 2 − l

)︃)︃
13See test13
14See test14
15See test15
16See test16
17See test17
18See test18
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=
(︃

√
1 + 4Y + 1√

1 + 4Y
− 2
)︃(︃

X + 1√
1 + 4Y

)︃
X2

(1 − X2(1 + 4Y ))2

+ −2Y
√

1 + 4Y
3

−X

1 − X2(1 + 4Y ) +
(︃

1
2 − 1√

1 + 4Y
+ 1

2
1

1 + 4Y
+ 1

√
1 + 4Y

3 − 1
(1 + 4Y )2

)︃
1

1 − X2(1 + 4Y ) .

Summing up all the contributions19 verifies that the claimed formula (3.3.14)–(3.3.15) for ˜︁Gn,j
satisfies the given recurrence relation.

Verification of the formula (3.3.12)–(3.3.13) for ˜︁Fn,j. For even n = 2m we calculate20

j∑︂
k=0

⌊ n
2 ⌋−1−j∑︂

t=1

(−1)t(1 + 1{t̸= n
2 −1−j})Dt+1+2k,kDn−1−2k−t,j−k = −1{j≤m−2}(−4)j

(︃
j − m

j

)︃
.

We obtain the following recurrence relation

˜︁F2m+1,j = 2
j−1∑︂
k=0

˜︁F2m−2k−1,j−k−1Ck − 2(−4)j

(︃
j − m

j

)︃
− 2(j + 1)4j+1

(︃
m − 1
j + 1

)︃
.

We then aim to verify that the formula given in (3.3.12)–(3.3.13)

˜︁Fn,j = −1{n odd}

(︂
8
⌊︂

n − 1
2

⌋︂
− 8j − 6

)︂
4j

(︃
n
2 − 1

j

)︃
=

{︄
−(8m − 8j − 6)4j

(︁
m− 1

2
j

)︁
, n = 2m + 1

0 , n = 2m

solves this recurrence relation.

Plugging everything into the recurrence relation yields the trivial identity for odd n, and for even
n = 2m the binomial identity21

(8m − 8j − 6)
(︃

m − 1
2

j

)︃
= 2

j−1∑︂
k=0

(8m − 8j − 6)4−k−1
(︃

m − k − 3
2

j − k − 1

)︃
Ck + 2(−1)j

(︃
j − m

j

)︃
+ 8(j + 1)

(︃
m − 1
j + 1

)︃
.

It remains to prove this for all (m, j) ∈ Z2. Once more, we calculate and compare the generating
functions22

∞∑︂
m=0

∞∑︂
j=0

XmY j2
j−1∑︂
k=0

(8(m − j) − 6)4−k−1
(︃

m − k − 1 − 1
2

j − k − 1

)︃
Ck

=
(︃

−8 Y
√

1 + Y
3 + 8 1√

1 + Y

)︃
X(1 + Y )

(1 − X(1 + Y ))2 +
(︃

4 Y
√

1 + Y
3 − 6 1√

1 + Y

)︃
1

1 − X(1 + Y )

− 8
(1 + Y )2

X(1 + Y )
(1 − X(1 + Y ))2 + 6 − 2Y

(1 + Y )2
1

1 − X(1 + Y )

and23

∞∑︂
m=0

∞∑︂
j=0

XmY j2(−1)j

(︃
−m + j

j

)︃
+

∞∑︂
m=0

∞∑︂
j=0

XmY j8(j + 1)
(︃

m − 1
j + 1

)︃
= 2Y − 6

(1 + Y )2
1

1 − X(1 + Y ) + 8
(1 + Y )2

X(1 + Y )
(1 − X(1 + Y ))2

with24

∞∑︂
m=0

∞∑︂
j=0

XmY j(8(m − j) − 6)
(︃

m − 1
2

j

)︃
=
(︃

−8 Y
√

1 + Y
3 + 8 1√

1 + Y

)︃
X(1 + Y )

(1 − X(1 + Y ))2 +
(︃

4 Y
√

1 + Y
3 − 6 1√

1 + Y

)︃
1

1 − X(1 + Y ) .

19See test19
20See test20
21See test21
22See test22
23See test23
24See test24
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3.3.3. Formulas for π0δσn and π1δσn

Lemma 3.3.4. We have

π0δσn = 1{n odd}
n+ 1

2 Cn−1
2
q

n−1
2 (−q)

n+1
2 (3.3.17)

π1δσn =
⌊n

2 ⌋−2∑︂
j=0

Jn,j(−q)j+2qj∂n−3−2j
x q +

⌊n
2 ⌋−1∑︂
j=0

Kn,j(−q)jqj∂n−1−2j
x q , (3.3.18)

where Jn,j and Kn,j are defined in (3.1.19).

Proof. Recall Lemmas 3.3.1, 3.3.2 and 3.3.3. We easily obtain the formula (3.3.17) for π0δσn =
π0δπ0σn from Lemma 3.3.1. From Lemma 3.3.2 we have

π1δπ1σn =
⌊ n

2 ⌋−1∑︂
j=1

jDn,j(−q)j+1qj−1∂n−1−2j
x q +

⌊ n
2 ⌋−2∑︂
j=0

(j + 2)En,j(−q)j+1qj+1∂n−3−2j
x q

+ π1

⌊ n
2 ⌋−1∑︂
j=0

(−1)n−1−2jDn,j

n−1−2j∑︂
k=0

(︃
n − 1 − 2j

k

)︃
∂k

x((−q)j+1)∂n−1−2j−k
x (qj)

=
⌊ n

2 ⌋−2∑︂
j=0

(j + 1)Dn,j+1(−q)j+2qj∂n−3−2j
x q +

⌊ n
2 ⌋−1∑︂
j=1

(j + 1)En,j−1(−q)jqj∂n−1−2j
x q

+
⌊ n

2 ⌋−1∑︂
j=1

j(−1)n−1Dn,j(−q)j+1qj−1∂n−1−2j
x q +

⌊ n
2 ⌋−1∑︂
j=0

(j + 1)(−1)nDn,j(−q)jqj∂n−1−2j
x q ,

from which we obtain

π1δπ1σn = (1 − (−1)n)
⌊ n

2 ⌋−2∑︂
j=0

(j + 1)Dn,j+1(−q)j+2qj∂n−3−2j
x q

+
⌊ n

2 ⌋−1∑︂
j=0

(j + 1)(1{j≥1}En,j−1 + (−1)nDn,j)(−q)jqj∂n−1−2j
x q .

This, together with Lemma 3.3.3, implies

π1δσn =
⌊ n

2 ⌋−2∑︂
j=0

(︁
1{0≤j≤⌊ n−1

2 ⌋−2}
˜︁Fn,j + 1{n odd}2(j + 1)Dn,j+1

)︁
(−q)j+2qj∂n−3−2j

x q

+
⌊ n

2 ⌋−1∑︂
j=0

(︁
1{1≤j≤⌊ n−1

2 ⌋−1}
˜︁Gn,j + (j + 1)(1{j≥1}En,j−1 + (−1)nDn,j)

)︁
(−q)jqj∂n−1−2j

x q

=
⌊ n

2 ⌋−2∑︂
j=0

Jn,j(−q)j+2qj∂n−3−2j
x q +

⌊ n
2 ⌋−1∑︂
j=0

Kn,j(−q)jqj∂n−1−2j
x q

for certain coefficients Jn,j and Kn,j , whose claimed formulas remain to be verified by simplifying
the expressions above.

Verification of the formula (3.1.19) for Jn,j. Recall the definitions of Dn,j , En,j , ˜︁Fn,j , and˜︁Gn,j . Let 0 ≤ j ≤
⌊︁
n
2
⌋︁
− 2 and n = 2m or n = 2m+ 1. We have25

J2m,j = 1{j≤⌊ 2m−1
2 ⌋−2}

˜︁F2m,j + 1{2m odd}2(j + 1)D2m,j+1 = 0

J2m+1,j = 1{j≤⌊ 2m+1−1
2 ⌋−2}

˜︁F2m+1,j + 1{2m+1 odd}2(j + 1)D2m+1,j+1

= −1{j≤m−2}(8m − 8j − 6)4j

(︃
m − 1

2
j

)︃
+ 2(j + 1)4j+1

(︃
m − 1

2
j + 1

)︃
25See test25
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= (8j + 8)4j

(︃
m + 1

2
j + 1

)︃
− (8m + 2)4j

(︃
m − 1

2
j

)︃
.

A computation shows that26

∞∑︂
m=0

∞∑︂
j=0

XmY j(8j + 8)4j

(︃
m + 1

2
j + 1

)︃
−

∞∑︂
m=0

∞∑︂
j=0

XmY j(8m + 2)4j

(︃
m − 1

2
j

)︃

= 2√
1 + 4Y

1
1 − X(1 + 4Y ) =

∞∑︂
m=0

∞∑︂
j=0

XmY j4j2
(︃

m − 1
2

j

)︃
.

Hence

J2m+1,j = 4j2
(︃
m− 1

2
j

)︃
and Jn,j = 21{n odd}4j

(︃n
2 − 1
j

)︃
. (3.3.19)

Using the notation [uj ] for the extraction of the coefficient in front of uj from a formal power
series in the symbol u, we can also write this as in (3.1.19):

Jn,j = 1{n odd}[uj ]2(1 + 4u)
n−2

2 . (3.3.20)

Verification of the formula (3.1.19) for Kn,j. Now let 0 ≤ j ≤
⌊︁
n
2
⌋︁
− 1. We have27

Kn,j = 1{1≤j≤⌊ n−1
2 ⌋−1}

˜︁Gn,j + (j + 1)(1{j≥1}En,j−1 + (−1)nDn,j)

= ˜︁Gn,j + (j + 1)(En,j−1 + (−1)nDn,j)

= (−1)n+14
(︂⌊︂

n − 1
2

⌋︂
− j
)︂ j−1∑︂

k=0

Ck4j−1−k

(︃⌊︁
n−1

2

⌋︁
− 1

2 − k

j − 1 − k

)︃
+ 21{n odd}4j−1

(︃
n
2 − 1
j − 1

)︃

+ (j + 1)

(︄
1{j≥1}

j−1∑︂
l=0

(−1)l(Cl+1 − 2Cl)4j−1−l

(︃
n−1

2 − 1
j − 1 − l

)︃
+ (−1)n4j

(︃
n
2 − 1

j

)︃)︄
.

We claim that28

Kn,j = (−1)nDn+1,j + 21{n odd}En,j−2

(3.3.21)

= (−1)n4j

(︃
n+1

2 − 1
j

)︃
+ 21{n odd}

j−2∑︂
l=0

(−1)l(Cl+1 − 2Cl)4j−2−l

(︃
n−1

2 − 1
j − 2 − l

)︃
. (3.3.22)

=

{︄
[uj ](1 + 4u)

n−1
2 , n even

[uj ](−1 − 2u)(1 + 4u)
n−2

2 , n odd
. (3.3.23)

Note that29

∞∑︂
n=0,j=0

XnY j(−1)n4j

(︃
n+1

2 − 1
j

)︃
+

∞∑︂
n=0,j=0

XnY j21{n odd}

j−2∑︂
l=0

(−1)l(Cl+1 − 2Cl)4j−2−l

(︃
n−1

2 − 1
j − 2 − l

)︃
= 1√

1 + 4Y

1
1 − X2(1 + 4Y ) +

(︃
−1

2
1√

1 + 4Y
− 1

2
√

1 + 4Y

)︃
X

1 − X2(1 + 4Y ) .

= 1√
1 + 4Y

1 − X(1 + 2Y )
1 − X2(1 + 4Y )

=
∞∑︂

m=0,j=0

X2mY j [uj ](1 + 4u)
2m−1

2 +
∞∑︂

m=0,j=0

X2m+1Y j [uj ](−1 − 2u)(1 + 4u)
2m−1

2 .

This shows that (3.3.22) and (3.3.23) agree.
26See test26
27See test27
28See test28
29See test29
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To show that these are indeed formulas for Kn,j , we have to compute the following generating
function, which mostly reduces to previous calculations:

∞∑︂
n=0,j=0

XnY jKn,j

= X

∞∑︂
n=0,j=0

XnY j ˜︁Gn+1,j +
∞∑︂

j=0

Y j ˜︁G0,j +
∞∑︂

n=0,j=0

XnY j(j + 1)En,j−1 +
∞∑︂

n=0,j=0

XnY j(j + 1)(−1)nDn,j .

Recall that

X

∞∑︂
n=0,j=0

XnY j ˜︁Gn+1,j = X

(︃
−4Y√
1 + 4Y

−X

1 − X2(1 + 4Y ) + −2Y√
1 + 4Y

1
1 − X2(1 + 4Y )

+
(︃

1 − 1√
1 + 4Y

)︃
2
√

1 + 4Y
X2(1 − X)

(1 − X2(1 + 4Y ))2

)︃
.

For the new term involving ˜︁G0,j , we have30

∞∑︂
j=0

Y j ˜︁G0,j = 1
2

(︃
1 − 1√

1 + 4Y

)︃(︃
−1

2
16Y

√
1 + 4Y

3 + 4√
1 + 4Y

)︃
+ Y√

1 + 4Y

(︃
−16Y

√
1 + 4Y

3 + 4√
1 + 4Y

)︃
= 1√

1 + 4Y
+ 1

√
1 + 4Y

3 − 2
(1 + 4Y )2 .

Lastly, we calculate31

∞∑︂
n=0,j=0

XnY j(j + 1)(−1)nDn,j =
(︃

1√
1 + 4Y

−
√

1 + 4Y

)︃
X3

(1 − X2(1 + 4Y ))2 + 4Y

1 + 4Y

X2

(1 − X2(1 + 4Y ))2

− 1
2

1√
1 + 4Y

(︂
1 + 1

1 + 4Y

)︂
X

1 − X2(1 + 4Y ) + 1
(1 + 4Y )2

1
1 − X2(1 + 4Y )

and32

∞∑︂
n=0,j=0

XnY j(j + 1)En,j−1

=
(︃

−
√

1 + 4Y − 1√
1 + 4Y

+ 2
)︃

X3

(1 − X2(1 + 4Y ))2 +
(︃

−1 − 1
1 + 4Y

+ 2√
1 + 4Y

)︃
X2

(1 − X2(1 + 4Y ))2

− 2Y
√

1 + 4Y
3

X

1 − X2(1 + 4Y ) +
(︃

1
(1 + 4Y )2 − 1

√
1 + 4Y

3

)︃
1

1 − X2(1 + 4Y ) .

Adding up all the contributions33, we find that the generating functions of both of our formulas
for Kn,j agree.

3.3.4. Proofs of Theorem 3.1.10 and Proposition 3.1.14
Proof of Theorem 3.1.10. We can write (NLSn) as

i∂tnq = δHNLS
n

δq
= −(−i)nδσn+1 ,

so (3.3.1) and Lemma 3.3.4 directly imply (NLS2m) and (NLS2m+1).

Combining (NLS2m)–(NLS2m+1) with (3.1.4)–(3.1.5), we can write the equations (GPn) of the GP
hierarchy as

i∂t2m q =
m∑︂

k=0

(︃
m − 1

2
m − k

)︃
(−4)m−k

(︄
k−2∑︂
j=0

J2k+1,jq2(i∂x)2k−2−2jq −
k−1∑︂
j=0

K2k+1,j(i∂x)2k−2jq

)︄
(3.3.24)

30See test30
31See test31
32See test32
33See test33
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+
m∑︂

k=0

(︃
m − 1

2
m − k

)︃
(−4)m−k

(︄
k−2∑︂
j=0

J2k+1,j(|q|2j − 1)q2(i∂x)2k−2−2jq

−
k−1∑︂
j=0

K2k+1,j(|q|2j − 1)(i∂x)2k−2jq + (k + 1)Ck|q|2kq

)︄
+ O2,n−2

q (qx)

i∂t2m+1 q =
m∑︂

k=0

(︃
m

m − k

)︃
(−4)m−k

(︄
k∑︂

j=0

K2k+2,j(i∂x)2k+1−2jq

)︄
(3.3.25)

+
m∑︂

k=0

(︃
m

m − k

)︃
(−4)m−k

(︄
k∑︂

j=0

K2k+2,j(|q|2j − 1)(i∂x)2k+1−2jq

)︄
+ O2,n−2

q (qx) .

Note that all terms appearing above which contain both a derivative of q or q and the factor
|q|2j − 1 are in O2,n−2

q,|q|2−1(qx, |q|2 − 1). We calculate34

∞∑︂
m=0

m∑︂
k=0

Xm

(︃
m − 1

2
m − k

)︃
(−4)m−k(k + 1)Ck|q|2kq =

(︁
1 − 4X(|q|2 − 1)

)︁− 1
2 q

=
∞∑︂

m=0

Xm

(︃
2m

m

)︃
(|q|2 − 1)mq =

∞∑︂
m=0

Xm
(︂
1{m=0}q + 21{m=1}(q2q − q) + O2,0

|q|2−1(|q|2 − 1)
)︂

.

It remains to simplify the sums in the first lines of (3.3.24) and (3.3.25). Swapping the order of
summation, the goal is to evaluate

m−1∑︂
j=1

q2(i∂x)2jq

m∑︂
k=j+1

(︃
m − 1

2
m − k

)︃
(−4)m−kJ2k+1,k−1−j −

m∑︂
j=1

(i∂x)2jq

m∑︂
k=j

(︃
m − 1

2
m − k

)︃
(−4)m−kK2k+1,k−j

and
m∑︂

j=0

(i∂x)2j+1q

m∑︂
k=j

(︃
m

m − k

)︃
(−4)m−kK2k+2,k−j .

We calculate35

m∑︂
k=j+1

(︃
m − 1

2
m − k

)︃
(−4)m−kJ2k+1,k−1−j = 21{j=m−1}

and36

−
m∑︂

k=j

(︃
m − 1

2
m − k

)︃
(−4)m−kK2k+1,k−j = 4m−j

(︃
1
2

m − j

)︃
− 2

m−2−j∑︂
l=0

(−1)l(Cl+1 − 2Cl)4m−2−j−l

(︃
− 1

2
m − 2 − j − l

)︃
.

Studying the generating function37

∞∑︂
k=−2

Y k4k+2
(︃

1
2

k + 2

)︃
− 2

∞∑︂
k=−2

Y k

k∑︂
l=0

(−1)l(Cl+1 − 2Cl)4k−l

(︃
− 1

2
k − l

)︃
= 2

Y
+ 1

Y 2 ,

we find that38

−
m∑︂

k=j

(︃
m − 1

2
m − k

)︃
(−4)m−kK2k+1,k−j = 1{j=m} + 21{j=m−1} .

Lastly, we calculate39

m∑︂
k=j

(︃
m

m − k

)︃
(−4)m−kK2k+2,k−j = 4m−j

(︃
1
2

m − j

)︃
.

The results of our calculations now imply (GP2m) and (GP2m+1). Combining this with (3.1.6)
yields the equations (˜︂GP2m) and (˜︂GP2m+1).
34See test34
35See test35
36See test36
37See test37
38See test38
39See test39
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Proof of Proposition 3.1.14. We plug the ansatz q(t, x) = q∗(x) + p(t, x) into (GP2m)–(GP2m+1)
for n ≥ 3. First, observe that

O2,n−2
q,|q|2−1(qx, |q|2 − 1) ⊆ O2,n−2

p,q∗,|q∗|2−1(p, (q∗)x, |q∗|2 − 1) .

From (GP2m+1) we can already deduce (3.1.23), from (˜︂GP2m+1) similarly (3.1.25).

We write p = (p, p) and define the shorthand notation

On(p) = O1,0
q∗,|q∗|2−1(|q∗|2 − 1) +O1,n

q∗
((q∗)x) +O2,n−2

p,q∗,|q∗|2−1(p, (q∗)x, |q∗|2 − 1) ,

describing those terms that can be viewed as “nonlinear” in (3.1.24). Recall (GP) for n = 2 and
observe that for all n = 2m ≥ 2 we can rewrite (GP2m) as

(i∂x)2q + 2(|q|2 − 1)q = (D2
x + 2)p+ 2q2

∗p+ O2(p)
((i∂x)2m + 2(i∂x)2m−2)q + 2q2(i∂x)2m−2q + On(p) =

(︁
D2m
x + 2D2m−2

x

)︁
p+ 2q2

∗D
2m−2
x p+ On(p) for m ≥ 2.

To obtain (3.1.22), we calculate for all n = 2m ≥ 2

i∂t2m

(︃
p
p

)︃
=
(︃ (︁

D2m
x + 2D2m−2

x

)︁
p+ 2q2

∗D
2m−2
x p

−
(︁
D2m
x + 2D2m−2

x

)︁
p− 2q2

∗D
2m−2
x p

)︃
+ On(p) .

Here the term 2q2
∗D

2m−2
x p is problematic as it has a non-constant (if q2

+ ̸= q2
−) and non-decaying

coefficient, which means it cannot be treated either as a constant-coefficient linear term or as a
nonlinear term in the well-posedness theory of Section 3.4. We eliminate this term via a change of
variables p ↦→ u.

Normal form transformation. Define

σ3 =
(︃

1 0
0 −1

)︃
B =

(︃
0 1− q2

∗
1− q2

∗ 0

)︃
E =

(︃
2 2q2

∗
−2q2

∗ −2

)︃
E0 =

(︃
2 2
−2 −2

)︃
.

Then we can write

i∂t2mp = (σ3D
2m
x + ED2m−2

x )p + On(p) .

Let R > 0 be large and η ∈ C∞
c (R; [0, 1]) with η|[−R,R] = 1 and supp η ⊆ [−2R, 2R]. We define

the operators

T = 1 +Bψ(Dx) where ψ(ξ) = 1− η(ξ)
ξ2 + 2 .

The new variable we shall use is

u = T −1p .

Then the equation for u reads

i∂t2mu = T −1(σ3D
2m
x + ED2m−2

x )T u + T −1On(T u) .

We calculate

(σ3D
2m
x + ED2m−2

x )T = σ3D
2m
x + ED2m−2

x + σ3D
2m
x Bψ(Dx) + ED2m−2

x Bψ(Dx)
= σ3D

2m
x + E0D

2m−2
x +B(σ3D

2m
x + E0D

2m−2
x )ψ(Dx)

+ (E − E0 + (B(E − E0) + [E,B] + [σ3, B]D2
x)ψ(Dx))D2m−2

x

+ σ3[D2m
x , B]ψ(Dx) + E[D2m−2

x , B]ψ(Dx) .

Since ψ(Dx) commutes with the constant matrices σ3 and E0, the first line simplifies to

σ3D
2m
x + E0D

2m−2
x +B(σ3D

2m
x + E0D

2m−2
x )ψ(Dx) = T (σ3D

2m
x + E0D

2m−2
x ) .
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We calculate the second line to be

(E − E0 + (B(E − E0) + [E,B] + [σ3, B]D2
x)ψ(Dx))D2m−2

x

= (−[σ3, B] + [σ3, B](D2
x + 2)ψ(Dx) + 2(1− |q∗|4)σ3ψ(Dx))D2m−2

x

= 2(1− |q∗|4)σ3D
2m−2
x ψ(Dx)− [σ3, B]D2m−2

x η(Dx) .

Similarly for the third line, we use the algebraic identity

σ3[D2m
x , B]ψ(Dx) + E[D2m−2

x , B]ψ(Dx)
=
(︁
σ3[D2

x, [D2m−2
x , B]] + (E − 2σ3)[D2m−2

x , B] + 4iσ3BxD
2m−3
x − σ3BxxD

2m−2
x

)︁
ψ(Dx)

+
(︁
σ3[D2m−2

x , B]− 2iσ3BxD
2m−3
x

)︁
(1− η(Dx)) .

Therefore

i∂t2m
u = (σ3D

2m
x + E0D

2m−2
x )u

+ T −1(︁On(T u) + On(ψ(Dx)u) + On((1− η(Dx))u)− [σ3, B]D2m−2
x η(Dx)u

)︁
.

Proof of Remark 3.1.13. In order to proceed, we must use the Lagrange inversion formula. We
refer the reader to [143] for a detailed exposition and adopt the notations from this reference. If
u(t) is a formal power series in t, then [tn]u(t) denotes the operation of extracting the coefficient in
front of tn (e. g. [t2](1 + t)3 = 3). With this notation, a version of the Lagrange inversion formula
reads as follows. Let F (t), u(t), and φ(t) be formal power series. Assume that [t0]φ(t) ̸= 0, which
implies that there exists a formal power series solution w(t) to the implicit equation

w(t) = tφ(w(t)) .

Then

[tn]F (w(t)) = [tn]F (t)φ(t)n−1(φ(t)− tφ′(t)) .

In the subsequent calculations, the relation ≈ shall refer to equality up to terms in O2,n−2
q (qx).

Set ρ = qq = |q|2. Square brackets after a differential operator denote operator application. We
use the Lagrange inversion formula to calculate δHNLS

2m+1
δq , using the right-hand side of (NLS2m+1),

to be

δHNLS
2m+1
δq

≈
m∑︂
j=0

[tj ]ρj(1 + 4t)
2m+1

2 (−∂2
x)m−j [i∂xq] ≈ [tm] (1 + 4ρt) 3

2

1 + t∂2
x

(1 + 4ρt)m−1[i∂xq]

≈ [tm]
(1 + 4ρ t

1−4ρt )
3
2

1 + t
1−4ρt∂

2
x

[i∂xq] ≈ [tm] 1
(1− 4ρt) 1

2 (1− 4ρt+ t∂2
x)

[i∂xq] ,

and similarly δHNLS
2m , which is the right-hand side of (NLS2m), to be

δHNLS
2m
δq

≈ [tm](1− 4t)− 1
2 ρmq +

m−2∑︂
j=0

[tj ]ρj2q2(1 + 4t)
2m−1

2 (−∂2
x)m−2−j [−∂2

xq]

+
m−1∑︂
j=0

[tj ]ρj(1 + 2t)(1 + 4t)
2m−1

2 (−∂2
x)m−1−j [−∂2

xq]

≈ [tm](1− 4ρt)− 1
2 q + [tm] 2q

2t2(1 + 4ρt) 1
2

1 + t∂2
x

(1 + 4ρt)m−1[−∂2
xq]

+ [tm] t(1 + 2ρt)(1 + 4ρt) 1
2

1 + t∂2
x

(1 + 4ρt)m−1[−∂2
xq]

≈ [tm](1− 4ρt)− 1
2 q + [tm]

2q2 t2

(1−4ρt)2 (1 + 4ρ t
1−4ρt )

1
2

1 + t
1−4ρt∂

2
x

[−∂2
xq]
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+ [tm]
t

1−4ρt (1 + 2ρ t
1−4ρt )(1 + 4ρ t

1−4ρt )
1
2

1 + t
1−4ρt∂

2
x

[−∂2
xq]

≈ [tm](1− 4ρt)− 1
2 q + [tm] 1

(1− 4ρt) 3
2 (1− 4ρt+ t∂2

x)
[−2t2∂2

x(ρq) + (6t2ρ− t)∂2
xq] .

Here we have used

2t2q2∂2
xq + t(1− 2ρt)∂2

xq ≈ t∂2
xq + 2t2(q2∂2

xq − ρ∂2
xq) ≈ t∂2

xq + 2t2(∂2
x(ρq)− 3ρ∂2

xq) .

We have from (3.2.50) the asymptotic expansion

−2iλδ log a(λ)
δq

=
∞∑︂
n=0

(2λ)−n δHNLS
n

δq
∼

∞∑︂
m=0

(4λ2)−m
(︃
δHNLS

2m
δq

+ (2λ)−1 δHNLS
2m+1
δq

)︃
for Imλ > c(q). Substituting the above formulas replaces each t with (4λ2)−1. After further
simplification (up to ≈), we obtain the claimed formula (3.1.20).

3.4. Well-posedness results
3.4.1. Local well-posedness for a large class of dispersive

nonlinear systems
As mentioned in the introduction, the well-posedness theory presented here builds on works by
C. E. Kenig, G. Ponce, and L. Vega from the 1990s (see [106, 108, 109, 110, 111]), specifically
[107].

3.4.1.1. Notations and the general dispersive system
Let n, J,K ∈ N with n ≥ 2 and define ω = n−1

2 ∈ 1
2 N. For u = u(t, x) : R2 → CJ , we consider

the system

∂tu = iΦ(Dx)u +N (u) . (3.4.1)

Here the nonlinear part consists of terms with a total number of derivatives not exceeding n− 2.
More precisely

(N (u))j = gj +
K∑︂
k=1

∑︂
b∈{1,...,J}k

∑︂
l∈Nk,|l|≤n−2

J k,lj,b fk,lj,bN
k,l
b (u) (3.4.2)

N k,l
b (u) =

k∏︂
h=1

∂lhx K
k,l
j,b,hubh

for 1 ≤ j ≤ J , with gj , f
k,l
j,b : R → C being space-dependent coefficients, and J k,lj,b ,K

k,l
j,b,h being

bounded linear operators on L2
x that behave similarly to the identity. The precise mapping

properties we need are given in (3.4.23)–(3.4.25) below.
Note that the theory described in this section also applies for nonlinear parts which are finite
sums of expressions of the form (3.4.2).
As for the linear dispersive part, we assume first of all local Lipschitz continuity of the continuous
symbol Φ(ξ) : R→ RJ×J and the following growth of Φ′(ξ) at infinity:

|Φ′(ξ)| ≤ C|ξ|⟨ξ⟩n−2 . (3.4.3)

Furthermore, we assume that Φ′ is almost symmetric in the sense that

there exists S = S(ξ) ∈ L∞(R;RJ×J) with ⟨Sv, v⟩RJ ≥ c > 0 and SΦ− ΦTS ∈ L∞(R;RJ×J) .
(3.4.4)
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Since we want to apply linear estimates for scalar symbols, as opposed to the matrix dispersion
symbol Φ(ξ), we assume as given measurable functions φj , ρ1

j,p,q, ρ
2
j,p,q : R → R for j, p, q ∈

{1, . . . , J} such that

(︂
eitΦ(ξ)

)︂
p,q

=
J∑︂
j=1

(︁
ρ1
j,p,q(ξ) + sign(ξ)ρ2

j,p,q(ξ)
)︁
eitφj(ξ) (3.4.5)

for almost all ξ ∈ R. One should think of φj(ξ) as the eigenvalues of Φ(ξ) and understand this
decomposition as a convenient alternative to implementing a change of variables that diagonalizes
Φ(ξ) (as is done, for example, in [89]). Informally, we want to force ρ1

j,p,q and ρ2
j,p,q to have for

large ξ the same parity as φ′
j(ξ). This is made possible by the presence of sign(ξ). Note that

1
i sign(Dx) = H is the Hilbert transform, which is a benign operator in our situation.
Of course, we require a number of assumptions to be fulfilled by (φj , ρ1

j,p,q, ρ
2
j,p,q)1≤j,p,q≤J . Notably,

we do not necessarily require the boundedness of ρdj,p,q near the origin. In order to remove such
possible singularities (see the example in Lemma 3.4.1 below), we fix some µ ∈ 1

2 N with µ ≤ 5ω
so that µ ∈ N or ω ∈ N or µ ≥ ω. In addition, we require µ ̸∈ N if ω = 1

2 . Define for
j, p, q ∈ {1, . . . , J} and d ∈ {1, 2} the auxiliary symbols

˜︁adj,p,q(ξ) = |ξ|ω

|φ′
j(ξ)|

1
2
·
(︂ |ξ|µ
⟨ξ⟩µ

ρdj,p,q(ξ)
)︂

(3.4.6)

adj,p,q(ξ) = |ξ|2ω

φ′
j(ξ)

·
(︂ |ξ|µ
⟨ξ⟩µ

ρdj,p,q(ξ)
)︂
. (3.4.7)

We now formulate eitΦ(ξ) (recalling (3.4.5)) in terms of the symbols ˜︁a and a as

(︂
eitΦ(ξ)

)︂
p,q

=
J∑︂
j=1

1
|ξ|ω+µ (˜︁a1

j,p,q(ξ) + sign(ξ)˜︁a2
j,p,q(ξ))|φ′

j(ξ)|
1
2 eitφj(ξ)⟨ξ⟩µ (3.4.8)

=
J∑︂
j=1

1
|ξ|2ω+µ (a1

j,p,q(ξ) + sign(ξ)a2
j,p,q(ξ))φ′

j(ξ)eitφj(ξ)⟨ξ⟩µ , (3.4.9)

and assume the following conditions on the linear matrix symbol Φ(ξ) to be satisfied. For every
(φ,˜︁a, a) ∈ {(φj ,˜︁adj,p,q, adj,p,q) : j, q, p ∈ {1, . . . , J}, d ∈ {1, 2}} we have:
(P1) The symbol φ ∈ C3(R;R) has at most a single critical point at ξ0 = 0, and in that case

there exist α ∈ (0, 1), r > 0 and functions h− ∈ C1([ξ0 − r, ξ0];R), h+ ∈ C1([ξ0, ξ0 + r];R)
such that h±(ξ0) ̸= 0 and

φ(ξ) = φ(ξ0) + |ξ − ξ0|
1
αh±(ξ) ∀ ξ ∈ R s.t. ± (ξ − ξ0) ∈ (0, r) . (3.4.10)

(P2) There exist R,C, c > 0 such that for all k ∈ {0, 1, 2, 3} and ξ ∈ R with |ξ| > R we have

c|ξ|n−k ≤ |∂kξφ(ξ)| ≤ C|ξ|n−k .

(P3) We have a ∈ Lip(R;R), and there exist C, δ > 0 such that for all ξ, ζ ∈ R with |φ(ξ)| = |φ(ζ)|

|˜︁a(ξ)|+ |a(ξ)|+ ⟨ξ⟩|a′(ξ)|+ ⟨φ(ξ)⟩δ|a(ξ)− a(ζ)| ≤ C .

(P4) There exists M > 0 such that for any τ ∈ R we can decompose R into M intervals on whose
interiors the functions a(ξ)

φ(ξ)−τ and φ′ are monotone.
Note that the boundedness of a in (P3) forces us, recalling (3.4.7), to restrict to the case with
at most one single critical point of φ in (P1). Note that the linear estimates from Appendix
3.A cover a more general setting, where several critical points are admissible. The role of |ξ|µ

⟨ξ⟩µ

with appropriately chosen µ is to remove possible singularities of ρdj,p,q at the origin so that a is
bounded.
Before moving on with the local well-posedness theory, we verify that the linear part of our system
(3.1.21) satisfies the above assumptions.
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Lemma 3.4.1 (Dispersion of our perturbative flows with n ≥ 2). Recall our linear matrix symbol
Φ(ξ) for which

Case n ∈ 2N : the system (3.1.26) has symbol Φ(ξ) = −ξn−2
(︃
ξ2 + 2 2
−2 −ξ2 − 2

)︃
(3.4.11)

Case n ∈ 2N+1: the system (3.1.25) has the symbol Φ(ξ) = ξn ∈ R2×2 . (3.4.12)

For each case both (3.4.3) and the almost symmetry condition (3.4.4) are satisfied, and there exist
φj, ˜︁a1

j,p,q,˜︁a2
j,p,q, and a1

j,p,q, a
2
j,p,q such that (3.4.8) and (3.4.9) hold, and (P1)–(P4) are satisfied.

Proof. We first consider the easy case n ∈ 2N+1 where the matrix symbol is Φ(ξ) = ξ2ω+1 ∈ R2×2,
ω = n−1

2 ∈ N. This trivially satisfies (3.4.3), the almost symmetry condition (3.4.4), and (P1)–(P4)
with µ = 0, φj(ξ) = ξ2ω+1, ρ1

j,p,q = 1{j=p=q}, ρ2
j,p,q = 0, and

˜︁a1
j,p,q(ξ) = 1√

2ω + 1
1{p=q}, a1

j,p,q(ξ) = 1
2ω + 11{p=q}, ˜︁a2

j,p,q(ξ) = a2
j,p,q(ξ) = 0.

When verifying (P3), note that |φj(ξ)| = |φj(ζ)| implies |ξ| = |ζ| and hence adj,p,q(ξ)−adj,p,q(ζ) = 0.

In the case n ∈ 2N the symbol Φ(ξ) = −ξ2ω−1
(︃
ξ2 + 2 2
−2 −ξ2 − 2

)︃
: R→ R2×2 with ω = n−1

2 ∈

1
2 N satisfies (3.4.3) and the almost symmetry condition with S(ξ) =

(︃ 1 2
2+ξ2

2
2+ξ2 1

)︃
for |ξ| ≥ 1,

and some uniformly positive definite smooth extension to |ξ| < 1. We define for ξ ≠ 0 the modified
Japanese bracket ⟨ξ⟩∼ =

√︁
ξ2 + 4 and the matrices

D = ξ2ω⟨ξ⟩∼
(︃
−1 0
0 1

)︃
(3.4.13)

V(ξ) = 1
2

(︄
ξ

⟨ξ⟩∼
+ 1 ξ

⟨ξ⟩∼
− 1

ξ
⟨ξ⟩∼
− 1 ξ

⟨ξ⟩∼
+ 1

)︄
W(ξ) = 1

2

(︄
⟨ξ⟩∼
ξ + 1 ⟨ξ⟩∼

ξ − 1
⟨ξ⟩∼
ξ − 1 ⟨ξ⟩∼

ξ + 1

)︄
(3.4.14)

so that we can diagonalize Φ = VDW with W = V−1. We set φj(ξ) = ξ2ω⟨ξ⟩∼(−1)j , and for
ξ ̸= 0 write

(︂
eitΦ(ξ)

)︂
p,q

=
2∑︂
j=1
Vp,j(ξ)Wj,q(ξ)eitφj(ξ).

Then (3.4.5) holds for the following choice of two even functions

ρ1
j,p,q(ξ) = (Vp,jWj,q)(ξ) + (Vp,jWj,q)(−ξ)

2 ρ2
j,p,q(ξ) = sign(ξ) (Vp,jWj,q)(ξ)− (Vp,jWj,q)(−ξ)

2 .

We now define ˜︁adj,p,q and adj,p,q as in (3.4.6)–(3.4.7) with µ = 1 if ω ≥ 1, and µ = 3
2 if ω = 1

2 . Note
that (P1), (P2), and (P4) hold trivially. Regarding (P3), observe that, up to a change of sign,
the product (Vp,jWj,q)(±ξ) is of the form

(︁
ξ

⟨ξ⟩∼
± 1
)︁(︁ ⟨ξ⟩∼

ξ ± 1
)︁
, and furthermore (Vp,jWj,q)(ξ) +

(Vp,jWj,q)(−ξ) is constant in ξ, hence ρ1
j,p,q ∈ R and sign(ξ)ρ2

j,p,q ∈ spanR

{︂
ξ

⟨ξ⟩∼
, ⟨ξ⟩∼

ξ

}︂
. We

compute

(−1)jφ′
j(ξ) = ξ2ω−1(8ω + (2ω + 1)ξ2)

⟨ξ⟩∼
≥ 0,

such that (3.4.6)–(3.4.7) with µ = 1 read as

˜︁a1
j,p,q(ξ) =

√︁
|ξ|⟨ξ⟩∼√︁

8ω + (2ω + 1)ξ2
· |ξ|
⟨ξ⟩

(︂
some real constant

)︂
˜︁a2
j,p,q(ξ) =

√︁
|ξ|⟨ξ⟩∼√︁

8ω + (2ω + 1)ξ2
· ξ
⟨ξ⟩

(︂
linear combinations of ξ

⟨ξ⟩∼
and ⟨ξ⟩∼

ξ

)︂
,
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and similarly for adj,p,q with the first factor
√

|ξ|⟨ξ⟩∼√
8ω+(2ω+1)ξ2

replaced by (−1)j |ξ|⟨ξ⟩∼
8ω+(2ω+1)ξ2 . Thus˜︁adj,p,q, adj,p,q are all bounded and (adj,p,q)′ decays as ⟨ξ⟩−1 at infinity. The case ω = 1

2 and µ = 3
2 is

analogous. To show the “cancellation” property of |a(ξ)− a(ζ)| for |φ(ξ)| = |φ(ζ)|, we notice the
monotonicity of φj(ξ) and the evenness of adj,p,q (recalling (3.4.6)–(3.4.7)). This completes the
verification of the assumption (P3).

Remark 3.4.2. The introduction of the regularization factor |ξ|µ

⟨ξ⟩µ with µ = 1 (resp.µ = 3
2 ) implies

the boundedness of the symbol ˜︁a2
j,p,q around the origin above. For the symbol a2

j,p,q it would suffice
to set µ = 0, but we use non-zero values of µ in both cases for the sake of simplicity.

Remark 3.4.3. Thanks to Proposition 3.1.1 and Remark 3.1.3, the well-posedness problems for
the GP and ˜︂GP hierarchies are equivalent. In particular it suffices to consider the well-posedness
of the system (3.1.26) with the linear part (3.1.25) in the odd case n ∈ 2N+1 and the linear part
(3.1.22) in the even case n ∈ 2N.

3.4.1.2. Preliminary estimates
Recall that n ≥ 2, ω = n−1

2 ≥ 1
2 and µ ∈ 1

2 N with µ ≤ 5ω so that µ ∈ N or ω ∈ N or µ ≥ ω, and
in addition µ ̸∈ N if ω = 1

2 . We derive the following preliminary estimates from Theorem 3.A.1
and Theorem 3.A.7 in this subsection.
Lemma 3.4.4. If (P1)–(P4) are fulfilled, then the following linear estimates are available.

(i) Local smoothing estimate (compare to [108, Theorem 4.1], [105, Theorem 2.1, Corollary
2.2], [110, Theorem 3.5]). It holds that

• Smoothing the initial data:⃦⃦⃦
|Dx|ω+µeitΦ(Dx)u0

⃦⃦⃦
L∞

x L2
t∈[−T,T ]

≲ ∥⟨Dx⟩µu0∥L2
x

(3.4.15)

• For h ∈ N with 0 ≤ h ≤ ω + µ,⃦⃦⃦⃦ˆ t

0
Dh
xe
i(t−t′)Φ(Dx)u(t′, x) dt′

⃦⃦⃦⃦
L∞

t∈[−T,T ]L
2
x

≲ Tαh∥⟨Dx⟩θhµu∥Lph
x L2

t∈[−T,T ]
(3.4.16)

where θh = h
ω+µ ∈ [0, 1], αh = 1−θh

2 ∈ [0, 1
2 ], and 1

ph
= θh

1 + 1−θh

2 = 1+θh

2 ∈ [ 1
2 , 1].

• For h ∈ N with ω + µ ≤ h ≤ 2ω + µ,⃦⃦⃦⃦ˆ t

0
Dh
xe
i(t−t′)Φ(Dx)u(t′, x) dt′

⃦⃦⃦⃦
L∞

x L2
t∈[−T,T ]

≲ Tαh∥⟨Dx⟩µu∥Lph
x L2

t∈[−T,T ]
(3.4.17)

where θh = h−ω−µ
ω ∈ [0, 1], αh = 1−θh

2 ∈ [0, 1
2 ], and 1

ph
= 1+θh

2 ∈ [ 1
2 , 1].

(ii) Maximal function estimate (compare to [108, Theorem 2.5], [105, Theorem 2.3], [111,
Corollary 2.9]). Set r = 1

2 ∨
ω
2 = 1

21{ω= 1
2 } + ω

2 1{ω≥1}. We have⃦⃦⃦
eitΦ(Dx)u0

⃦⃦⃦
L2

xL
∞
t∈[−T,T ]

≲T ∥u0∥Hr
x
. (3.4.18)

Proof.

(i) We want to apply Theorem 3.A.1. This requires ˜︁a ∈ L∞, which we assumed in (P3), and a
and φ to fulfill (H1)–(H5). Observe that:

• (P1) =⇒ (H1) by definition.
• (P1) =⇒ (H2). Without loss of generality, it suffices to show this for ψj in the case
ξj = 0, ηj = 0, σj = 1. Let α, r and h± be given by the definition of positive steepness
at ξj = 0. It suffices to consider η ∈ (0, φ(r)). We write (3.4.10) as

η = h+(ψj(η))|ψj(η)| 1
α
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and note that its derivative reads

1 =
(︂
h′

+(ψj(η))|ψj(η)| 1
α + h+(ψj(η)) 1

α
|ψj(η)| 1

α −1 sign(ψj(η))
)︂
ψ′
j(η) .

This implies

|η|α

|ψj(η)| = |h+(ψj(η))|α

|η|α−1

|ψ′
j(η)| =

(︂ |η|α
|ψj(η)|

)︂α−1
α

⃓⃓⃓⃓
h′

+(ψj(η))ψj(η) + h+(ψj(η)) 1
α

⃓⃓⃓⃓
.

Since h+ ◦ ψj is non-zero and continuous to the right of η = 0 and ψj(0) = 0, the
right-hand sides above are bounded from above and below. Thus (3.A.1) and then
also (3.A.2) follow.

• (P2) =⇒ (H3). We apply the estimates from (P2) to ξ = ψj(η), where j ∈ {0, N},
which yields (H3) with β = 1

n .
• (P3) and (P4) =⇒ (H4) and (H5).

We obtain (3.4.15) by decomposing the exponential with (3.4.8) as

(︂
eitΦ(ξ)

)︂
p,q

u0 = 1
|ξ|ω+µ

J∑︂
j=1

(︂
(˜︁a1
j,p,q(ξ) + sign(ξ)˜︁a2

j,p,q(ξ))|φ′
j(ξ)|

1
2

)︂
eitφj(ξ)(︁⟨ξ⟩µu0

)︁
,

and applying (3.A.6) with φ = φj to ⟨Dx⟩µu0 and H⟨Dx⟩µu0. Here H = 1
i sign(Dx) is the

Hilbert transform, which is bounded on L2.
By [40] the vector-valued Hilbert transform is also bounded on Lph

x L
2
[−T,T ]. As a result, it

suffices to prove (3.4.16) and (3.4.17) with Dh
x replaced by |Dx|h = Dh

x(iH)h. To derive
(3.4.16) we use interpolation40. The estimate⃦⃦⃦⃦ˆ t

0
ei(t−t

′)Φ(Dx)u(t′, x) dt′
⃦⃦⃦⃦
L∞

t∈[−T,T ]L
2
x

≲ T
1
2 ∥u∥L2

xL
2
t∈[−T,T ]

,

which corresponds to the case h = 0, θh = 0, follows from Hölder’s inequality in t′. The
estimate for the case h = ω + µ, θh = 1 is the dual of (3.4.15):⃦⃦⃦⃦ˆ t

0
|Dx|ω+µei(t−t

′)Φ(Dx)u(t′, x) dt′
⃦⃦⃦⃦
L∞

t∈[−T,T ]L
2
x

≲ ∥⟨Dx⟩µu∥L1
xL

2
t∈[−T,T ]

.

Thus (3.4.16) follows from interpolation.
We prove (3.4.17) by interpolation as well. Here the case h = ω+µ follows from Minkowski’s
inequality and (3.4.15):⃦⃦⃦⃦ˆ t

0
|Dx|ω+µei(t−t

′)Φ(Dx)u(t′, x) dt′
⃦⃦⃦⃦
L∞

x L2
t∈[−T,T ]

≲ T
1
2 ∥⟨Dx⟩µu∥L2

xL
2
t∈[−T,T ]

.

Recall the decomposition (3.4.9):

(︂
ei(t−t

′)Φ(ξ)
)︂
p,q

u(t′, x) = 1
|ξ|2ω+µ

J∑︂
j=1

(︂
(a1
j,p,q(ξ) + sign(ξ)a2

j,p,q(ξ))φ′
j(ξ)

)︂
ei(t−t

′)φj(ξ)(︁⟨ξ⟩µu(t′, x)
)︁
.

We apply (3.A.8) to obtain the estimate for the case h = 2ω + µ:⃦⃦⃦⃦ˆ t

0
|Dx|2ω+µei(t−t

′)Φ(Dx)u(t′, x) dt′
⃦⃦⃦⃦
L∞

x L2
t∈[−T,T ]

≲ ∥⟨Dx⟩µu∥L1
xL

2
t∈[−T,T ]

.

40The necessary interpolation inequality follows from the argument in [166], using a version of the “three-lines
lemma”.
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(ii) Let χ ∈ C∞
c (R;R). We estimate the low frequency part χ(Dx)u0 by applying Theorem

3.A.7 with a = 0 and b(t,Dx) = eitΦ(Dx)χ(Dx). For the high frequency part (1− χ(Dx))u0
we use (3.4.5) to reduce to the scalar case with φ = φj , and apply Theorem 3.A.7 with
a(Dx) = ρ1

j,p,q(Dx) + iHρ2
j,p,q(Dx) and b = 0. Note that (P1)–(P3) imply that for large

frequencies ρ1
j,p,q and ρ2

j,p,q are essentially bounded. The requirements (J1)–(J6) for φ are
all direct consequences of (P2).

3.4.1.3. Local well-posedness for the general dispersive system
For the rest of the section, we always consider h ∈ N so that ∂hx is not a fractional derivative.
We take the initial data u0 in the (weighted) Sobolev spaces Hs ∩Hs′,1 with s, s′ ∈ N defined in
(3.1.12). Let T > 0 be a positive time and consider the (pseudo-)norms

∥u∥Y1,T
= max

0≤h≤s
∥∂hxu∥L∞

t∈[−T,T ]L
2
x

∥u∥Y2,T
= max
s≤h≤s+⌊ω⌋

∥∂hxu∥L∞
x L2

t∈[−T,T ]

∥u∥Y3,T
= max

0≤h≤s−⌈ω⌉−⌈r⌉
∥∂hxu∥L2

xL
∞
t∈[−T,T ]

∥u∥Y4,T
= max

0≤h≤s′−⌈ω+r⌉
∥x∂hxu∥L2

xL
∞
t∈[−T,T ]

∥u∥Y5,T
= max

0≤h≤s′−⌈ω⌉
∥x∂hxu∥L∞

t∈[−T,T ]L
2
x

∥u∥YT
=

5∑︂
j=1
∥u∥Yj,T

.

Here ω = n−1
2 ≥ 1

2 and r = 1
2 ∨

ω
2 are the same as in the previous section 3.4.1.2. Our fixed-point

argument later is applied in the Banach space

(YT , ∥ · ∥YT
) =

(︂{︂
u ∈ Ct∈[−T,T ](Hs ∩Hs′,1)x : ∥u∥YT

<∞
}︂
, ∥ · ∥YT

)︂
for a sufficiently small time T > 0.
Definition 3.4.5 (Mild solution). For a given u0 ∈ Hs ∩Hs′,1 and a time T > 0 we say that
u ∈ YT is a mild solution with initial data u0 to (3.4.1) if

Λu0(u) = u where Λu0(u)(t) = eitΦ(Dx)u0 +
ˆ t

0
ei(t−t

′)Φ(Dx)N (u(t′)) dt′ . (3.4.19)

Theorem 3.4.6 (Local well-posedness). Let s, s′ ∈ N satisfy s ≥ 7ω and s+3ω
2 ≤ s′ ≤ s − 2ω.

Consider the general dispersive equation (3.4.1)–(3.4.2), where the linear part satisfies (3.4.3),
(3.4.8)–(3.4.9) and (P1)-(P4) (see Subsection 3.4.1.1), and the coefficients in the nonlinear part
satisfy

gj ∈ Hs+1−⌈ω⌉,1 (3.4.20)
fk,lj,b ∈W

s+1−⌈ω⌉,∞ (3.4.21)

f1,l
j,b ∈ H

s+1−⌈ω⌉,1 or K1,l
j,b,1 ∈

⋂︂
T>0

L(Hs′−⌈ω+r⌉,1
x L∞

t∈[−T,T ];H |l|,1
x L∞

t∈[−T,T ]) . (3.4.22)

Assume in addition that

J k,lj,b ,K
k,l
j,b,h ∈

⋂︂
0≤h≤s

L(Hh) ∩
⋂︂

0≤h≤s′

L(Hh,1) (3.4.23)

J k,lj,b ∈
⋂︂
T>0

⋂︂
0≤h≤s+⌊ω⌋

⋂︂
p∈(1,2]

L(Wh,p
x L2

t∈[−T,T ]) . (3.4.24)

Kk,lj,b,h ∈
⋂︂
T>0

L(YT ) . (3.4.25)

All the constants below depend on s, s′ and the norms of the above quantities, which we suppress
from the notation.
For any u0 ∈ Hs ∩Hs′,1 there exists a time T = T (∥u0∥Hs∩Hs′,1) > 0, such that
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• Existence. The system (3.4.1) has a mild solution u(t, x) ∈ YT with

∥u∥YT
≤ C(∥u0∥Hs∩Hs′,1)∥u0∥Hs∩Hs′,1 . (3.4.26)

• Uniqueness. This mild solution is unique in the sense that it agrees with any other mild
solution in YT .

• Lipschitz continuity. The data-to-solution map is locally Lipschitz continuous in the sense
that for two initial data u0, ˜︁u0 ∈ Hs ∩Hs′,1, with times of existence T and ˜︁T respectively,
we have

∥u− ˜︁u∥Y
min{T,˜︁T }

≤ C(∥u0∥Hs∩Hs′,1 , ∥˜︁u0∥Hs∩Hs′,1)∥u0 − ˜︁u0∥Hs∩Hs′,1 .

• Smooth flow. For any k ∈ N, there exist a neighborhood U0 ⊆ Hs ∩Hs′,1 of u0 and a small
time T0 > 0, for which the data-to-solution flow map

U0 −→ YT0

u0 ↦−→ u

is a Ck mapping between Banach spaces41.
• Blow-up criterion. This mild solution either exists globally in time or blows up at a finite

maximal existence time T ∗ > 0 in the sense that

sup
t∈(−T∗,T∗)

∥u(t)∥Hs∩Hs′,1 =∞ . (3.4.27)

Recall the linear estimates related to the matrix symbol Φ(ξ) in Lemma 3.4.4 and the uniform
form in the nonlinearities (N (u))j given in (3.4.2) for all j = 1, · · · , J .

In order to simplify the proof below and the rest of the section, we assume J k,lj,b = Kk,lj,b,h = 1 to be
the identity operators. The exceptional case is that (3.4.22) may require Kk,lj,b,h to have smoothing
properties, which we remark on when necessary. We nevertheless do not show this operator in our
notation.
We also assume J = 1, and hence drop the (multi-)indices j and b from the notation, which
makes no difference for the majority of the arguments below. Specifically, uj , N k,l

b (u), gj and
fk,lj,b defined in Subsection 3.4.1.1 are replaced by u, N k,l(u), g and fk,l. At certain points where
the fact that Φ is a matrix matters, we switch to the general setting J ≥ 1.
Let us summarize these simplifications by writing

N (u) = g +
K∑︂
k=1

∑︂
l∈Nk,|l|≤n−2

fk,lN k,l(u) N k,l(u) =
k∏︂
d=1

∂ldx u l = (l1, · · · , lk) ∈ Nk .

Proof. Step 1. A priori estimates. We decompose

Λu0(u) = eitΦ(Dx)u0 +
ˆ t

0
ei(t−t

′)Φ(Dx)N (u(t′)) dt′ = I + II

where N (u) is given in (3.4.2).

Estimate for I. We fix some T > 0 to be chosen later and start with the estimates for I:

∥eitΦ(Dx)u0∥Y1,T
= max

0≤h≤s
∥∂hxeitΦ(Dx)u0∥L∞

t∈[−T,T ]L
2
x
≤ max

0≤h≤s
∥∂hxu0∥L2

x
≲ ∥u0∥Hs

x

∥eitΦ(Dx)u0∥Y2,T
= max
s≤h≤s+⌊ω⌋

∥∂hxeitΦ(Dx)u0∥L∞
x L2

t∈[−T,T ]

(3.4.15)
≲ max

0≤h≤s
∥|∂x|hu0∥L2

x
≲ ∥u0∥Hs

x

∥eitΦ(Dx)u0∥Y3,T
= max

0≤h≤s−⌈ω⌉−⌈r⌉
∥∂hxeitΦ(Dx)u0∥L2

xL
∞
t∈[−T,T ]

(3.4.18)
≲T max

0≤h≤s−⌈ω⌉−⌈r⌉
∥|∂x|hu0∥Hr

x
≲ ∥u0∥Hs

x
.

41In the sense of Fréchet differentiability.
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For Y4,T we note that

xeitΦ(Dx)u = F−1
[︂
i∂ξ
(︁
eitΦ(ξ)ˆ︂u0

)︁]︂
= F−1

[︃
eitΦ(ξ)i∂ξ −

ˆ t

0
ei(t−τ)Φ(ξ)Φ′(ξ)eiτΦ(ξ) dτˆ︂u0

]︃
= eitΦ(Dx)xu−

ˆ t

0
ei(t−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx)u0 dτ , (3.4.28)

and hence

∥eitΦ(Dx)u0∥Y4,T
= max

0≤h≤s′−⌈ω+r⌉
∥x∂hxeitΦ(Dx)u0∥L2

xL
∞
t∈[−T,T ]

≲T max
0≤h≤s′−⌈ω+r⌉

∥∂hxeitΦ(Dx)(xu0)∥L2
xL

∞
t∈[−T,T ]

+
ˆ T

0
∥∂hxei(t−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx)u0∥L2

xL
∞
t∈[−T,T ]

dτ + ∥eitΦ(Dx)u0∥Y3,T
,

where for the last term we applied the derivative ∂x to x and used s′−⌈ω + r⌉− 1 ≤ s−⌈ω⌉−⌈r⌉.
We estimate

max
0≤h≤s′−⌈ω+r⌉

∥∂hxeitΦ(Dx)(xu0)∥L2
xL

∞
t∈[−T,T ]

(3.4.18)
≲T ∥xu0∥Hs′

x

max
0≤h≤s′−⌈ω+r⌉

ˆ T

0
∥∂hxei(t−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx)u0∥L2

xL
∞
t∈[−T,T ]

dτ
(3.4.18)
≲T

ˆ T

0
∥∂hxΦ′(Dx)eiτΦ(Dx)u0∥Hr

x
dτ

(3.4.3)
≲T ∥u0∥Hr+s′−⌈ω+r⌉+n−1

x
≲ ∥u0∥Hs .

For Y5,T we use the same strategy and obtain

max
0≤h≤s′−⌈ω⌉

∥∂hxeitΦ(Dx)(xu0)∥L∞
t∈[−T,T ]L

2
x
≤ ∥xu0∥Hs′

max
0≤h≤s′−⌈ω⌉

ˆ T

0
∥∂hxei(t−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx)u0∥L∞

t∈[−T,T ]L
2
x

dτ
(3.4.3)
≲T ∥u0∥Hs′+n−1 ≲ ∥u0∥Hs .

In summary,

∥eitΦ(Dx)u0∥YT
≲T ∥u0∥Hs + ∥u0∥Hs′,1 .

Estimate for II. Here we always assume that l is a multiindex with l1 ≥ · · · ≥ lk in the product
N k,l(u). In the proof below, we write everything as if k ≥ 2. The term involving ∂l2x u is the only
one which we control with the L2

x-norm, i. e. the only one that requires integrability.

We estimate first the terms involving coefficients fk,l with k ≥ 2. At the end, we explain how the
terms involving f1,l and g can be dealt with analogously.

Let us first state for all h ≤ s− 1 the following inequalities, due to Hölder’s inequality in t and
Sobolev embedding in x:

∥∂hxu∥L2
t∈[−T,T ]L

2
x
≤ T 1

2 ∥∂hxu∥L∞
t∈[−T,T ]L

2
x
≤ T 1

2 ∥u∥Y1,T
(3.4.29)

∥∂hxu∥L∞
t∈[−T,T ]L

∞
x

≲ ∥∂hxu∥L∞
t∈[−T,T ]L

2
x

+ ∥∂h+1
x u∥L∞

t∈[−T,T ]L
2
x
≲ ∥u∥Y1,T

. (3.4.30)

In the following we estimate II in the norms Y1,T , · · · , Y5,T . We show the Y1,T -case in detail, and
compute the total number of derivatives for other cases, so that the argument for Y1,T -case works
the same way.

(1) Estimates for Y1,T .
For any h ∈ [0, s], we apply (3.4.16) with the choice “h(3.4.16)” = ⌈ω + µ− 1⌉∧h ∈ [0, ω+µ)
to estimate ⃦⃦⃦⃦ˆ t

0
ei(t−t

′)Φ(Dx)∂hx

(︂
fk,lN k,l(u)

)︂
dt′
⃦⃦⃦⃦
L∞

t∈[−T,T ]L
2
x
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(3.4.16)
≲ Tα

⃦⃦⃦
∂h−(⌈ω+µ−1⌉∧h)
x ⟨Dx⟩θµ

(︂
fk,lN k,l(u)

)︂⃦⃦⃦
Lp

xL
2
t∈[−T,T ]

.

Here θ = ⌈ω+µ−1⌉∧h
ω+µ ∈ [0, 1), and α = 1−θ

2 ∈ (0, 1
2 ] and p = 2

1+θ ∈ (1, 2] depend on
⌈ω + µ− 1⌉ ∧ h, which we suppress from our notation. We have chosen “h(3.4.16)” =
⌈ω + µ− 1⌉ ∧ h < ω + µ to make sure that α > 0, which is the source of smallness when T
is chosen sufficiently small later.
Using Lemma 3.A.10 we can replace ⟨Dx⟩θµ with integer derivatives up to order ⌈θµ⌉, and
subsequently compute an upper bound for the total number of derivatives on the right-hand
side above (recalling |l| ≤ 2ω − 1 in (3.4.2)) to be

sup
0≤h≤s

h− (⌈ω + µ− 1⌉ ∧ h) +
⌈︃
⌈ω + µ− 1⌉ ∧ h

ω + µ
µ

⌉︃
+ |l|

≤ s− (⌈ω + µ− 1⌉ ∧ s) +
⌈︃
⌈ω + µ− 1⌉ ∧ s

ω + µ
µ

⌉︃
+ 2ω − 1 ≤ s+ ⌊ω⌋ ,

where we have used for the last inequality that µ ≤ 5ω and hence ⌈ω + µ− 1⌉ ≤ ⌈7ω⌉ ≤
⌈s⌉ = s, and furthermore our assumption ω, µ ∈ 1

2 N with µ ∈ N or ω ∈ N or µ ≥ ω. The
right-hand side above is then bounded by

Tα
∑︂

h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
|l|≤s+ω

⃦⃦⃦
(∂hx fk,l

′
)(N k,l(u))

⃦⃦⃦
Lp

xL
2
t∈[−T,T ]

.

We separate R into two integration domains x ∈ [−1, 1] and x ∈ (−∞,−1)∪(1,∞). Noticing
that 1

x ∈ L
2p

2−p ((−∞,−1)∪(1,∞)), we use Hölder’s inequality in these two different domains
to bound the above by

Tα
∑︂

h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
|l|≤s+ω

⃦⃦⃦
(∂hx fk,l

′
)(N k,l(u))

⃦⃦⃦
L2

xL
2
t∈[−T,T ]

+ Tα
∑︂

h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
|l|≤s+ω

⃦⃦⃦
x(∂hx fk,l

′
)(N k,l(u))

⃦⃦⃦
L2

xL
2
t∈[−T,T ]

= II1 + II2 .

We first focus on II1. If l1 ≤ s− 1 then (3.4.29) and (3.4.30) imply∑︂
h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
|l|≤s+ω,lk≤···≤l1≤s−1

⃦⃦⃦
(∂hx fk,l

′
)(N k,l(u))

⃦⃦⃦
L2

xL
2
t∈[−T,T ]

≲T ∥u∥kY1,T
.

If l1 ≥ s then l2 ≤ ω ≤ s− ⌈ω⌉ − ⌈r⌉, and hence∑︂
h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
|l|≤s+ω, s≤l1≤s+ω, lk≤···≤l2≤s−ω−r

⃦⃦⃦
(∂hx fk,l

′
)(N k,l(u))

⃦⃦⃦
L2

xL
2
t∈[−T,T ]

≤
∑︂

h≤s+1−⌈ω⌉

∑︂
|l′|≤2ω−1

∑︂
s≤l1≤s+ω, lk≤···≤l2≤s−ω−r

⃦⃦
∂l1x u

⃦⃦
L∞

x L2
t∈[−T,T ]

⃦⃦⃦
(∂hx fk,l

′
)(∂l2x u)

⃦⃦⃦
L2

xL
∞
t∈[−T,T ]

×
k∏︂
j=3
∥∂ljx u∥L∞

x L∞
t∈[−T,T ]

≲T ∥u∥Y2,T
∥u∥Y3,T

∥u∥k−2
Y1,T

.

For II2, we group the weight x with ∂l2x u and replace the usage of Y1,T and Y3,T above by
Y5,T and Y4,T . This is possible thanks to a simple comparison:

l2 ≤
⌊︃
s+ ω

2

⌋︃
≤ s′ − ⌈ω⌉, and if l1 ≥ s, then l2 ≤ ⌊ω⌋ ≤ s′ − ⌈ω⌉ − ⌈r⌉.

(2) Estimates for Y2,T .
For s ≤ h ≤ s + ⌊ω⌋, we apply (3.4.17) with the choice “h(3.4.17)” = ⌈2ω + µ− 1⌉ ∈
[ω + µ, 2ω + µ), which requires our assumption µ ̸∈ N if ω = 1

2 . This yields⃦⃦⃦⃦ˆ t

0
ei(t−t

′)Φ(Dx)∂hx (fk,lN k,l(u)) dt′
⃦⃦⃦⃦
L∞

x L2
t∈[−T,T ]
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(3.4.17)
≲ Tα

⃦⃦⃦
∂h−⌈2ω+µ−1⌉
x ⟨Dx⟩µ(fk,lN k,l(u))

⃦⃦⃦
Lp

xL
2
t∈[−T,T ]

.

Here θ = ⌈2ω+µ−1⌉−ω−µ
ω ∈ [0, 1), α = 1−θ

2 > 0 and p = 2
1+θ ∈ (1, 2]. Note that

⌈2ω + µ− 1⌉ ≤ 7ω ≤ s ≤ h, which ensures that the above is well-defined.
We shall distribute the derivatives and proceed as in (1). This is possible because the total
number of derivatives we obtain is bounded by

s+ ⌊ω⌋ − ⌈2ω + µ− 1⌉+ ⌈µ⌉+ 2ω − 1 = s+ ⌊ω⌋ ,

and the total number of derivatives falling on fk,l is bounded by s + ⌊ω⌋ − 2ω + 1 ≤
⌊s+ 1− ω⌋ = s+ 1− ⌈ω⌉.

(3) Estimates for Y3,T .
For h ≤ s− ⌈ω⌉ − ⌈r⌉, we estimate with (3.4.18):⃦⃦⃦⃦ˆ t

0
ei(t−t

′)Φ(Dx)∂hx (fk,lN k,l(u)) dt′
⃦⃦⃦⃦
L2

xL
∞
t∈[−T,T ]

≤
⃦⃦⃦
ei(t−t

′)Φ(Dx)∂hx (fk,lN k,l(u))(t′, x)
⃦⃦⃦
L1

t′∈[−T,T ]L
2
xL

∞
t∈[−T,T ]

(3.4.18)
≲T

⃦⃦⃦
∂hx (fk,lN k,l(u))

⃦⃦⃦
L1

t∈[−T,T ]H
r
x

≲ T
1
2

⃦⃦⃦
∂hx ⟨Dx⟩r(fk,lN k,l(u))

⃦⃦⃦
L2

t∈[−T,T ]L
2
x

.

We again use Lemma 3.A.10 to replace ⟨Dx⟩r with integer derivatives up to order ⌈r⌉, and
compute for the total number of derivatives the upper bound s−⌈ω⌉− ⌈r⌉+ ⌈r⌉+ 2ω− 1 ≤
s+⌊ω⌋, as well as for the derivatives falling on fk,l the bound s−⌈ω⌉−⌈r⌉+⌈r⌉ ≤ s+1−⌈ω⌉.
We then proceed as in (1).

(4) Estimates for Y4,T .
For h ≤ s′ − ⌈ω + r⌉, we estimate⃦⃦⃦⃦
x

ˆ t

0
ei(t−t

′)Φ(Dx)∂hx (fk,lN k,l(u)) dt′
⃦⃦⃦⃦
L2

xL
∞
t∈[−T,T ]

(3.4.28)=
⃦⃦⃦⃦
⃦
ˆ t

0

(︄
ei(t−t

′)Φ(Dx)x−
ˆ t−t′

0
ei(t−t

′−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx) dτ
)︄
∂hx (fk,lN k,l(u)) dt′

⃦⃦⃦⃦
⃦
L2

xL
∞
t∈[−T,T ]

≤
⃦⃦⃦
ei(t−t

′)Φ(Dx)x∂hx (fk,lN k,l(u))(t′, x)
⃦⃦⃦
L1

t′∈[−T,T ]L
2
xL

∞
t∈[−T,T ]

+
⃦⃦⃦
ei(t−t

′−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx)∂hx (fk,lN k,l(u)(t′, x))
⃦⃦⃦
L1

t′,τ∈[−T,T ]2
L2

xL
∞
t∈[−T,T ]

(3.4.3),(3.4.18)
≲T T

1
2

⃦⃦⃦
x∂hx (fk,lN k,l(u))

⃦⃦⃦
L2

t∈[−T,T ]H
r
x

+ T
3
2

⃦⃦⃦
∂hx (fk,lN k,l(u))

⃦⃦⃦
L2

t∈[−T,T ]H
r+n−1
x

.

It is easy to check that the total number of derivatives is bounded by s + ⌊ω⌋, and the
number of derivatives falling on fk,l is bounded by s+ 1− ⌈ω⌉. We proceed as in (1).

(5) Estimates for Y5,T .
For h ≤ s′ − ⌈ω⌉, we estimate⃦⃦⃦⃦
x

ˆ t

0
ei(t−t

′)Φ(Dx)∂hx (fk,lN k,l(u)) dt′
⃦⃦⃦⃦
L∞

t∈[−T,T ]L
2
x

(3.4.28)=
⃦⃦⃦⃦
⃦
ˆ t

0

(︄
ei(t−t

′)Φ(Dx)x−
ˆ t−t′

0
ei(t−t

′−τ)Φ(Dx)Φ′(Dx)eiτΦ(Dx) dτ
)︄
∂hx (fk,lN k,l(u)) dt′

⃦⃦⃦⃦
⃦
L∞

t∈[−T,T ]L
2
x
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(3.4.3)
≲ T

1
2

⃦⃦⃦
x∂hx (fk,lN k,l(u))

⃦⃦⃦
L2

t∈[−T,T ]L
2
x

+ T
3
2

⃦⃦⃦
∂hx (fk,lN k,l(u))

⃦⃦⃦
L2

t∈[−T,T ]H
n−1
x

.

We again distribute all derivatives and obtain a number of derivatives less than s+ ⌊ω⌋, and
number of derivatives falling on fk,l is bounded by s+ 1− ⌈ω⌉, so we can proceed as in (1).

For the case k = 1 the argument is identical, but each ∂
lj
x u with j > 1 must be replaced by 1.

The assumption (3.4.22) has two cases. If f1,l ∈ Hs+1−⌈ω⌉,1, then we group the weight x and the
coefficient ∂hx f1,l with ∂l2x u = 1, so that their product is in L2

x. If instead f1,l ∈W s+1−⌈ω⌉,∞, then
we group also ∂l1x into the L∞

x L
2
t∈[−T,T ]-norm and use the smoothing of the operator K1,l on the

space Hs′−⌈ω+r⌉,1
x L∞

t∈[−T,T ], assumed in (3.4.22), to gain max{0, |l| − (s′ − ⌈ω + r⌉)} derivatives.

Similarly, for the term involving g (referred to also as the case k = 0) we replace every ∂ljx u by 1,
and we make use of L2

x-integrability for the product ∂hxg · ∂l2x u = ∂hxg assumed in (3.4.20). When
k ≥ 2 we shall place the coefficients fk,l in an L∞

x -norm and keep ∂l2x u in the L2
x-norm.

Step 2. Fixed-point argument. We have shown in the estimates for I, II above that there
exists some α > 0 (depending on s, ω, µ) such that

∥eitΦ(Dx)u0∥YT
≲T ∥u0∥Hs∩Hs′,1

∥Λu0(u)− eitΦ(Dx)u0∥YT
≲T T

α(1 + ∥u∥YT
)K

≲T T
α
(︂

1 + ∥u− eitΦ(Dx)u0∥YT
+ ∥u0∥Hs∩Hs′,1

)︂K
.

For some fixed R > 0 to be determined later, we shall study the nonlinear map

Λu0 : u ↦→ Λu0(u) = eitΦ(Dx)u0 +
ˆ t

0
ei(t−t

′)Φ(Dx)

⎛⎝g +
K∑︂
k=1

∑︂
|l|≤n−2

fk,lN k,l(u(t′))

⎞⎠dt′

in the complete metric space

Y RT =
{︂

u ∈ Ct∈[−T,T ](Hs ∩Hs′,1)x : ∥u− eitΦ(Dx)u0∥YT
≤ R

}︂
for some small enough time T > 0. Indeed, notice first that by the a priori estimates in Step 1, for
any R > 0, for u ∈ eitΦ(Dx)u0 +BYT

R , there exists a small T = T (∥u0∥Hs∩Hs′,1 , R) > 0 such that

∥Λu0(u)− eitΦ(Dx)u0∥YT
< R .

This nonlinear map is well-defined in Y RT , as long as we can show Λu0(u) ∈ Ct∈[−T,T ](Hs∩Hs′,1)x.
It follows from dominated convergence and the bounds we have achieved in Step 1. Indeed, the
assumption on the initial data u0 ∈ Hs∩Hs′,1 directly implies eitΦ(Dx)u0 ∈ Ct∈[−T,T ](Hs∩Hs′,1).
As for the “nonlinear” part, for 0 < t′ < t, we decompose

ˆ t

0
ei(t−t

′′)Φ(Dx)N (u(t′′)) dt′′ −
ˆ t′

0
ei(t

′−t′′)Φ(Dx)N (u(t′′)) dt′′

=
ˆ t

t′
ei(t−t

′′)Φ(Dx)N (u(t′′)) dt′′ −
ˆ t′

0
ei(t

′−t′′)Φ(Dx)
(︂

1− ei(t−t
′)Φ(Dx)

)︂
N (u(t′′)) dt′′ .

It converges to 0 in Hs ∩Hs′,1 as t′ → t, by (the proof ideas of) the estimate for II in Step 1.

Contraction mapping with small T > 0. We study the difference

Λu0(u)− Λu0 [˜︁u] =
K∑︂
k=1

∑︂
|l|≤n−2

ˆ t

0
ei(t−t

′)Φ(Dx)fk,l
(︁
N k,l(u)−N k,l[˜︁u]

)︁
dt′ .

We expand the difference of products into a sum of products where exactly one factor is a difference
between u and ˜︁u. The a priori estimates for II previously described then directly show that there
exists some α > 0 such that

∥Λu0(u)− Λu0 [˜︁u]∥YT
≲T T

α∥u− ˜︁u∥YT
(1 + ∥u∥YT

+ ∥˜︁u∥YT
)K−1 (3.4.31)
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≤ Tα∥u− ˜︁u∥YT
(1 + 2R+ 2∥u0∥Hs∩Hs′,1)K−1 .

Hence, if we choose R = ∥u0∥Hs∩Hs′,1 , there exists a sufficiently small T > 0 depending on
∥u0∥Hs∩Hs′,1 , such that the map Λu0 is a contraction map and has a unique fixed point in Y RT ,
which is a mild solution.

Step 3. Final check: Uniqueness, Lipschitz continuity, smooth flow and blow-up
criterion. So far we have obtained uniqueness only in Y RT , and we now show the uniqueness
of the mild solution in general. Let u ∈ YT1 and ˜︁u ∈ YT2 be two mild solutions of (3.4.1) with
the same initial data u0. Then their difference u − ũ = Λu0(u) − Λu0 [˜︁u] satisfies the estimate
(3.4.31). We choose T ≤ min{T1, T2} sufficiently small (depending on ∥u∥YT1

, ∥˜︁u∥YT2
), such that

∥u− ˜︁u∥YT
= 0 and hence u = ˜︁u on the time interval T . We can now start from the initial time T

and proceed further up to 2T, 3T, · · · , until the finite time min{T1, T2}. The uniqueness follows.

The proof of local Lipschitz continuity of the data-to-solution map is analogous to the proof of
the contraction mapping property, requiring again T to be sufficiently small. We omit the details
here.

The smoothness of the data-to-solution map follows from the implicit mapping theorem for Banach
spaces [128, Theorem 5.9]. Given k ∈ N, we need to verify two assumptions. The first is that
the mapping

[︁
(u0,u) ↦→ u − Λu0(u)

]︁
∈ Ck((Hs ∩ Hs′,1) × YT0 ;YT0). Due to the fact that the

nonlinearity is polynomial, this follows readily from the estimates we have demonstrated in the
previous steps. The second is that the bounded linear operator Du

[︁
(u0,u) ↦→ u − Λu0(u)

]︁
=

1 − DuΛu0(u) ∈ L(YT0 ;YT0) has a bounded inverse. This can be ensured by choosing T0 > 0
sufficiently small. We therefore obtain Ck regularity of the data-to-solution map.

Finally, as the existence time T of the mild solution we obtained from the fixed-point argument
depends only on ∥u0∥Hs∩Hs′,1 , the blow-up criterion (3.4.27) follows from the standard unique
continuation argument.

3.4.1.4. Improved blow-up criterion
In the following we first give some further properties of mild solutions, which help us to perform
the energy estimates. These energy estimates subsequently imply an improved blow-up criterion,
which finally yields the global well-posedness due to the conserved energies.
Lemma 3.4.7 (Further properties of mild solutions.). Assume the setting of Theorem 3.4.6. The
mild solution u ∈ YT of the general dispersive equation (3.4.1)–(3.4.2) satisfies the following:

• Φ(Dx)u ∈ Ct∈[−T,T ](Hs−n ∩Hs′−n,1)x and N (u) ∈ Ct∈[−T,T ](Hs−n+2 ∩Hs′−n+2,1)x.
• u ∈ C1

t∈[−T,T ](Hs−n ∩Hs′−n,1)x with derivative ∂tu = iΦ(Dx)u +N (u). In particular, for
all h ≤ s− n the L2

x-Bochner integral identity

∂hxu(t) = ∂hxu(0) +
ˆ t

0
∂hx (iΦ(Dx)u(t′) +N (u(t′))) dt′ (3.4.32)

holds pointwise for almost all x ∈ R.

Proof. Since u ∈ Ct∈[−T,T ](Hs ∩Hs′,1)x we have Φ(Dx)u ∈ Ct∈[−T,T ](Hs−n ∩Hs′−n,1)x due to
(3.4.3). We want to show N (u) ∈ Ct∈[−T,T ](Hs−n+2 ∩Hs′−n+2,1)x. By the assumptions (3.4.21),
in order to control the Hs−n+2-norm, it suffices to consider the limit t′ → t of⃦⃦⃦

∂hx
(︁
fk,l(N k,l(u)(t)−N k,l(u)(t′))

)︁⃦⃦⃦
L2

x

, h ≤ s− n+ 2, 1 ≤ k ≤ K, |l| ≤ n− 2.

This is bounded by

∑︂
1≤k≤K

∑︂
h≤s−n+2

∑︂
|l′|≤n−2

∑︂
|l|≤s

∥∂hx fk,l
′
∥L∞

k∑︂
j=1

⃦⃦
∂ljx u(t)− ∂ljx u(t′)

⃦⃦
Lqj

k∏︂
i=1
i̸=j

(︁⃦⃦
∂lix ubi(t)

⃦⃦
Lqi

+
⃦⃦
∂lix ubi(t′)

⃦⃦
Lqi

)︁
≲ ∥u(t)− u(t′)∥Hs(1 + ∥u∥L∞

t∈[−T,T ]H
s
x
)K−1
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where we chose qj = 2 for the j which maximizes |lj |, and qj = ∞ for all other j, so that the
embedding H s

2 (R) ⊂ H1(R) ↪→ L∞(R) applied for the inequality. Thus the time continuity of u
in Hs

x implies the time continuity of N (u) in Hs−n+2
x . The time continuity in Hs′−n+2,1 of N (u)

follows in the same way, grouping the weight x with the j-th factor.

Next, we show that u ∈ Ct∈[−T,T ](Hs−n ∩ Hs′−n,1)x is continuously differentiable at t = 0.
Differentiability at any t0 ∈ [−T, T ] can then be obtained by considering u(t + t0) as a mild
solution in YT−t0 with initial data u(t0). Applying (3.4.19) yields

u(t)− u0

t
− iΦ(Dx)u0 −N (u0) =

(︃
eitΦ(Dx) − 1

t
− iΦ(Dx)

)︃
u0

+ 1
t

ˆ t

0
(ei(t−t

′)Φ(Dx) − 1)N (u(t′)) +N (u(t′))−N (u0) dt′ .

We use (3.4.3) to obtain the vanishing limit of Hs−n-norm of the first term as t→ 0, while for
all h ≤ s − n, the second term can be controlled by dominated convergence, after a change of
variables t′ ↦→ tt′ and then using estimates as above:⃦⃦⃦⃦ˆ 1

0
ξh
(︂

(eit(1−t′)Φ(ξ) − 1)ˆ︂N (u)(tt′) + ˆ︂N (u)(tt′)− ˆ︂N (u0)
)︂

dt′
⃦⃦⃦⃦
L2

ξ

t→0−−−→ 0.

The case of Hs′−n,1-norm follows similarly, with some terms containing an additional Φ′(Dx) that
can be treated since s′ + n− 1 ≤ s.

Lemma 3.4.8 (Estimate of Hs′,1-norm and improved blow-up criterion). Assume the setting
of Theorem 3.4.6 and assume in addition s′ ≤ s − n, which requires s ≥ 7ω + 2. There exists
a constant C > 0, depending on s, s′, n, and the norms assumed to be finite in Theorem 3.4.6,
such that for any initial data u0 ∈ Hs ∩Hs′,1 the mild solution u ∈ YT to the general dispersive
equation (3.4.1)–(3.4.2) satisfies

∥u∥
L∞

t∈[−T,T ]H
s′,1
x
≤ exp

(︂
C(1 + T )

(︁
C + ∥u0∥Hs′,1 + ∥u∥L∞

t∈[−T,T ]L
∞
x

+ ∥ux∥L∞
t∈[−T,T ]H

s−1
x

)︁K+1
)︂
.

(3.4.33)

In particular, the blow-up criterion (3.4.27) can be improved into

sup
t∈(−T∗,T∗)

(∥u(t)∥L∞ + ∥ux(t)∥Hs−1) =∞. (3.4.34)

Proof. Here we do not assume J = 1, i. e. Φ ∈ RJ×J may be a matrix. Recall that we have
assumed the existence of a real symmetric uniformly positive definite matrix symbol S = S(ξ) ∈
L∞(R;RJ×J), i. e. we have the equivalence of quadratic forms ⟨S(Dx)u,u⟩L2 ≈ ∥u∥L2 , so that
in addition SΦ− ΦTS ∈ L∞(R;RJ×J).

We shall estimate ∥x∂hxu∥L∞
t∈[−T,T ]L

2
x

for h ≤ s′ ≤ s− n with Grönwall’s inequality, and note that
the norms ∥∂hxu∥L∞

t∈[−T,T ]L
2
x

can be treated analogously.

In the classical continuous differentiable setting, one can easily derive from the differential equation
v′ = F (v) that (vv̄)′ = v̄F (v) + vF (v). We can formulate it in the integral form as follows: If
v(t) = v(0) +

´ t
0 F (v(t′)) dt′ , then v(t)v(t) = v(0)v(0) +

´ t
0 v(t′)F (v(t′)) + v(t′)F (v(t′)) dt′. We

apply this fact to the integral formulation (3.4.32) of our equation in Lemma 3.4.7 to obtain for
all h ≤ s− n
ˆ
R
S(Dx)(x∂hx )u · x∂hxu dx =

ˆ
R
x∂hxu0 · S(Dx)x∂hxu0 dx

+
ˆ t

0

ˆ
R
xiΦ(Dx)∂hxu(t′) · S(Dx)x∂hxu(t′) + x∂hxu(t′) · S(Dx)xiΦ(Dx)∂hxu(t′) dxdt′

+
ˆ t

0

ˆ
R
x∂hxN (u(t′)) · S(Dx)x∂hxu(t′) + x∂hxu(t′) · S(Dx)x∂hxN (u(t′)) dxdt′
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= III1 + III2 + III3 .

We first note the trivial estimate |III1| ≤ ∥u0∥2
Hs′,1

x

. Next, we estimate the nonlinear part III3.
Here⃓⃓⃓⃓ˆ t

0

ˆ
R
x∂hxg · S(Dx)x∂hxu(t′) dxdt′

⃓⃓⃓⃓
≤
ˆ t

0
∥g∥Hs′,1∥u(t′)∥Hs′,1 dt′ ≲

ˆ t

0
∥u(t′)∥2

Hs′,1 + ∥g∥2
Hs′,1 dt′ .

For other terms involving fk,l, it suffices to assume l1 ≥ l2 ≥ · · · ≥ lk and |l| ≤ s−n+n−2 = s−2,
h ≤ s′, |l′| ≤ n− 2, and estimate x2(∂hx fk,l

′
)(N k,l(u))(∂hxu). If k ≥ 2 then lk ≤ s−1

2 ≤ s
′, and we

have ⃓⃓⃓⃓ˆ t

0

ˆ
R
x(∂hx fk,l

′
)(N k,l(u)(t′)) · S(Dx)x∂hxu(t′) dxdt′

⃓⃓⃓⃓
≤
ˆ t

0
∥(∂hx fk,l

′
)(x∂lkx u(t′))∥L2∥x∂hxu(t′)∥L2

k−1∏︂
j=1
∥∂ljx u(t′)∥L∞ dt′

≲
ˆ t

0
∥u(t′)∥2

Hs′,1(1 + ∥fk,l
′
∥W s′,∞ + ∥u(t′)∥L∞ + ∥ux(t′)∥Hs−1)K−1 dt′ .

If k = 1 then we face the problem that l1 = lk may be as large as s−2. According to (3.4.22) there
are two cases. When f1,l′ ∈ Hs+1−⌈ω⌉,1 we place ∂l1x u into the L∞-norm and group the weight x
with ∂hx fk,l

′
, subsequently applying the Sobolev embedding Hs′+1 ↪−→ W s′,∞. Alternatively, we

use the smoothing provided by K1,l′ ∈ L(Hs′,1;H |l′|,1).

It remains to estimate the linear part III2. With the Plancherel theorem, we can write

−1
2III2 = Im

[︃ˆ t

0

ˆ
R
xΦ(Dx)Dh

xu(t′) · S(Dx)xDh
xu(t′) dxdt′

]︃
= Im

[︃ˆ t

0

ˆ
R
∂ξ(Φ(ξ)ξhˆ︁u(t′)) · S(ξ)∂ξ(ξhˆ︁u(t′)) dξ dt′

]︃
= i

2

ˆ t

0

ˆ
R
(SΦ− ΦTS)(ξ)∂ξ(ξhˆ︁u(t′)) · ∂ξ(ξhˆ︁u(t′)) dξ dt′

+ Im
[︃ˆ t

0

ˆ
R

Φ′(ξ)ξhˆ︁u(t′) · S(ξ)∂ξ(ξhˆ︁u(t′)) dξ dt′
]︃

≲
ˆ t

0
∥u(t′)∥2

Hs′,1 + ∥u(t′)∥Hs′,1∥ux(t′)∥Hs−1 dt′ ≲
ˆ t

0
∥u(t′)∥2

Hs′,1 + ∥ux(t′)∥2
Hs−1 dt′ .

Here we have used Cauchy–Schwarz with h ≤ s′ and (3.4.3). As mentioned above, the norms
∥∂hxu∥2

L2
x

can be estimated analogously. To conclude, we have proven

∥u(t)∥2
Hs′,1 ≲ ∥u0∥2

Hs′,1
x

+
ˆ t

0
∥u(t′)∥2

Hs′,1(1 + ∥fk,l
′
∥W s′,∞ + ∥u(t′)∥L∞ + ∥ux(t′)∥Hs−1)K−1 dt′

+
ˆ t

0

(︁
∥g∥2

Hs′,1 + ∥ux(t′)∥2
Hs−1

)︁
dt′ ,

and Grönwall’s inequality then yields (3.4.33). Since ∥u∥L2
x
≲ ∥u∥

Hs′,1
x

, we have

∥u(t)∥Hs
x
≲ ∥u(t)∥

Hs′,1
x

+ ∥ux(t)∥Hs−1
x

.

Hence the same bound as (3.4.33) holds for ∥u∥L∞
t∈[−T,T ]H

s
x
. Thus, for any T ∈ (0,∞), ∥u∥L∞

t∈[−T,T ]L
∞
x

+
∥ux∥L∞

t∈[−T,T ]H
s−1
x

<∞ yields ∥u∥
L∞

t∈[−T,T ](H
s
x∩Hs′,1

x ) <∞. Therefore the blow-up criterion (3.4.27)
can be improved into (3.4.34).

3.4.2. Global well-posedness of the NLS, GP, and ˜︃GP hierarchies
Proof of Theorem 3.1.2 and Corollary 3.1.7. We first show the global well-posedness of (˜︂GPn),
and then of the ˜︂GP, NLS, and GP hierarchies.
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Step 1. Global well-posedness of (˜︂GPn). Note that (˜︂GP1) is a transport equation with
constant speed −1, for which global well-posedness trivially holds. We therefore assume n ≥ 2 and
use the formulation of (˜︂GPn) given in Proposition 3.1.14. We show now the global well-posedness
of (˜︂GPn) in the sense of Theorem 3.1.2. For the odd flows (˜︂GP2m+1) we can use the variable p
and the formulation (3.1.21), while for the even flows (˜︂GP2m) we need to use u = T −1p and the
corresponding formulation (3.1.26). Here we recall that R > 0 is chosen large, η ∈ C∞

c (R; [0, 1])
with η|[−R,R] = 1 and supp η ⊆ [−2R, 2R], and

T = 1 +Bψ(Dx) where ψ(ξ) = 1− η(ξ)
ξ2 + 2 and B =

(︃
0 1− q2

∗
1− q2

∗ 0

)︃
.

We have to verify that (3.1.21) and (3.1.26) satisfy the hypotheses of Theorem 3.4.6, and cor-
respondingly also Lemma 3.4.7 and Lemma 3.4.8. For the verification that the linear parts are
admissible, we refer to Lemma 3.4.1. The conditions on the nonlinear part of (3.1.21) are weaker
than those required on (3.1.26), so we focus on the latter case.

We now represent everything except the intended linear part in (3.1.26) as a sum of expressions
of the form (3.4.2). Below, we use the keyword “or” to denote alternatives that may appear in
separate versions of (3.4.2). For the linear operators, we choose

J k,lj,b = T −1 = (1 +Bψ(Dx))−1

Kk,lj,b,h = T or ψ(Dx) or D−1
x ψ(Dx) or (1− η(Dx)) or D−1

x (1− η(Dx)) or 1{k=1}η(Dx) .

The coefficients gj and fk,lj,b have the form

gj = 1{n=2}O1,0
q∗,|q∗|2−1(|q∗|2 − 1) +O1,n

q∗
((q∗)x)

fk,lj,b = O0,n−2
q∗,|q∗|2−1((q∗)x, |q∗|2 − 1) or − 1{k=1}[σ3, B] ,

Note that the operator η(Dx) and the coefficient−[σ3, B] appear only in the term−[σ3, B]D2m−2
x η(Dx)u

of (3.1.26). If the background function q∗ has finite energy Es+1−⌈ω⌉+n,1(q∗) < ∞, then
gj , f

1,l
j,b ∈ Hs+1−⌈ω⌉,1 and fk,lj,b ∈W s+1−⌈ω⌉,∞ for k ≥ 1, except for the special coefficient −[σ3, B]

which may not be in Hs+1−⌈ω⌉,1. These coefficients satisfy (3.4.20)–(3.4.22) for Theorem 3.4.6.
We need to prove that J k,lj,b and Kk,lj,b,h satisfy (3.4.23)–(3.4.25). This follows from B ∈W s+⌊ω⌋,∞,
the fact that the symbols ψ(ξ), ∂ξψ(ξ), η(ξ), and ∂ξη(ξ) have inverse Fourier transforms in L1, and
the possibility of choosing R > 0 sufficiently large to ensure the invertibility of T . An exception
is the symbol ξ(1− η(Dx)), whose inverse Fourier transform is not in L1. Nevertheless, one can
check manually that this choice of Kk,lj,b,h still admits (3.4.23)–(3.4.25). Finally, we note that the
operator η(Dx) has the smoothing property required by (3.4.22).

Applying Theorem 3.4.6, we obtain a local mild solution u to (3.1.26) with a time of existence
T > 0 and initial data u0. Furthermore, Lemma 3.4.7 and Lemma 3.4.8 apply to this solution.
Using T ∈ L(Hs) ∩ L(Hs′,1) we find that p solves (3.1.21) in the same sense, i. e. analogues of
Theorem 3.4.6, Lemma 3.4.7, and Lemma 3.4.8 hold. Then Lemma 3.4.7 implies that q = q∗ + p,
with initial data q∗ + p0, solves (˜︂GPn) in Hs−n ∩Hs′−n,1. By the blow-up criterion in Lemma
3.4.8, it suffices to prove

∥p∥L∞
t∈[−T,T ]L

∞
x

+ ∥px∥L∞
t∈[−T,T ]H

s−1
x

≲T,s,q∗,p0 1

in order to obtain the global-in-time well-posedness.

By [119, Lemma 2.1] the map [p ↦→ q∗ + p] : Hs → Xs (see (3.1.15) for the definition of Xs) is
continuous. Consequently, we know that q ∈ Ct∈[−T,T ]X

s. Furthermore, in [119, 120] certain
energy functionals Es : Xs → R (see [119, Theorem 1.3]) are defined, which are conserved under
every flow (GPn) of the hierarchy. They are conserved because they are constructed from the
renormalized transmission coefficient (defined in [119, 120]), which by an approximation argument
and Lemma 3.2.9 Poisson commutes with the Hamiltonians HGP

n , and hence by virtue of the
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relations (3.1.6) with the Hamiltonians H ˜︁GP
n . We therefore obtain, as in [119, Theorem 1.3], the

uniform bound

sup
t∈[−T,T ]

Es(q(t)) ≲s,q∗,p0 1 . (3.4.35)

We conclude the global well-posedness of (˜︂GPn) with the observation that p(t) = q(t)− q∗ implies

sup
t∈[−T,T ]

(︁
∥p(t)∥L∞

x
+ ∥px(t)∥Hs−1

x

)︁
≲ Es(q∗) + sup

t∈[−T,T ]
Es(q(t)) ≲s,q∗,p0 1 .

Thus the uniform bound in (3.1.14) follows, and the exponential-in-time bound for ∥p(t)∥
Hs′,1

x
≤

CeCt follows from (3.4.33).

Step 2. Global well-posedness of hierarchies. We first notice that the lower bounds
3n − 1 + ω, s+3ω

2 for the indices s, s′ are increasing in n while the upper bound s − n for s′ is
decreasing in n. Thus if s, s′ satisfy these bounds for N as in Corollary 3.1.7, then they satisfy
the corresponding bounds for all n ≤ N .

We call the solution of the perturbative formulation of (˜︂GPn) constructed just now p(1), which
depends only on a single time variable tn for n ≥ 1. We now define a perturbation p(2) ∈
C(RN ;Hs ∩Hs′,1) which depends on (t1, . . . , tN ) by moving the initial data for a time t1 along
the flow of (˜︂GP1), for a time t2 along the flow of (˜︂GP2), and so on. As a consequence of the
commutativity of the flows, which is shown in Lemma 3.4.9 below, this is independent of the
order in which we move along the flows. Then p(2) solves for n ∈ {1, · · · , N} the perturbative
formulation of (˜︂GPn) for the stationary front q∗ strongly in Hs−n ∩ Hs′−n,1. We obtain the
solution q∗ + p(t) of (GPn) from

p(t) = p(2)(c ˜︁GP↦→GPt, x) with t = (0, · · · , 0, t, 0, · · · ) .

This, together with the bounds (3.1.14) for p(2), concludes Theorem 3.1.2.

We have excluded so far the case n = 0. The flow of (˜︂GP0) consists simply of multiplication with
e−it0 , so we define p(3) ∈ C(RN+1;Hs ∩Hs′,1) by

p(3)(t0, t1, . . . , tN ) = e−it0p(2)(t1, . . . , tN ) .

Then p(3) solves for all n ∈ {0, · · · , N} the perturbative formulation of (˜︂GPn) for the rotating front
e−it0q∗ strongly in Hs−n ∩Hs′−n,1. The proofs of (i) and (iii) in Corollary 3.1.7 are finished by
defining p(t) = p(3)(c ˜︁GP↦→NLSt). Finally, the bounds in (ii) follow from [119, Lemma 2.1, Theorem
1.3], as in (3.4.35).

Lemma 3.4.9. Assume the setting of Theorem 3.1.2 and define for n ∈ N the flow map

Ωn : R×(Hs ∩Hs′,1) −→ (Hs ∩Hs′,1)
(t, p0) ↦−→ p(t)

where p is the solution to (˜︂GPn). For all p0 ∈ Hs ∩Hs′,1 and n,m ∈ N, t, r ∈ R we have

Ωn(t,Ωm(r, p0)) = Ωm(r,Ωn(t, p0)) .

Proof. Let p0 ∈ Hs ∩Hs′,1 be fixed initial data. We know from Lemma 3.4.7 that Ωn(·, p0) ∈
C1(R;Hs−n∩Hs′−n,1), and from Theorem 3.4.6 that there exists a neighborhood U0 ⊆ Hs∩Hs′,1

of p0, as well as a small time T0 > 0, such that Ωn(t, ·) ∈ C2(U0;Hs ∩Hs′,1) for all t ∈ [−T0, T0].
We denote by

DΩn(t, p)[u] = d
dµ

⃓⃓⃓
µ=0

Ωn(t, p+ µu)

D2Ωn(t, p)[u, v] = d
dµ

⃓⃓⃓
µ=0

d
dν

⃓⃓⃓
ν=0

Ωn(t, p+ µu+ νv)
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the first and second Fréchet derivatives at p ∈ U0 for directions u, v ∈ Hs ∩Hs′,1. The argument
below requires some more regularity, specifically thatDΩn ∈ C1([−T0, T0]×U0;L(Hs−n∩Hs′−n,1)).
Indeed, since continuous partial differentiability implies continuous differentiability, it suffices to
prove that

DΩn(t, ·) ∈ C1(U0;L(Hs−n ∩Hs′−n,1))
DΩn(·, p) ∈ C1([−T0, T0];L(Hs−n ∩Hs′−n,1))
∂tDΩn ∈ C0([−T0, T0]× U0;L(Hs−n ∩Hs′−n,1)) .
D2Ωn ∈ C0([−T0, T0]× U0;L((Hs−n ∩Hs′−n,1)⊗2; (Hs−n ∩Hs′−n,1))) .

We already know the first statement to hold true. The second statement follows by substituting
DΩn(·, p) = DΛp0(p) and arguing in a similar fashion to Lemma 3.4.7. The third and fourth
statements can be easily seen to hold true once the derivatives are written down.

Define

Xn : Hs ∩Hs′,1 −→ Hs−n ∩Hs′−n,1

p ↦−→ 1
i

δH ˜︁GP
n (q)
δq

⃓⃓⃓
q=q∗+p

so that
d
dtΩn(t, p) = Xn(Ωn(t, p)) .

We can alternatively write

d
dtΩn(t, p) = d

dµ

⃓⃓⃓
µ=0

Ωn(t,Ωn(µ, p)) = DΩn(t, p)[Xn(p)] .

Let n,m ∈ N. By the continuity of the flow map, we may assume without loss of generality that
p ∈ U0 ∩Hs+(n∨m) ∩Hs′+(n∨m),1. The argument below involves taking two derivatives, which
leads to a loss of n + m derivatives. By assuming additional regularity for p, we are able to
perform the following calculations in Hs−n ∩Hs′−n,1. Let t, r ∈ [−T0, T0] and define

a = Ωn(t, p) b = Ωm(r, a) c = Ωn(−t, b) d = Ωm(−r, c) .

Our goal is to prove d = p, for which it suffices to prove d
drd = 0. We write

d
dr d = d

drΩm(−r,Ωn(−t,Ωm(r,Ωn(t, p))))

= DΩm(−r, c)[DΩn(−t, b)[Xm(b)]−Xm(c)] .

Due to the polynomial structure of the vector fields Xn it is easy to see that Xn ∈ C1(Hs ∩
Hs′,1;Hs−n ∩Hs′−n,1). We define the Lie bracket [Xn, Xm] ∈ C(Hs ∩Hs′,1;Hs−n ∩Hs′−n,1) by

[Xn, Xm](p) = DXn(p)[Xm(p)]−DXm(p)[Xn(p)] .

It is a direct consequence of Lemma 3.2.9 that [Xn, Xm](p) = 0 for every p ∈ Hs ∩Hs′,1.

Since b = Ωn(t, c), to show d
drd = 0 it suffices to prove for any fixed c ∈ U0∩Hs+(n∨m)∩Hs′+(n∨m),1

and t in a small neighborhood of 0 that

DΩn(−t,Ωn(t, c))[Xm(Ωn(t, c))]−Xm(c) = 0 .

We set b = Ωn(t, c) and calculate

d
dtDΩn(−t,Ωn(t, c))[Xm(Ωn(t, c))] = d

dt
d

dµ

⃓⃓⃓
µ=0

Ωn
(︁
−t,Ωn(t, c) + µXm(Ωn(t, c))

)︁
= d

dν

⃓⃓⃓
ν=0

d
dµ

⃓⃓⃓
µ=0

(︂
− Ωn

(︁
− t,Ωn(ν, b+ µXm(b))

)︁
+ Ωn

(︁
− t,Ωn(t+ ν, c) + µXm(b)

)︁



3.A. Linear Estimates 99

+ Ωn
(︁
− t, b+ µXm(Ωn(t+ ν, c))

)︁)︂
= d

dµ

⃓⃓⃓
µ=0

(︂
−DΩn(−t, b+ µXm(b))[Xn(b+ µXm(b))] +DΩn(−t, b+ µXm(b))[Xn(b)]

+DΩn(−t, b+ µXm(b))[µDXm(b)[Xn(b)]]
)︂

= −DΩn(−t, b)[DXn(b)[Xm(b)]] + d
dµ

⃓⃓⃓
µ=0

(︂
−DΩn(−t, b+ µXm(b))[Xn(b)]

+DΩn(−t, b+ µXm(b))[Xn(b)]
)︂

+DΩn(−t, b)[DXm(b)[Xn(b)]]

= DΩn(−t, b)[[Xm, Xn](b)] = 0 .

3.A. Appendix: Linear Estimates
For f = f(t, x) we write ˆ︁f (t)(τ, x) and ˆ︁f (x)(t, ξ) for the Fourier transforms in only one variable.
We define

D⊗(R2) = D(R)⊗D(R) =
{︄

N∑︂
n=1

fn ⊗ gn : N ∈ N, f = (f1, . . . , fN ), g = (g1, . . . , gN ) ∈ D(R)N
}︄
.

3.A.1. The local smoothing estimate
We assume the following properties for the symbol φ ∈ C1(R;R):
(H1) Finitely many distinct critical points. φ has finitely many critical points ξ1 < · · · < ξN ,

i. e. φ′(ξ) = 0 if and only if ξ ∈ {ξ1, . . . , ξN}. We define in addition ξ0 = −∞ and ξN+1 =∞.
Set ηj = φ(ξj). We consider the bijective restrictions of φ to the intervals (ξj , ξj+1), on
which φ is strictly monotone, and denote them by

φj : (ξj , ξj+1) −→ (ˆ︁ηj , qηj) = φ((ξj , ξj+1))
ψj = φ−1

j : (ˆ︁ηj , qηj) −→ (ξj , ξj+1)

for j ∈ {0, . . . , N}. Here ˆ︁ηj = ηj ∧ ηj+1 and qηj = ηj ∨ ηj+1. We write σj = sign(φ′
j) for the

sign.
(H2) Hölder continuity at critical points. There exists a small r > 0 such that for every

j ∈ {1, . . . , N} there exist αj ∈ (0, 1) and q,Q > 0 such that for all η ∈ (0, r)

qηαj ≤ |ψj−1(ηj − σj−1η)− ξj |, |ψj(ηj + σjη)− ξj | ≤ Qηαj (3.A.1)
qηαj−1 ≤ |ψ′

j−1(ηj − σj−1η)|, |ψ′
j(ηj + σjη)| ≤ Qηαj−1 . (3.A.2)

(H3) Sublinear growth at infinity. There exists a large R > 0 and some β ∈ (0, 1) and
p, P > 0 such that for all η > R we have

pηβ ≤ |ψ0(−σ0η)|, |ψN (σNη)| ≤ Pηβ (3.A.3)
pηβ−1 ≤ |ψ′

0(−σ0η)|, |ψ′
N (σNη)| ≤ Pηβ−1 . (3.A.4)

Because of (H3) we have ˆ︁η0 = −σ0∞ and qηN = σN∞. Given any function f : R→ C for which
the integrals below exist, we can perform the change of variables η = φ(ξ) by splitting the integral:

ˆ
R
f(ξ)φ′(ξ) dξ =

N∑︂
j=0

σj

ˆ

ˆ︁ηj<η<qηj

f(ψj(η)) dη . (3.A.5)

Sometimes we assume without loss of generality that σ0 = −1.
We further assume as given a symbol a ∈ Lip(R;R) with the following properties:
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(H4) Boundedness and decay at infinity. There exist A, δ > 0 such that for almost all ξ ∈ R
and η > R

|a(ξ)|+ ⟨ξ⟩|a′(ξ)|+ ⟨η⟩δ|a(ψ0(−σ0η))− a(ψN (σNη))| ≤ A .

(H5) Monotonicity. There exists M > 0 such that for any τ ∈ R we can decompose R
into M intervals on whose interiors a(ξ)

φ(ξ)−τ and φ′ are monotone. In particular, for any
j ∈ {0, . . . , N} we can decompose (τ ∨ ˆ︁ηj , qηj) and (ˆ︁ηj , qηj ∧ τ) into M intervals on whose
interiors the functions η ↦→ a(ψj(η))

η−τ and η ↦→ ψ′
j are monotone.

We can freely choose R to be an arbitrarily large constant and r an arbitrarily small constant,
both depending only on φ and a. The goal of this section is to prove the following theorem.
Theorem 3.A.1 (Generalization of [110, Theorem 3.5]). Let φ ∈ C1(R;R) and a ∈ Lip(R;R)
fulfill (H1)–(H5). Let ˜︁a ∈ L∞(R;R). Then⃦⃦⃦(︁˜︁a|φ′| 12

)︁
(Dx)eitφ(Dx)u0

⃦⃦⃦
L∞

x L2
t

≲
φ,˜︁a ∥u0∥L2

x
(3.A.6)⃦⃦⃦⃦

(aφ′)(Dx)
ˆ ∞

0
ei(t−t

′)φ(Dx)f(t′, x) dt′
⃦⃦⃦⃦
L∞

x L2
t

≲φ,a ∥f∥L1
xL

2
t

(3.A.7)⃦⃦⃦⃦
(aφ′)(Dx)

ˆ t

0
ei(t−t

′)φ(Dx)f(t′, x) dt′
⃦⃦⃦⃦
L∞

x L2
t

≲φ,a ∥f∥L1
xL

2
t
. (3.A.8)

Proof. We directly prove (3.A.6):
ˆ
R

⃓⃓⃓(︁˜︁a|φ′| 12
)︁
(Dx)eitφ(Dx)u0(x)

⃓⃓⃓2
dt = 1

2π

ˆ
R

⃓⃓⃓⃓ˆ
R
ei(xξ+tφ(ξ))(︁˜︁a|φ′| 12

)︁
(ξ)ˆ︂u0(ξ) dξ

⃓⃓⃓⃓2
dt

= 1
2π

ˆ
R

⃓⃓⃓⃓
⃓⃓ˆ

R
eitη

⎛⎝ N∑︂
j=0

1(ˆ︁ηj ,qηj)(η)eixψj(η)(︁˜︁a|φ′| 12
)︁
(ψj(η))ˆ︂u0(ψj(η))ψ′

j(η)

⎞⎠ dη

⃓⃓⃓⃓
⃓⃓
2

dt

≲
ˆ
R

⃓⃓⃓⃓
⃓⃓ N∑︂
j=0

1(ˆ︁ηj ,qηj)(η)eixψj(η)(˜︁a ◦ ψj)(η)(ˆ︂u0 ◦ ψj)(η)|φ′
j ◦ ψj |−

1
2 (η)

⃓⃓⃓⃓
⃓⃓
2

dη

≲
N,∥˜︁a∥L∞

N∑︂
j=0

ˆ ξj+1

ξj

|ˆ︂u0(ξ)|2|φ′
j(ξ)|−1|φ′

j(ξ)| dξ

≲N ∥u0∥2
L2

x
.

From (3.A.6) we know that
(︁˜︁a|φ′| 12

)︁
(Dx)eitφ(Dx) : L2

x(R) → L∞
x L

2
t (R×R+) is bounded. The

boundedness of the corresponding adjoint yields the estimate⃦⃦⃦⃦(︁˜︁a|φ′| 12
)︁
(Dx)

ˆ ∞

0
ei(t−t

′)φ(Dx)f(t′, x) dt′
⃦⃦⃦⃦
L∞

x L2
t (R×R+)

≲N,A ∥f∥L1
xL

2
t (R×R+) .

Consider now a test function g ∈ D⊗(R2). We apply the above with ˜︁a = |a| 12 and ˜︁a = sign(aφ′)|a| 12
to obtainˆ ∞

0

ˆ
R
(aφ′)(Dx)

ˆ ∞

0
ei(t−t

′)φ(Dx)f(t′, x) dt′g(t, x) dx dt

=
ˆ
R

(︁
|aφ′| 12

)︁
(Dx)

ˆ ∞

0
e−it′φ(Dx)f(t′, x) dt′

(︁
sign(aφ′)|aφ′| 12

)︁
(Dx)

ˆ ∞

0
eitφ(Dx)g(t, x) dt dx

≲N,A ∥f∥L1
xL

2
t (R×R+)∥g∥L1

xL
2
t (R×R+) ,

By duality, this implies (3.A.7).

For (3.A.8) we follow [110, §3]. This method is also outlined in [109, Theorem 2.3] and [106].
Consider the solution

u(t, x) =
ˆ t

0
ei(t−t

′)φ(Dx)f(t′, x) dt′ to Dtu = φ(Dx)u− if with initial data u(0) = 0 .
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Then

ˆ︁u(τ, ξ) = −i
ˆ︁f(τ, ξ)

τ − φ(ξ) .

Define

v(t, x) = P.V. 1
2π

ˆ
R

ˆ
R
eitτeixξ

−i ˆ︁f(τ, ξ)
τ − φ(ξ) dξ dτ ,

which is formally another solution, although it may or may not fulfill v(0) = 0. Using Proposition
3.A.3 below, which states that one can change the order between P.V. and the integration w. r. t.
ξ, and ˆ︃sign(τ) = −i

√︂
2
π P.V.

(︁ 1
τ

)︁
, we write

(aφ′)(Dx)v(t, x) = 1√
2π

ˆ
R
eixξ P.V. 1√

2π

ˆ
R
eitτ
−i(aφ′)(ξ) ˆ︁f(τ, ξ)

τ − φ(ξ) dτ dξ

= 1√
2π

ˆ
R
eixξ

1
2

ˆ
R
ei(t−t

′)φ(ξ) sign(t− t′)(aφ′)(ξ) ˆ︁f (x)(t′, ξ) dt′ dξ

= 1
2

ˆ
R
(aφ′)(Dx)ei(t−t

′)φ(Dx) sign(t− t′)f(t′, x) dt′ .

We obtain the decomposition

(aφ′)(Dx)u(t, x)

= 1
2

ˆ
R
(aφ′)(Dx)ei(t−t

′)φ(Dx)(sign(t− t′)− sign(−t′))f(t′, x) dt′

= (aφ′)(Dx)v(t, x) + 1
2

ˆ ∞

0
(aφ′)(Dx)ei(t−t

′)φ(Dx)f(t′, x) dt′ − 1
2

ˆ 0

−∞
(aφ′)(Dx)ei(t−t

′)φ(Dx)f(t′, x) dt′ .

These calculations are identical to [110, Proposition 3.1, Lemma 3.4] for φ(ξ) = ξ3. We can
estimate the integrals at the end with (3.A.7) and a corresponding version of (3.A.7) on R−, so it
remains to show that ∥(aφ′)(Dx)v∥L∞

x L2
t
≲a,φ ∥f∥L1

xL
2
t
. By Proposition 3.A.4 below, which states

that one may change the order between P.V. and the integration w. r. t. τ , we have

(aφ′)(Dx)v(t, x) = 1
2π

ˆ
R
eitτ P.V.

ˆ
R
eixξ
−i(aφ′)(ξ) ˆ︁f(τ, ξ)

τ − φ(ξ) dξ dτ ,

and by Proposition 3.A.5 there exists some kernel K ∈ L∞(R2) such that

(aφ′)(Dx)v(t, x) = 1
2π

ˆ
R
eitτ

i√
2π

ˆ
R
K(x− y, τ) ˆ︁f (t)(τ, y) dy dτ .

These propositions correspond to [110, Proposition 3.2, 3.3]. We use Plancherel’s theorem and
Minkowski’s inequality to obtain

∥(aφ′)(Dx)v∥L∞
x L2

t
= 1

(2π) 3
2

⃦⃦⃦⃦
⃦⃦
(︄ˆ

R

⃓⃓⃓⃓ˆ
R
K(x− y, τ) ˆ︁f (t)(τ, y) dy

⃓⃓⃓⃓2
dτ
)︄ 1

2
⃦⃦⃦⃦
⃦⃦
L∞

x

≤ 1
(2π) 3

2
∥K∥L∞

ˆ
R

(︃ˆ
R
| ˆ︁f (t)(τ, y)|2 dτ

)︃ 1
2

dy

≲φ,a ∥f∥L1
xL

2
t
.

Remark 3.A.2. One may wonder whether it is possible to directly obtain (3.A.8) from (3.A.7) by
a Christ-Kiselev type lemma. Applying the original Christ-Kiselev lemma from [50] would require
a bounded operator L2

tL
1
x → L2

tL
∞
x . A reversed Christ-Kiselev lemma is given in [41, Theorem B]

for bounded operators Lp1
x L

q1
t → Lp2

x L
q2
t with p1 ∨ q1 < p2 ∧ q2. In our situation p1 = 1, p2 =∞,

and q1 = q2 = 2, so we are in an endpoint case.
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Proposition 3.A.3 (Generalization of [110, Proposition 3.1]). Let f ∈ D⊗(R2). Then for all
(t, x) ∈ R2 we have

lim
ε↘0

ˆ ˆ

ε<|φ(ξ)−τ |< 1
ε

ei(xξ+tτ) (aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ dτ =
ˆ
R
eixξ lim

ε↘0

ˆ

ε<|φ(ξ)−τ |< 1
ε

eitτ
(aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dτ dξ .

Moreover, both terms are finite and both limits exist.

Proof. The proof is essentially identical to that of [110, Proposition 3.1]. It suffices to assume
that f(t, x) = h(x)g(t). Then

lim
ε↘0

ˆ

ε<|φ(ξ)−τ |< 1
ε

eitτ
(aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dτ = (aφ′ˆ︁h)(ξ)H[eitτˆ︁g(τ)](φ(ξ)) ,

where H denotes the Hilbert transform. Since H : D(R)→ L∞(R), the integral
ˆ
R
eixξ(aφ′ˆ︁h)(ξ)H[eitτˆ︁g(τ)](φ(ξ)) dξ

is absolutely convergent. Define

H∗[w](x) = sup
ε>0

Hε[w](x) = sup
ε>0

⃓⃓⃓⃓
⃓⃓⃓ ˆ

ε<|x−y|< 1
ε

w(y)
x− y

dy

⃓⃓⃓⃓
⃓⃓⃓

and recall that limε↘0 Hε[w](x) = H[w](x) for almost all x ∈ R, and furthermore that H∗ :
Lp(R)→ Lp(R) is bounded for 1 < p <∞. Now consider

ˆ ˆ

ε<|φ(ξ)−τ |< 1
ε

ei(xξ+tτ) (aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ dτ =
ˆ
R
eixξ(aφ′ˆ︁h)(ξ)H[eitτˆ︁g(τ)](φ(ξ)) dξ

−
ˆ
R
eixξ(aφ′ˆ︁h)(ξ)(H −Hε)[eitτˆ︁g(τ)](φ(ξ)) dξ

=: (I)− (IIε) .

It remains to prove that limε↘0 |(IIε)| = 0. We have

(IIε) =
N∑︂
j=0

σj

ˆ
qηj

ˆ︁ηj

eixψj(η)(aˆ︁h)(ψj(η))(H −Hε)[eitτˆ︁g(τ)](η) dη .

Since a,ˆ︁h ∈ L∞(R) and |(Hε − H)[g]| ≤ 2H∗[g] is bounded on Lp(R), the claim follows by
dominated convergence.

Proposition 3.A.4 (Generalization of [110, Proposition 3.2]). Let f ∈ D⊗(R2). Then for all
(t, x) ∈ R2 we have

lim
ε↘0

ˆ ˆ

ε<|φ(ξ)−τ |< 1
ε

ei(xξ+tτ) (aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ dτ =
ˆ
R
eitτ lim

ε↘0

ˆ

ε<|φ(ξ)−τ |< 1
ε

eixξ
(aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ dτ .

Moreover, both integrals are absolutely convergent and both limits exist.

Proof. The proof is again almost identical to that of [110, Proposition 3.2]. In Proposition 3.A.3
the first limit is shown to exist, using that for g ∈ D(R) the limit H[g](x) = limε↘0 Hε[g](x)
exists for almost all x ∈ R and that H∗[g] ∈ Lp(R). Both the statement and the proof of this
proposition are analogous to those of the previous one, except H,Hε and H∗ are replaced by
K,Kε and K∗, defined by

Kε[g](τ) =
ˆ

ε<|φ(ξ)−τ |< 1
ε

(aφ′)(ξ)
φ(ξ)− τ g(ξ) dξ K[g](τ) = lim

ε↘0
Kε[g](τ) K∗[g](τ) = sup

ε>0
|Kε[g](τ)| .
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The key steps in the proof are therefore the existence of the limit K[g], and K∗[g] ∈ Lp(R) for
1 < p <∞. We write

Kε[g](τ) =
N∑︂
j=0

σj

ˆ

ε<|η−τ |< 1
ε

1(ˆ︁ηj ,qηj)(η)(ag)(ψj(η))
η − τ

dη .

Since a ∈ L∞(R), it suffices to prove that g ◦ ψj ∈ Lp((ˆ︁ηj , qηj)) for 1 ≤ p ≤ ∞ and use known
properties of the Hilbert transform. We have

σj

ˆ
qηj

ˆ︁ηj

|g(ψj(η))|p dη =
ˆ ξj+1

ξj

|g(ξ)|pφ′
j(ξ) dξ ,

so our assumptions φ ∈ C1(R,R) and g ∈ D(R) are sufficient.

Proposition 3.A.5 (Generalization of [110, Proposition 3.3]). For functions φ, a satisfying
(H1)–(H5), we define

Kε(z, τ) =
ˆ

ε<|φ(ξ)−τ |< 1
ε

eizξ
(aφ′)(ξ)
φ(ξ)− τ dξ K(z, τ) = lim

ε↘0
Kε(z, τ) .

Then there exists some ε0 > 0 for which the family {Kε}0<ε<ε0 ⊂ L∞(R2) is bounded. Furthermore,
the limit limε→0 Kε(z, τ) = K(z, τ) exists for all (z, τ) ∈ R2 and K ∈ L∞(R2).
Subsequently, for any f ∈ D⊗(R2) and (t, x) ∈ R2 we have

lim
ε↘0

1√
2π

ˆ

ε<|φ(ξ)−τ |< 1
ε

eixξ
(aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ = 1√
2π

ˆ
R
K(x− y, τ) ˆ︁f (t)(τ, y) dy . (3.A.9)

Here the proof requires some notable modifications from that of [110, Proposition 3.3]. This stems
from the fact that the change of variables η = φ(ξ) is much more involved. In fact, after stating
the following Van der Corput type lemma, we shall devote the rest of this section to the proof of
Proposition 3.A.5.
Lemma 3.A.6 (Van der Corput type lemma). Let f ∈ C1([a, b];R) such that f ′ is nonzero and
monotone. Then ⃓⃓⃓⃓

⃓
ˆ b

a

eizf(x) dx
⃓⃓⃓⃓
⃓ ≤ 4
|z|

sup
x∈(a,b)

1
|f ′(x)| , ∀ z ∈ R \{0} .

If some function g ∈ Lip([a, b];R) has the property that [a, b] can be decomposed into M intervals
on whose interiors g is monotone, then⃓⃓⃓⃓

⃓
ˆ b

a

eizf(x)g(x) dx
⃓⃓⃓⃓
⃓ ≤ 12M

|z|
sup
x∈[a,b]

1
|f ′(x)| sup

x∈[a,b]
|g(x)| , ∀ z ∈ R \{0} .

Proof. The first classical estimate follows from integration by parts and the monotonicity of the
function 1

f ′(x) . The second estimate follows similarly from integration by parts and the same
monotonicity trick to write ∥g′∥L1([a,b]) = |g(b)− g(a)|.

Proof of Proposition 3.A.5. We first notice, given the uniform boundedness and convergence
results on Kε, that we can obtain from Plancherel’s theorem the representation

1√
2π

ˆ

ε<|φ(ξ)−τ |< 1
ε

eixξ
(aφ′)(ξ)
φ(ξ)− τ

ˆ︁f(τ, ξ) dξ = 1√
2π

ˆ
R
Kε(x− y, τ) ˆ︁f (t)(τ, y) dy , (3.A.10)

which implies (3.A.9) thanks to the dominated convergence theorem.
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Thus it remains to show the uniform boundedness of (Kε)0<ε<ε0 ⊆ L∞(R2) as well as the pointwise
existence of the limit as ε→ 0. Recall that

Kε(z, τ) =
ˆ

ε<|φ(ξ)−τ |< 1
ε

eizξ
(aφ′)(ξ)
φ(ξ)− τ dξ =

N∑︂
j=0

σj

ˆ

ε<|η−τ |< 1
εˆ︁ηj<η<qηj

eizψj(η) a(ψj(η))
η − τ

dη .

Once the uniform boundedness is established, an inspection of the proof reveals that the convergence
of all integrals is either trivial, in cases where the integral has no singularity for sufficiently small
ε, or follows from dominated convergence. All integrals corresponding to the latter case are indeed
estimated by exhibiting an integrable majorant, as opposed to using oscillation, i. e. Lemma
3.A.6.

We recall that r > 0 is an arbitrarily small constant and R > 0 is an arbitrarily large constant.
We consider the strip (τ − r, τ + r). For every 0 ≤ j ≤ N exactly one of three cases below holds
true, and we aim to show in each case the integral

ˆ

ε<|η−τ |< 1
εˆ︁ηj<η<qηj

eizψj(η) a(ψj(η))
η − τ

dη (3.A.11)

can be estimated uniformly in τ , z, and ε, by use of the hypotheses (H1)–(H5). After the following
case distinction we shall discuss each case, except the trivial case (a), in detail.

(i) The continuous case (τ − r, τ + r) ∩ (ˆ︁ηj , qηj) = ∅.
(a) The continuous bounded case j ̸∈ {0, N}. Here we integrate a continuous

function over a bounded domain. This case is trivial, since for any finite interval I
with |η − τ |

⃓⃓
I
> r we have⃓⃓⃓⃓ˆ

I

eizψj(η)1{|η−τ |>ε}a(ψj(η))
η − τ

dη
⃓⃓⃓⃓
≤ A

r
|I| , (3.A.12)

where the right-hand side is uniform in z, τ, ε.
(b) The continuous oscillatory tail case j ∈ {0, N}. Here we have to combine the

oscillation with the 1
η decay to bound the integral. By using (a), we can furthermore

assume without loss of generality that the integral ranges over the intervals (R,∞)
or (−∞,−R), where R = R(φ) > 0 is arbitrarily large.

(ii) The non-critical point case (τ − r, τ + r) ⊂ (ˆ︁ηj , qηj).
(c) The non-critical point singularity bounded case j ̸∈ {0, N}. Here we have to

use oscillation as well as cancellation to bound the integral.
(d) The non-critical point singularity oscillatory tail case j ∈ {0, N}. Here

the singularity is possibly far away in the oscillatory tail. This can be reduced to
a combination of (a), (b) and (c), but it requires an improvement of (b) as the
oscillation in the integral may become weak far away from the origin.

(iii) The critical point case (τ − r, τ + r) ∩ (ˆ︁ηj , qηj) ̸= ∅ and either ηj ∈ (τ − r, τ + r) or
ηj+1 ∈ (τ−r, τ+r). This case always comes in pairs, meaning that if ηj ∈ (τ−r, τ+r), then
j−1 is also of the critical point case: (τ−r, τ+r)∩(ˆ︁ηj−1, qηj−1) ̸= ∅, and if ηj+1 ∈ (τ−r, τ+r)
then j + 1 is also of the critical point case: (τ − r, τ + r) ∩ (ˆ︁ηj+1, qηj+1) ̸= ∅.
We assume without loss of generality that ηj ∈ (τ − r, τ + r) and furthermore that σj−1 = 1.
Then σj = −1 if and only if ξj is a strict local maximum. If σj = −1 we decompose

ˆ

ε<|η−τ |< 1
εˆ︁ηj−1<η<qηj−1

eizψj−1(η) a(ψj−1(η))
η − τ

dη −
ˆ

ε<|η−τ |< 1
εˆ︁ηj<η<qηj

eizψj(η) a(ψj(η))
η − τ

dη

=
ˆ τ−r

ηj−1

eizψj−1(η)1{|η−τ |>ε}a(ψj−1(η))
η − τ

dη −
ˆ τ−r

ηj+1

eizψj(η)1{|η−τ |>ε}a(ψj(η))
η − τ

dη
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+
ˆ ηj

τ−r
eizψj−1(η)1{|η−τ |>ε}a(ψj−1(η))

η − τ
dη −

ˆ ηj

τ−r
eizψj(η)1{|η−τ |>ε}a(ψj(η))

η − τ
dη ,

and if σj = 1 we decompose
ˆ

ε<|η−τ |< 1
εˆ︁ηj−1<η<qηj−1

eizψj−1(η) a(ψj−1(η))
η − τ

dη +
ˆ

ε<|η−τ |< 1
εˆ︁ηj<η<qηj

eizψj(η) a(ψj(η))
η − τ

dη

=
ˆ τ−r

ηj−1

eizψj−1(η)1{|η−τ |>ε}a(ψj−1(η))
η − τ

dη +
ˆ ηj+1

τ+r
eizψj(η)1{|η−τ |>ε}a(ψj(η))

η − τ
dη

+
ˆ ηj

τ−r
eizψj−1(η)1{|η−τ |>ε}a(ψj−1(η))

η − τ
dη +

ˆ τ+r

ηj

eizψj(η)1{|η−τ |>ε}a(ψj(η))
η − τ

dη .

In both cases the integrals in the first line have |η − τ | ≥ r and can hence be treated with
either (a) or (b), depending on whether the integral is over a bounded or unbounded domain.
The remaining integrals need further case distinction.

e) The singularity near critical point case σj = −1 and τ < ηj , or σj = 1. Here
the integral has one or two singularities in close proximity to the critical point.

f) The almost singularity near critical point case σj = −1 and τ > ηj . Here the
integral has no singularity, but can be arbitrarily close to being singular. This case
is easier than the previous one.

g) The singularity at critical point case τ = ηj . This case is strictly more difficult
to deal with than certain sections of the integrals to estimate in the previous cases,
so it serves as the prototypical case.

Figure 3.2.: An example for φ and some of the aforementioned cases.

τ

τ + r

τ − r

ξ1 ξ2 ξ3 ξ4−R R

φ0

φ1 φ2
φ3

φ4

(b)

(a)

(e)

(a) (a)

(f)

(a) (a)

(c)

(b)

ξ

η

We now enumerate all nontrivial cases and perform the necessary estimates, assuming here without
loss of generality that z ≥ 0.

(b) The continuous oscillatory tail case. For high frequencies it suffices to estimate each tail
individually, but for low frequencies there is little oscillation, and instead cancellation between
the two tails has to be exploited.

We assume without loss of generality that σ0 = −1 and distinguish the cases σN = 1 and σN = −1.
If σN = 1, then we have to bound the quantity

−
ˆ ∞

R

eizψ0(η) a(ψ0(η))
η − τ

dη +
ˆ ∞

R

eizψN (η) a(ψN (η))
η − τ

dη .
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On the other hand, if σN = −1 we have to bound the quantity

−
ˆ ∞

R

eizψ0(η) a(ψ0(η))
η − τ

dη −
ˆ −R

−∞
eizψN (η) a(ψN (η))

η − τ
dη .

That is, we aim to estimate the following quantity
ˆ ∞

R

eizψ0(η) a(ψ0(η))
η − τ

dη −
ˆ ∞

R

eizψN (σNη) a(ψN (σNη))
η − σNτ

dη .

Since we are in the case where there is no singularity in the oscillatory tail, we have τ < R− r
and σNτ < R− r. Then for all η > R we have⃓⃓⃓⃓

1
η − τ

⃓⃓⃓⃓
≤
(︃

1 + 1{τ≥0}

⃓⃓⃓⃓
1

η
τ − 1

⃓⃓⃓⃓)︃
1
η
≤

(︄
1 + 1

R
R−r − 1

)︄
1
η
≲R,r

1
η

(3.A.13)

⃓⃓⃓⃓
1

η − σNτ

⃓⃓⃓⃓
≤

(︄
1 + 1{σNτ≥0}

⃓⃓⃓⃓
⃓ 1

η
σNτ
− 1

⃓⃓⃓⃓
⃓
)︄

1
η
≤

(︄
1 + 1

R
R−r − 1

)︄
1
η
≲R,r

1
η
. (3.A.14)

We decompose
ˆ ∞

R

eizψ0(η) a(ψ0(η))
η − τ

dη −
ˆ ∞

R

eizψN (σNη) a(ψN (σNη))
η − σNτ

dη

=
ˆ ∞

R

eizψN (σNη)
(︃
a(ψ0(η))
η − τ

− a(ψN (σNη))
η − σNτ

)︃
dη +

ˆ ∞

R

(︂
eizψ0(η) − eizψN (σNη)

)︂a(ψ0(η))
η − τ

dη

= (I) + (II)

and directly estimate

|(I)| ≲A
ˆ ∞

R

⃓⃓⃓⃓
σNτ − τ

(η − τ)(η − σNτ)

⃓⃓⃓⃓
+
⃓⃓⃓⃓
a(ψ0(η))− a(ψN (σNη))

(η − σNτ)

⃓⃓⃓⃓
dη

≲A,R,P,r

ˆ ∞

R

1
η2 + 1

η1+δ dη ≲R,β,δ 1 .

If z = 0 then (II) = 0, so we assume z > 0 (we have assumed without loss of generality z ≥ 0). We
split the interval (R,∞) into (R,R ∨ z− 1

β ) and (R ∨ z− 1
β ,∞). For the finite interval, we estimate⃓⃓⃓⃓

⃓⃓ˆ R∨z− 1
β

R

(︂
eizψ0(η) − eizψN (σNη)

)︂a(ψ0(η))
η − τ

dη

⃓⃓⃓⃓
⃓⃓ ≲A z ˆ R∨z− 1

β

R

|ψ0(η)|+ |ψN (σNη)|
η − τ

dη

≲R,P,r z
ˆ R∨z− 1

β

R

ηβ

η
dη

= z
1
β

(︂
(R ∨ z− 1

β )β −Rβ
)︂
≲β 1 .

We decompose the other interval into dyadic blocks

[R ∨ z− 1
β ,∞) =

∞⋃︂
l=L

[2l, 2l+1) ∪ [R ∨ z− 1
β , 2L) ,

where L ∈ N is the unique integer such that 2L−1 ≤ R ∨ z− 1
β < 2L. Now we use the oscillation

with Lemma 3.A.6 to estimate
∞∑︂
l=L

⃓⃓⃓⃓
⃓
ˆ 2l+1

2l

(︂
eizψ0(η) − eizψN (σNη)

)︂a(ψ0(η))
η − τ

dη
⃓⃓⃓⃓
⃓

+
⃓⃓⃓⃓
⃓
ˆ 2L

R∨z− 1
β

(︂
eizψ0(η) − eizψN (σNη)

)︂a(ψ0(η))
η − τ

dη
⃓⃓⃓⃓
⃓



3.A. Linear Estimates 107

≲M,R,A,r,p
1
z

(︄ ∞∑︂
l=L

2(l+1)(1−β)2−l + 2L(1−β)(R ∨ z− 1
β )−1

)︄

≲

(︄
1
z

∞∑︂
l=L

2−βl + z−12(1−β)L(R ∨ z− 1
β )−1

)︄

≲

(︃(︂
2L(R ∨ z− 1

β )−1
)︂−β

+
(︂

2L(R ∨ z− 1
β )−1

)︂1−β
)︃

≲ 1 .

Here (H5) implies the monotonicity condition that the lemma requires.

(c) The non-critical point singularity bounded case. Due to (3.A.12) it suffices to estimate
the integral (3.A.11) on (τ − r, τ + r) instead of the whole interval (ˆ︁ηj , qηj). In fact, the interval
(τ − r′, τ + r′) where r′ = r

2 suffices, since the case (iii) takes care of the integral near a critical
point. We have ensured that we are not close to a critical point and hence supη∈(τ−r′,τ+r′) |ψ′

j(η)|
is bounded uniformly for small τ , i. e. |τ | ≤ R. On the other hand, (H3) ensures boundedness for
|τ | > R. Another control quantity is supη∈(τ−r′,τ+r′)

1
|ψ′

j
(η)| , which is bounded uniformly in τ for

|τ | ≤ R only.

We have
ˆ τ+r′

τ−r′
eizψj(η)1{|η−τ |>ε}a(ψj(η))

η − τ
dη =

ˆ r′

ε

(︂
eizψj(τ+η)a(ψj(τ + η))− eizψj(τ−η)a(ψj(τ − η))

)︂1
η

dη .

The Lipschitz property yields⃓⃓⃓⃓
⃓
ˆ r′∧ 1

z

ε

(︂
eizψj(τ+η)a(ψj(τ + η))− eizψj(τ−η)a(ψj(τ − η))

)︂1
η

dη
⃓⃓⃓⃓
⃓ ≲A,R,β sup

η∈(τ−r′,τ+r′)
|ψ′
j(η)| .

If zr′ ≤ 1 then we are done, so we assume zr′ > 1 and aim to estimate
ˆ r′

1
z

(︂
eizψj(τ+η)a(ψj(τ + η))− eizψj(τ−η)a(ψj(τ − η))

)︂1
η

dη .

Here we apply Lemma 3.A.6 to each summand, using that ψj is strictly monotone and that
a(ψj(τ±η))

η only changes monotonicity less than M times by (H5). This yields⃓⃓⃓⃓
⃓
ˆ r′

1
z

eizψj(τ±η)a(ψj(τ ± η)) 1
η

dη
⃓⃓⃓⃓
⃓ ≲M,A sup

η∈(τ−r′,τ+r′)

1
|ψ′
j(η)| .

Note that the right-hand side may grow with τ . This is acceptable as we are in the case j ̸∈ {0, N},
i. e. there exists some fixed large R such that |τ | < R, but it needs to be improved for the case
(d) below.

(d) The non-critical point singularity oscillatory tail case. In this case the singularity is
far from the origin in the oscillatory tail, i. e. |τ | > R. Note that now j ∈ {0, N}. We assume
without loss of generality that τ > R

1−r > R, and correspondingly that σj = −1 if j = 0, and
σj = 1 if j = N , as otherwise there is no singularity in the oscillatory tail. We would like to
separate the singularity from the oscillatory tail. This requires us to revisit the proofs of (b) and
(c).

Note that in (c) we have treated the singularity on a smaller interval (τ−r′, τ+r′). Correspondingly,
we now estimate the integral (3.A.11) on a larger interval (τ−τr, τ+τr) ⊂ (R,∞). We decompose
ˆ τr

ε

(︂
eizψj(τ+η)a(ψj(τ + η))− eizψj(τ−η)a(ψj(τ − η))

)︂1
η

dη

=
ˆ τr

ε

eizψj(τ+η)(a(ψj(τ + η))− a(ψj(τ − η))) 1
η

dη +
ˆ τr

ε

(︂
eizψj(τ+η) − eizψj(τ−η)

)︂
a(ψj(τ − η)) 1

η
dη .

The Lipschitz property yields⃓⃓⃓⃓ˆ τr

ε

eizψj(τ+η)(a(ψj(τ + η))− a(ψj(τ − η))) 1
η

dη
⃓⃓⃓⃓
≲A,P τr sup

η∈(τ−τr,τ+τr)
(ηβ)−1ηβ−1 ≲R 1
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and⃓⃓⃓⃓
⃓⃓ˆ τr∧ τ1−β

z

ε

(︂
eizψj(τ+η) − eizψj(τ−η)

)︂
a(ψj(τ − η)) 1

η
dη

⃓⃓⃓⃓
⃓⃓ ≲A,P z τ1−β

z
sup

η∈(τ−τr,τ+τr)
ηβ−1 ≲ 1 .

If τ1−β

z < τr then there is a remainder, which we estimate using the oscillation, i. e. Lemma 3.A.6:⃓⃓⃓⃓
⃓
ˆ τr

τ1−β

z

(︂
eizψj(τ+η) − eizψj(τ−η)

)︂
a(ψj(τ − η)) 1

η
dη
⃓⃓⃓⃓
⃓ ≲M,A,P

1
z

sup
η∈(τ−τr,τ+τr)

η1−β z

τ1−β

≲ 1 .

As before, (H5) supplies the required monotonicity assumption.

We now modify the proof of (b) to deal with the remaining oscillatory tail in the integral (3.A.11)
with j ∈ {0, N}, where the interval (τ − τr, τ + τr) around the singularity has been removed by
the above consideration. We again assume that σ0 = −1 and distinguish two cases. If σN = 1 we
have to bound the quantity

ˆ τ−τr

R

eizψ0(η) a(ψ0(η))
η − τ

dη −
ˆ τ−τr

R

eizψN (η) a(ψN (η))
η − τ

dη

+
ˆ ∞

τ+τr
eizψ0(η) a(ψ0(η))

η − τ
dη −

ˆ ∞

τ+τr
eizψN (η) a(ψN (η))

η − τ
dη ,

while if σN = −1 we have to bound the quantity
ˆ τ−τr

R

eizψ0(η) a(ψ0(η))
η − τ

dη +
ˆ −R

−τ+τr
eizψN (η) a(ψN (η))

η − τ
dη

+
ˆ ∞

τ+τr
eizψ0(η) a(ψ0(η))

η − τ
dη +

ˆ −τ−τr

−∞
eizψN (η) a(ψN (η))

η − τ
dη

+
ˆ −τ+τr

−τ−τr
eizψN (η) a(ψN (η))

η − τ
dη .

We can directly estimate all the above integrals which have finite domains as in (3.A.12), as the
size of the domain is always bounded by τ + τr, while the integrand is bounded by A

τr . Unifying
the remaining integrals for σN ∈ {−1, 1} as in the treatment of (b) before, it remains to bound
the quantity
ˆ ∞

τ+τr
eizψ0(η) a(ψ0(η))

η − τ
dη −

ˆ ∞

τ+τr
eizψN (σNη) a(ψN (σNη))

η − σNτ
dη

=
ˆ ∞

τ+τr
eizψN (σNη)

(︃
a(ψ0(η))
η − τ

− a(ψN (σNη))
η − σNτ

)︃
dη +

ˆ ∞

τ+τr

(︂
eizψ0(η) − eizψN (σNη)

)︂a(ψ0(η))
η − τ

dη

= (I) + (II) .

This requires adapting (3.A.13)–(3.A.14). For all η ∈ (τ + τr,∞) we have⃓⃓⃓⃓
1

η − τ

⃓⃓⃓⃓
≤
(︃

1 +
⃓⃓⃓⃓

1
η
τ − 1

⃓⃓⃓⃓)︃
1
η
≤
(︃

1 +
⃓⃓⃓⃓

1
τ+τr
τ − 1

⃓⃓⃓⃓)︃
1
η
≤
(︃

1 + 1
r

)︃
1
η

⃓⃓⃓⃓
1

η + τ

⃓⃓⃓⃓
≤ 1
η
.

Both terms (I) and (II) can now be estimated with the same method as in (b).

(iii) The critical point case Outside the interval (τ − r, τ + r) we have |η − τ | ≥ r, so the
integrals over these sections can be estimated as in (3.A.12) if the interval is finite and (b) if not.
It therefore suffices to consider the integral over (τ − r, τ + r). Here we shall describe our approach
to the cases (e), (f) and (g) with the help of Figure 3.3. We assume without loss of generality that
σj−1 = 1.



3.A. Linear Estimates 109

Figure 3.3.: Six possibilities for the cases (e), (f) and (g) when σj−1 = 1.

ξj

τ + r

τ − r

τ
ηj

2τ − ηj

(1): (e) ξj

τ + r

τ − r

τ = ηj

(2): (g) ξj

τ + r

τ − r

τ
ηj

(3): (f)

ξj

τ + r

τ − r

τ
ηj

2τ − ηj

(4): (e) ξj

τ + r

τ − r

τ = ηj

(5): (g) ξj

τ + r

τ − r

τ
ηj

2ηj − τ

(6): (e)

We refer to different parts of the integral to estimate as “sections”. The orange sections contain
the singularity, so cancellation of the sections before and after the singularity is crucial. Note
that in case (1) cancellation between the orange section before the point (ξj , ηj) and the one after
(ξj , ηj) is not necessary. We perform the proof only for the section to the right of (ξj , ηj) in (1),
as it is representative of all other orange sections. All blue sections need to be considered in pairs
consisting of a section to the left of (ξj , ηj) and one to the right, in order to exploit a cancellation
of the form |eix − eiy| ≤ |x|+ |y|. Here the cases (2) and (5) are strictly more difficult than the
other ones, because the sections we integrate over go all the way up to the singularity. We treat
them as representative of all the other blue sections.

Define b = ηj − τ . In the case (1) we have τ − r < τ − b < τ < τ + b = ηj < τ + r, and the integral
to estimate is

ˆ τ+b

τ−b
eizψj−1(η)1{|η−τ |>ε}a(ψj−1(η))

η − τ
dη −

ˆ τ+b

τ−b
eizψj(η)1{|η−τ |>ε}a(ψj(η))

η − τ
dη

As mentioned before, we estimate these two terms individually and with the same technique, so it
suffices to consider the case of ψj . Here

ˆ τ+b

τ−b
eizψj(η)1{|η−τ |>ε}a(ψj(η))

η − τ
dη

=
ˆ b

ε

(︂
eizψj(τ+η)a(ψj(τ + η))− eizψj(τ−η)a(ψj(τ − η))

)︂1
η

dη

=
ˆ b

ε

(︂
eizψj(ηj−(b−η))a(ψj(ηj − (b− η)))− eizψj(ηj−(b+η))a(ψj(ηj − (b+ η)))

)︂1
η

dη .

To simplify notation, we assume without loss of generality that ηj = 0 and replace ψj(η) by
ψj(−η). This means that ψj(ηj − (b± η)) is replaced by ψj(b± η). We decompose
ˆ b

ε

eizψj(b+η)a(ψj(b+ η))− eizψj(b−η)a(ψj(b− η))
η

dη

=
ˆ b

ε

eizψj(b−η) a(ψj(b+ η))− a(ψj(b− η))
η

dη +
ˆ b

ε

eizψj(b+η) − eizψj(b−η)

η
a(ψj(b+ η)) dη .

The first term can be directly estimated:
ˆ b

ε

|a(ψj(b+ η))− a(ψj(b− η))|
η

dη ≤
ˆ b

0

1
η

ˆ η

−η
|a′(ψj(b+ y))ψ′

j(b+ y)| dy dη

=
ˆ b

−b
|a′(ψj(b+ y))ψ′

j(b+ y)|
ˆ b

|y|

1
η

dη dy ≲A,Q

ˆ b

−b
(b+ y)α−1 ln

(︃
b

|y|

)︃
dy
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≤ bα
ˆ 2

0

1
y1−α ln

(︃
1

|y − 1|

)︃
dy ≲R,α 1 .

To estimate the second term, we first suppose that b1−α

z < b. Then (H5) permits application of
Lemma 3.A.6, which yields⃓⃓⃓⃓

⃓
ˆ b

b1−α

z

eizψj(b±η) a(ψj(b± η))
η

dη
⃓⃓⃓⃓
⃓ ≲M,A,q

1
z

sup
η∈
(︁

b1−α

z ,b
)︁(b± η)1−α sup

η∈
(︁

b1−α

z ,b
)︁ 1
η

≤ 1
z

(2b)1−α z

b1−α ≲ 1 .

The remaining interval is
(︂
ε, ε ∨ b1−α

z

)︂
, so we assume ε < b1−α

z and estimate⃓⃓⃓⃓
⃓⃓ˆ b1−α

z

ε

eizψj(b+η) − eizψj(b−η)

η
a(ψj(b+ η)) dη

⃓⃓⃓⃓
⃓⃓ =

⃓⃓⃓⃓
⃓⃓ˆ b1−α

z

ε

a(ψj(b+ η))
η

ˆ η

−η
eizψj(b+y)izψ′

j(b+ y) dy dη

⃓⃓⃓⃓
⃓⃓

=

⃓⃓⃓⃓
⃓⃓ˆ b1−α

z

− b1−α

z

eizψj(b+y)izψ′
j(b+ y)

ˆ b1−α

z

ε∨|y|

a(ψj(b+ η))
η

dη dy

⃓⃓⃓⃓
⃓⃓

≲A,Q
z

b1−α

ˆ b1−α

z

− b1−α

z

b1−α

(b+ y)1−α

⃓⃓⃓⃓
log
(︃
b1−α

z

1
|y|

)︃⃓⃓⃓⃓
dy

=
ˆ 1

−1

1(︁
1 + t

bαz

)︁1−α

⃓⃓⃓⃓
log
(︃

1
|t|

)︃⃓⃓⃓⃓
dt ≲α 1 .

Note that at the end we have used bαz > 1. It remains to deal with the case bαz ≤ 1:⃓⃓⃓⃓
⃓
ˆ b

ε

eizψj(b+η) − eizψj(b−η)

η
a(ψj(b+ η)) dη

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓
ˆ b

−b
eizψj(b+y)izψ′

j(b+ y)
ˆ b

ε∨|y|

a(ψj(b+ η))
η

dη dy
⃓⃓⃓⃓
⃓

≲A,Q
1
b

ˆ b

−b

b1−α

(b+ y)1−α

⃓⃓⃓⃓
log
(︃
b

|y|

)︃⃓⃓⃓⃓
dy ≲α 1 .

In the cases (2) and (5) we have τ − r < τ = ηj < τ + r and σj−1 = 1 while σj ∈ {−1, 1}. The
integral to estimate can be written for both cases as

ˆ τ−ε

τ−r
eizψj−1(η) a(ψj−1(η))

η − τ
dη +

ˆ τ+σjr

τ+σjε

eizψj(η) a(ψj(η))
η − τ

dη

=
ˆ r

ε

(︂
eizψj(ηj+σjη) − eizψj−1(ηj−η)

)︂a(ψj(ηj + σjη))
η

dη

+
ˆ r

ε

eizψj−1(ηj−η) a(ψj(ηj + σjη))− a(ψj−1(ηj − η))
η

dη

= (III) + (IV ) .

We have

|(IV )| ≲A
ˆ r

ε

|ψj(ηj + σjη)− ξj + ξj − ψj−1(ηj − η)|
η

dη ≲Q

ˆ r

0

ηα

η
dη ≲α 1 .

It remains to estimate (III). Assuming without loss of generality that ε < z− 1
α , we can

immediately estimate⃓⃓⃓⃓
⃓⃓ˆ z− 1

α

ε

(︂
eizψj(ηj+σjη) − eizψj−1(ηj−η)

)︂a(ψj(ηj + σjη))
η

dη

⃓⃓⃓⃓
⃓⃓ ≲A,Q z

ˆ z− 1
α

0
ηα

1
η

dη

≲α z(z− 1
α )α = 1 .
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If z− 1
α ≥ r then this is the whole integral, so we assume z− 1

α < r and decompose

[z− 1
α , r) =

L−1⋃︂
l=0

[r2−l−1, r2−l) ∪ [z− 1
α , r2−L) ,

where L ∈ N is the unique integer such that 2−L−1 ≤ z− 1
α

r < 2−L. With (H5) we can use the
oscillation through Lemma 3.A.6 to estimate

L−1∑︂
l=0

⃓⃓⃓⃓
⃓
ˆ r2−l

r2−l−1

(︂
eizψj(ηj+σjη) − eizψj−1(ηj−η)

)︂a(ψj(ηj + σjη))
η

dη
⃓⃓⃓⃓
⃓

+
⃓⃓⃓⃓
⃓
ˆ r2−L

z− 1
α

(︂
eizψj(ηj+σjη) − eizψj−1(ηj−η)

)︂a(ψj(ηj + σjη))
η

dη
⃓⃓⃓⃓
⃓

≲M,A,q
1
z

(︄
L−1∑︂
l=0

(r2−l)1−α(r2−l−1)−1 + (r2−L)1−α(z− 1
α )−1

)︄

≲

(︄
1
z

L−1∑︂
l=0

2αl + z
1
α −12(α−1)L

)︄
≲α

(︃(︂
2−Lz

1
α

)︂−α
+
(︂

2−Lz
1
α

)︂1−α
)︃

≲r,α 1 .

3.A.2. The maximal function estimate
Let φ ∈ C3(R;R). We assume that there exists a large R > 0 for which the following hold.
(J1) There exists some A > 0 and n > 1 such that

|φ′(ξ)| ≥ R =⇒ |φ′(ξ)| ≤ A|ξ|n−1 .

(J2) There exists some B > 0 such that

|φ′(ξ)| ≥ R =⇒ |φ′(ξ)| ≤ 1
B
|ξφ′′(ξ)| .

(J3) We have ⃦⃦⃦⃦
φ′′′

φ′

⃦⃦⃦⃦
L1({|φ′(ξ)|≥R})

+
⃦⃦⃦⃦
φ′′

φ′

⃦⃦⃦⃦
(L2∩L∞)({|φ′(ξ)|≥R})

<∞ .

(J4) There exists N ∈ N such that |(φ′)−1({η}) ∩ {|φ′(ξ)| ≥ R}| ≤ N for all η ∈ R.
(J5) There exist E, r > 0 such that for all R′ > R we have

1
2R

′ ≤ |φ′(ξ)| ≤ 3
2R

′ =⇒ sup
|ζ|<r

|φ′′(ξ + ζ)| ≤ ER′ .

(J6) We have lim|ξ|→∞ |φ′(ξ)| =∞.
Theorem 3.A.7 (Generalization of [111, Theorem 2.7, Corollary 2.8, Corollary 2.9]). Let
φ ∈ C3(R;R) satisfy (J1)–(J6) and let a ∈ L∞(R;R). Let T > 0. Suppose b = b(t, ξ) ∈
C1([−T, T ];L∞(R)) has bounded support in ξ, uniformly in t. For any u0 ∈ D(R) we have⎛⎝∑︂

j∈Z
sup

|t|≤T
sup

j≤x≤j+1
|(a(Dx)eitφ(Dx) + b(t,Dx))u0(x)|2

⎞⎠ 1
2

≲T,s,φ,a,b ∥u0∥
H

1
2 ∨ n−1

4
, (3.A.15)

and consequently for any s ≥ 1
2 ∨

n−1
4 also

∥(a(Dx)eitφ(Dx) + b(t,Dx))u0∥L2
x∈RL

∞
t∈[−T,T ]

≲T,s,φ,a,b ∥u0∥Hs . (3.A.16)
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We first recall another version of the Van der Corput lemma, whose proof can be found in [167,
pp. 309-311].
Lemma 3.A.8 (Van der Corput lemma). Let ψ ∈ C∞

0 (R;R) and assume that Φ ∈ C2(R;R) with
Φ′′
⃓⃓
suppψ > λ > 0. Then ⃓⃓⃓⃓ˆ

R
eiΦ(ξ)ψ(ξ) dξ

⃓⃓⃓⃓
≤ 10λ− 1

2 (∥ψ∥L∞ + ∥ψ′∥L1) . (3.A.17)

The proof of Theorem 3.A.7 relies on the following crucial lemma.
Lemma 3.A.9 (Generalization of [111, Proposition 2.6]). Let φ ∈ C3(R;R) fulfill (J1)–(J6) and
let ψ ∈ C∞(R;R) with suppψ ⊆ [2k−1, 2k+1] for some k ∈ N. Let T > 0. There exists a constant
c = c(φ) > 0 such that the following pointwise estimate holds:

sup
|t|≤T

⃓⃓⃓⃓ˆ
R
ei(tφ(ξ)+xξ)ψ(ξ) dξ

⃓⃓⃓⃓
≲T,φ H

n−1
k (x)(∥ψ′′∥L1 + ∥ψ′∥L1∩L∞ + ∥ψ∥L∞) ,

where

Hn−1
k (x) =

⎧⎪⎨⎪⎩
2k , |x| ≤ 2TR
2 k

2 |x|− 1
2 , 2TR < |x| ≤ cT2(n−1)k

(1 + |x|2)−1 , |x| > cT2(n−1)k.

(3.A.18)

Proof. We may assume t ∈ (0, T ], x ∈ R. If |x| ≤ 2TR we estimate⃓⃓⃓⃓ˆ
R
ei(tφ(ξ)+xξ)ψ(ξ) dξ

⃓⃓⃓⃓
≤ 2(2k+1 − 2k−1)∥ψ∥L∞ = 2k3∥ψ∥L∞ .

We therefore assume |x| > 2TR > 1 and define

Ω =
{︃
ξ ∈ [2k−1, 2k+1] : |tφ′(ξ) + x| ≤ |x|2

}︃
˜︁Ω =

{︃
ξ ∈ [2k−1, 2k+1] : |tφ′(ξ) + x| ≤ |x|3

}︃
.

Note that ξ ∈ Ω implies

1
2
|x|
t
≤ |φ′(ξ)| ≤ 3

2
|x|
t
,

and furthermore that |x| > 2TR and t ≤ T ensure 1
2

|x|
t ≥ R. Since R > 1 can be chosen arbitrarily

large, we are in a regime where |φ′(ξ)| is large and hence (J1)–(J6) may be applied.

Let η ∈ C∞(R;R) with supp η ⊆ Ω and η
⃓⃓˜︁Ω = 1. We know that ∥η∥L∞ ≤ 1 and now prove

furthermore that it is possible to choose η so that ∥η′∥L∞ ≲φ 1. We do this by showing˜︁Ω +Br(0) ⊆ Ω for some small radius r > 0 independent of t. Let 0 < |ζ| < r and ξ ∈ ˜︁Ω. Then

|tφ′(ξ + ζ) + x| ≤ |x|3 + tr sup
|a|<r

|φ′′(ξ + a)| .

With (J5) we obtain

tr sup
|a|<r

|φ′′(ξ + a)| ≤ trE |x|
t

= Er|x| ,

so a choice of r with Er < 1
6 suffices.

Since (J4) implies that Ω and ˜︁Ω can each be written as unions of 2N + 1 or fewer closed intervals,
there exists a choice of η for which also ∥η′∥L1 , ∥η′′∥L1 ≲φ 1. If ξ ∈ supp η ⊆ Ω, then (J2) implies

|(tφ(ξ) + xξ)′′| = t|φ′′(ξ)| ≥ tB
⃓⃓⃓⃓
φ′(ξ)
ξ

⃓⃓⃓⃓
≥ B

2k+1
|x|
2 = B

4 2−k|x| .



3.A. Linear Estimates 113

We apply (3.A.17) to obtain⃓⃓⃓⃓ˆ
R
ei(tφ(ξ)+xξ)(ηψ)(ξ) dξ

⃓⃓⃓⃓
≲φ 2 k

2 |x|− 1
2 (∥(ηψ)′∥L1 + ∥ηψ∥L∞) ≲φ 2 k

2 |x|− 1
2 (∥ψ′∥L1 + ∥ψ∥L∞) .

On the other hand if ξ ∈ supp(1− η), then

|(tφ(ξ) + xξ)′| = |tφ′(ξ) + x| ≥ |x|3 .

Due to ψ having compact support we can perform the integration by parts below without any
boundary terms appearing. We estimate⃓⃓⃓⃓ˆ

R
ei(tφ(ξ)+xξ)((1− η)ψ)(ξ) dξ

⃓⃓⃓⃓
=
⃓⃓⃓⃓ˆ

R
ei(tφ(ξ)+xξ)∂ξ

(︃
1

tφ′(ξ) + x
∂ξ

(︃
1

tφ′(ξ) + x
((1− η)ψ)(ξ)

)︃)︃
dξ
⃓⃓⃓⃓

≤
ˆ

supp(1−η)

⃓⃓⃓⃓
((1− η)ψ)′′(tφ′ + x)− tφ′′′(1− η)ψ

(tφ′ + x)3

⃓⃓⃓⃓
dξ

+
ˆ

supp(1−η)

⃓⃓⃓⃓
⃓3tφ′′(︁((1− η)ψ)′(tφ′ + x)− tφ′′(1− η)ψ

)︁
(tφ′ + x)4

⃓⃓⃓⃓
⃓dξ

≲
1
|x|2

(︄
1 +

⃦⃦⃦⃦
tφ′′′

tφ′ + x

⃦⃦⃦⃦
L1(R \˜︁Ω)

+
⃦⃦⃦⃦

tφ′′

tφ′ + x

⃦⃦⃦⃦
L∞(R \˜︁Ω)

+
⃦⃦⃦⃦

(tφ′′)2

(tφ′ + x)2

⃦⃦⃦⃦
L1(R \˜︁Ω)

)︄
(∥((1− η)ψ)′′∥L1 + ∥((1− η)ψ)′∥L1 + ∥(1− η)ψ∥L∞)

≲φ
1
|x|2

(︄(︄
1 +

⃦⃦⃦⃦
φ′′′

φ′

⃦⃦⃦⃦
L1({|φ′(ξ)|≥R})

+
⃦⃦⃦⃦
φ′′

φ′

⃦⃦⃦⃦2

(L2∩L∞)({|φ′(ξ)|≥R})

)︄⃦⃦⃦⃦
⃦
⟨︃

1− x

tφ′ + x

⟩︃2
⃦⃦⃦⃦
⃦
L∞(R \˜︁Ω)

+ ∥φ′′′∥L1({|φ′(ξ)|≤R}) + ∥φ′′∥2
(L2∩L∞)({|φ′(ξ)|≤R})

)︄
(∥ψ′′∥L1 + ∥ψ′∥L1∩L∞ + ∥ψ∥L∞) .

Here we intersect R \˜︁Ω with the sets {|φ′(ξ) < R} and {|φ′(ξ) ≥ R}. We apply (J3) to estimate
the norms with |φ′(ξ)| ≥ R, and (J6) together with continuity of φ′′ and φ′′′ to estimate the
norms with |φ′(ξ)| ≤ R. We have shown that⃓⃓⃓⃓ˆ

R
ei(tφ(ξ)+xξ)((1− η)ψ)(ξ) dξ

⃓⃓⃓⃓
≲φ |x|−2(∥ψ′′∥L1 + ∥ψ′∥L1∩L∞ + ∥ψ∥L∞) .

In summary,⃓⃓⃓⃓ˆ
R
ei(tφ(ξ)+xξ)ψ(ξ) dξ

⃓⃓⃓⃓
≲φ 2 k

2 |x|− 1
2 (∥ψ′∥L1 + ∥ψ∥L∞) + |x|−2(∥ψ′′∥L1 + ∥ψ′∥L1 + ∥ψ∥L∞)

≲T,φ 2 k
2 |x|− 1

2 (∥ψ′′∥L1 + ∥ψ′∥L1∩L∞ + ∥ψ∥L∞) .

Note that for all ξ ∈ suppψ ⊆ [2k−1, 2k+1] we have

|tφ′(ξ) + x| ≤ 1
2 |x| =⇒

t|φ′(ξ)|
|x|

≥ 1
2

(J1)===⇒ |x| ≤ 2TA2(n−1)(k+1) ,

so we can choose a constant c(φ) so that in the case |x| > c(φ)T2(n−1)k only the term with decay
|x|−2 appears. Since in this case |x| > cT , we have |x|−2 ≲T,φ (1 + |x|2)−1.

Proof of Theorem 3.A.7. The proof of (3.A.15) is identical to that of [111, Theorem 2.7], except
[111, Proposition 2.6] is replaced by our Lemma 3.A.9, and the time interval |t| ≤ 1 is replaced
with |t| ≤ T . The extension of the time interval is performed separately in [111, Corollary 2.8]
using a scaling argument, which yields an explicit algebraic growth bound (1 + T )ρ, ρ > 3

4 for the
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constant in the time T . Since φ(ξ) is not necessarily homogeneous in our situation, this scaling
argument cannot be trivially generalized. As we do not need to know a growth bound for the
constant in T , we can simply skip this argument and work directly with |t| ≤ T .

The additional operators a(Dx) and b(t,Dx) are not present in the reference. In the proof the
claim is reduced to estimating an L2

x(R)-norm of a linear function of u, and at that point the
weight a(ξ) disappears. The term involving b can be controlled by ∥u0∥L2 using the Sobolev
inequality. In this case the oscillation from the semigroup is not necessary, i. e. Lemma 3.A.9 is
not used.

The estimate (3.A.16) was shown for φ(ξ) = ξ|ξ|n−1, n ≥ 2 in [111, Corollary 2.9] with explicit
time growth bound C(φ, s, T ) = (1 + T )ρ ˜︁C(s, n− 1), ρ > 3

4 . The corollary is a consequence of
[111, Corollary 2.8], which itself is a consequence of [111, Theorem 2.7]. This theorem crucially
relies on [111, Proposition 2.6]. We have stated and proven a generalization of this proposition
above. The remaining proofs need no significant changes. Then (3.A.16) is a direct consequence
of (3.A.15).

3.A.3. Further estimates
Here we use the standard Japanese bracket ⟨ξ⟩ =

√︁
1 + ξ2.

Lemma 3.A.10. Let s ≥ 0 and p, q ∈ [1,∞) ∪ {∞}. For all f ∈ LpxL
q
t with |Dx|sf ∈ LpxL

q
t we

have

∥|Dx|sf∥Lp
xL

q
t
≲ ∥⟨Dx⟩sf∥Lp

xL
q
t
≲ ∥f∥Lp

xL
q
t

+ ∥|Dx|sf∥Lp
xL

q
t
. (3.A.19)

Furthermore,

∥⟨Dx⟩−sf∥Lp
xL

q
t
≲ ∥f∥Lp

xL
q
t
. (3.A.20)

Similarly if s ∈ [0, 1) and ∂xf ∈ LpxL
q
t , then

∥⟨Dx⟩sf∥Lp
xL

q
t
≲ ∥f∥Lp

xL
q
t

+ ∥∂xf∥Lp
xL

q
t
. (3.A.21)

Proof. Assume s > 0. For the first direction of (3.A.19) it suffices to prove that the multiplier

m(ξ) = |ξ|
s

⟨ξ⟩s
=
(︃

ξ2

1 + ξ2

)︃ s
2

=
∞∑︂
k=0

(︃ s
2
k

)︃
(−1)k⟨ξ⟩−2k

yields a bounded operator m(Dx) : LpxL
q
t → LpxL

q
t . Suppose that f ∈ S(R2;C). By [57, Section

1.2.4] we have

⟨Dx⟩−2kf = G2k ∗x f

where the Bessel kernels G2k satisfy ∥G2k∥L1 = 1 for k ≥ 1. Then the mixed-norm Young’s
inequality [84, Theorem 3.1] implies that ⟨Dx⟩−2k : LpxL

q
t → LpxL

q
t is bounded with uniformly

bounded operator norm. Since the series in the definition of m(Dx) is absolutely convergent, we
are finished.

For the second direction of (3.A.19) we decompose

⟨ξ⟩s = χ(ξ)⟨ξ⟩s +
(︃

1 + (1− χ(ξ))
m(ξ) − 1

)︃
|ξ|s = m1(ξ) + (1 +m2(ξ))|ξ|s ,

where χ ∈ C∞
c (R; [0, 1]) with χ = 1 in a neighborhood of the origin. Since m1(ξ) = χ(ξ)⟨ξ⟩s is

Schwartz, its inverse Fourier transform belongs to S(R) ⊆ L1(R). Hence, as above, the operator
m1(Dx) : LpxL

q
t → LpxL

q
t is bounded. Similarly we have m2 ∈ H1, and hence its inverse Fourier

transform is in H0,1 ⊆ L1, which implies as before that m2(Dx) : LpxL
q
t → LpxL

q
t is bounded.

The estimate (3.A.20) follows again from the fact that the Bessel kernel is in L1. Similarly one
obtains (3.A.21) by splitting low and high frequencies as before, and observing that the relevant
kernels are in L1.
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3.B. Appendix: Proof of Lemma 3.2.2
Definition 3.B.1. Let X be a finite-dimensional complex Banach space. We say that f : D ⊂
R→ X is

(i) Smooth on D if it is infinitely differentiable on D.
(ii) Bounded smooth on D if it is bounded, smooth on D, and all derivatives are bounded.
(iii) Polynomially bounded on D if p−1f is bounded on D for some polynomial p.
(iv) Polynomially bounded smooth on D if it is polynomially bounded, smooth on D, and

all derivatives are polynomially bounded.
(v) Rapidly decreasing at ±∞ if pf is bounded on D ∩ R± for every polynomial p.
(vi) Schwartz at ±∞ if pf is bounded smooth on D ∩ R± for every polynomial p.

Proof of Lemma 3.2.2. Recall for Γ± = Γ±
d + Γ±

od the system

(∂x + ∂y)Γ±
d (x, y) =

(︂
Q(x) +Q∗(y)

)︂
Γ±

od(x, y) (3.2.15)

(∂x − ∂y)Γ±
od(x, y) =

(︂
Q(x)−Q∗(y)

)︂
Γ±

d (x, y) (3.2.16)

lim
y→±∞

Γ±(x, y) = 0 Γ±
od(x, x) = 1

2(Q−Q∗)od(x) . (3.2.17)

We give the proof for the case ± = −; the plus case is analogous.

Reformulation into integral equations. The first step is to write (3.2.15)–(3.2.17) as a system
of integral equations:

Γ−
d (x, y) =

ˆ x

−∞

(︂
Q(s) +Q∗(s+ y − x)

)︂
Γ−

od(s, s+ y − x) ds

Γ−
od(x, y) = 1

2(Q−Q∗)
(︃
x+ y

2

)︃
+
ˆ x

x+y
2

(︂
Q(s)−Q∗(x+ y − s)

)︂
Γ−

d (s, x+ y − s) ds .

We now fix K ∈ N and consider the variables

Γ−
K(x, y) = (∂kyΓ−(x, y))0≤k≤K ∈

(︁
C2×2 )︁K+1

(∂x + ∂y)Γ−
K(x, y) = ((∂x + ∂y)∂kyΓ−(x, y))0≤k≤K ∈

(︁
C2×2 )︁K+1

for which the extended system of integral equations reads

∂kyΓ−
d (x, y) =

ˆ x

−∞

k∑︂
l=0

(︃
k

l

)︃
∂ly

(︂
Q(s) +Q∗(s+ y − x)

)︂
(∂k−l
y Γ−

od)(s, s+ y − x) ds (3.B.1)

∂kyΓ−
od(x, y) = 1

2∂
k
y

(︃
(Q−Q∗)

(︃
x+ y

2

)︃)︃
(3.B.2)

+
ˆ x

x+y
2

k∑︂
l=0

(︃
k

l

)︃
∂ly

(︂
Q(s)−Q∗(x+ y − s)

)︂
(∂k−l
y Γ−

d )(s, x+ y − s) ds

−
k−1∑︂
j=0

k−1−j∑︂
l=0

(︃
k − 1− j

l

)︃
1
2∂

j
y

⎛⎝∂ly(︂Q(s)−Q∗(x+ y − s)
)︂(︁
∂k−1−j−l
y Γ−

d
)︁
(s, x+ y − s)

⃓⃓⃓⃓
⃓
s= x+y

2

⎞⎠
and

(∂x + ∂y)∂kyΓ−
d (x, y) =

k∑︂
l=0

(︃
k

l

)︃
∂ly

(︂
Q(x) +Q∗(y)

)︂
(∂k−l
y Γ−

od)(x, y) (3.B.3)

(∂x + ∂y)∂kyΓ−
od(x, y) = ∂k+1

y

(︃
(Q−Q∗)

(︃
x+ y

2

)︃)︃
(3.B.4)

+ 2
ˆ x

x+y
2

k+1∑︂
l=0

(︃
k + 1
l

)︃
∂ly

(︂
Q(s)−Q∗(x+ y − s)

)︂
(∂k+1−l
y Γ−

d )(s, x+ y − s) ds
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−
k∑︂
j=1

k−j∑︂
l=0

(︃
k − j
l

)︃
∂jy

⎛⎝∂ly(︂Q(s)−Q∗(x+ y − s)
)︂

(∂k−j−l
y Γ−

d )(s, x+ y − s)
⃓⃓⃓⃓
⃓
s= x+y

2

⎞⎠
+

k∑︂
l=0

(︃
k

l

)︃[︃
∂ly

(︂
Q(s)−Q∗(x+ y − s)

)︂
(∂k−l
y Γ−

d )(s, x+ y − s)
]︃s=x

s= x+y
2

.

Reduction to the proof of (3.2.18). Note that for k ≥ 1 (3.2.15)–(3.2.16) imply

(∂x + ∂y)kΓ−
d (x, y) =

k−1∑︂
j=0

(︃
k − 1
j

)︃
(∂x + ∂y)k−1−j

(︂
Q(x) +Q∗(y)

)︂
(∂x + ∂y)jΓ−

od(x, y)

(∂x − ∂y)kΓ−
od(x, y) =

k−1∑︂
j=0

(︃
k − 1
j

)︃
(∂x − ∂y)k−1−j

(︂
Q(x)−Q∗(y)

)︂
(∂x − ∂y)jΓ−

d (x, y) .

As a result, ∂kxΓ− can be written as a linear (in Γ−) combination of (∂jxΓ−)0≤j≤k−1 and
(∂lyΓ−)0≤l≤k. It therefore suffices to construct ∂kyΓ− and prove the estimates (3.2.18)–(3.2.20) for
m = 0. Smoothness of Γ− then follows by an inductive construction.

Furthermore, we only need to prove (3.2.18), as the observation that our construction yields
lims→−∞ Γ−(x+s, y+s) = 0 (see (3.B.10) below), together with (3.2.18), directly implies (3.2.20):

|∂mx ∂kyΓ−(x, y)| ≤ 0 +
⃓⃓⃓ˆ x+y

2

−∞

(︁
(∂x + ∂y)∂mx ∂kyΓ−)︁(s+ x− y

2 , s− x− y
2 ) ds

⃓⃓⃓
≤
⃦⃦⃦(︁

(∂x + ∂y)∂mx ∂kyΓ−)︁(s+ x− y
2 , s− x− y

2 )
⃦⃦⃦
L1

s((−∞, x+y
2 ])

(3.2.18)
≤ c−(x+ y

2 )e
´ x

y
c−(s)ds.

A claim on the properties at the diagonal. We begin by analyzing the behavior of (3.B.1)–
(3.B.4) on the diagonal y = x. Recall that we assume q − q∗ to be Schwartz, and note that the
following “canceling product” of multiplication operators(︂

Q(x)−Q∗(y)
)︂(︂
Q(x) +Q∗(y)

)︂
= Q(x)2 −Q∗(y)2 = (|q|2 − 1)(x)− (|q∗|2 − 1)(y) (3.B.5)

is Schwartz if x = y. This is an essential source of integrability in our argument.

Claim 3.B.2. The map [x ↦→ (∂kyΓ−)(x, x)] is polynomially bounded smooth on R and Schwartz

at −∞. Furthermore, ((∂x + ∂y)∂kyΓ−)(x, x) and
(︂
Q(x) + Q∗(x)

)︂
(∂kyΓ−

od)(x, x) are Schwartz
functions in x ∈ R.

Proof of claim. Specializing (3.B.1)–(3.B.4) to y = x yields

(∂kyΓ−
d )(x, x) =

ˆ x

−∞

k∑︂
l=0

(︃
k

l

)︃
∂ly

(︂
Q(s) +Q∗(s+ y − x)

)︂⃓⃓⃓⃓⃓
y=x

(∂k−l
y Γ−

od)(s, s) ds (3.B.6)

(∂kyΓ−
od)(x, x) = 1

2k+1 ∂
k
x(Q−Q∗)(x)−

k−1∑︂
j=0

k−1−j∑︂
l=0

(︃
k − 1− j

l

)︃
1
2 (3.B.7)

∂jy

⎛⎝∂ly(︂Q(s)−Q∗(x+ y − s)
)︂(︁
∂k−1−j−l
y Γ−

d
)︁
(s, x+ y − s)

⃓⃓⃓⃓
⃓
s= x+y

2

⎞⎠⃓⃓⃓⃓⃓
y=x

and

((∂x + ∂y)∂kyΓ−
d )(x, x) =

k∑︂
l=0

(︃
k

l

)︃
∂ly

(︂
Q(x) +Q∗(y)

)︂⃓⃓⃓⃓⃓
y=x

(∂k−l
y Γ−

od)(x, x) (3.B.8)

((∂x + ∂y)∂kyΓ−
od)(x, x) = 1

2k+1 ∂
k+1
x (Q−Q∗)(x)−

k∑︂
j=1

k−j∑︂
l=0

(︃
k − j
l

)︃
(3.B.9)
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∂jy

⎛⎝∂ly(︂Q(s)−Q∗(x+ y − s)
)︂

(∂k−j−l
y Γ−

d )(s, x+ y − s)
⃓⃓⃓⃓
⃓
s= x+y

2

⎞⎠⃓⃓⃓⃓⃓
y=x

.

Recall here that Q and Q∗ are bounded smooth and Q−Q∗ is Schwartz, which implies by (3.2.17)
that Γ−

od(x, x) = 1
2 (Q−Q∗)(x) is Schwartz. Then Γ−

d (x, x) is Schwartz at −∞ and bounded smooth
on R by (3.B.6). By induction over k ∈ N, using (3.B.6)–(3.B.7), it follows that (∂kyΓ−)(x, x) is
Schwartz at −∞ and polynomially bounded smooth on R.

Even though we only know (∂kyΓ−)(x, x) to be Schwartz at −∞, we can show that ((∂x +
∂y)∂kyΓ−)(x, x) is Schwartz. We consider first ((∂x+∂y)∂kyΓ−

d )(x, x). If l > 0 in (3.B.8), a Schwartz

factor ∂lxQ∗(x) is present, so it suffices to consider l = 0 and show that
(︂
Q(x)+Q∗(x)

)︂
(∂kyΓ−

od)(x, x)
is Schwartz. Substituting with (3.B.7), we again obtain a Schwartz factor if any derivative from

∂jy or ∂ly falls onto
(︂
Q(s)−Q∗(x+ y − s)

)︂
. In the final case, where this does not happen, we have

as a factor the canceling product (3.B.5), which is Schwartz. Therefore ((∂x + ∂y)∂kyΓ−
d )(x, x) is

Schwartz.

Lastly, we show that ((∂x +∂y)∂kyΓ−
od)(x, x) is also Schwartz. In (3.B.9) we see again that the only

difficult term is the one where no derivative from ∂jy or ∂ly falls onto
(︂
Q(s)−Q∗(x+ y − s)

)︂
. Since

j ≥ 1, we only need to consider terms where a derivative from ∂jy has fallen onto (∂k−j−l
y Γ−

d )(s, x+
y−s)|s= x+y

2
, i. e. there is a factor ((∂x+∂y)∂k−j−l

y Γ−
d )
(︁
x+y

2 , x+y
2
)︁
. Substituting (3.B.8), we again

obtain a Schwartz factor either from a derivative or the canceling product (3.B.5). □ (Claim)

Well-definedness of (3.B.10) and proof of (3.2.18). The rest of the proof is more elegantly
written using the variables

ΛK,d(x, y) = Γ−
K,d(x+ y, x− y) ΛK,od(x, y) = Γ−

K,od(x+ y, x− y)

and ΛK = ΛK,d + ΛK,od. We are going to construct ΛK via

ΛK(x0, y0) =
ˆ x0

−∞
(∂xΛK)(x1, y0) dx1 , (3.B.10)

which implies

lim
x0→−∞

ΛK(x0, y0) = 0 , ∀y0 ≥ 0. (3.B.11)

We aim to estimate ∂xΛK and show the well-definedness of (3.B.10).

Reformulation of ∂xΛK in terms of integral equations. The integral equations (3.B.1)–
(3.B.2) can be succinctly written as

ΛK,d(x0, y0) =
ˆ x0

−∞
Θ+
K(x1, y0)ΛK,od(x1, y0) dx1 (3.B.12)

ΛK,od(x0, y0) =
ˆ y0

0
Θ−
K(x0, y1)ΛK,d(x0, y1) dy1 + Γ−

K,od(x0, x0) (3.B.13)

where

Θ±
K(x, y) =

(︃(︃
k

l

)︃
2l−k(∂x − ∂y)k−l

(︂
Q(x+ y)±Q∗(x− y)

)︂)︃
0≤k,l≤K

.

The system of integral equations for ∂xΛK = ∂xΛK,d + ∂xΛK,od is

(∂xΛK,d)(x0, y0) =
ˆ y0

0

ˆ x0

−∞
(∂yΘ+

K)(x0, y1)(∂xΛK,od)(x1, y1) (3.B.14)

+ (Θ+
KΘ−

K)(x0, y1)(∂xΛK,d)(x1, y1) dx1 dy1 + Θ+
K(x0, 0)Γ−

K,od(x0, x0)
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(∂xΛK,od)(x0, y0) =
ˆ y0

0

ˆ x0

−∞
(∂xΘ−

K)(x0, y1)(∂xΛK,d)(x1, y1) (3.B.15)

+ (Θ−
KΘ+

K)(x0, y1)(∂xΛK,od)(x1, y1) dx1 dy1 + ((∂x + ∂y)Γ−
K,od)(x0, x0) .

To obtain (3.B.14), we compute ∂x0(3.B.12), apply the fundamental theorem of calculus (FTC)
over the interval (0, y0), substitute a term with ∂y0(3.B.13) and apply once more the FTC over
the interval (−∞, x0). Similarly, for (3.B.15) we compute ∂x0(3.B.13) and apply the FTC over
(−∞, x0) for one term, while substituting with ∂x0(3.B.12) for the other. Here we used the
vanishing property (3.B.11).

Construction of ∂xΛK . We shall construct ∂xΛK = ∂xΛK,d + ∂xΛK,od via the Neumann series
ansatz

∂xΛK =
∞∑︂
n=0

∂xΛK,n.

We estimate the coefficients and inhomogeneous terms in (3.B.14)–(3.B.15) as follows:

• Observe first that there exists a positive rapidly decreasing function gK ∈ Cb(R;R+) such
that the terms appearing in the integrals in (3.B.14)–(3.B.15), except ∂xΛK,d and ∂xΛK,od,
can be bounded using

FK(x, y) =
(︁
|∂yΘ+

K |+ |∂xΘ−
K |+ |Θ

+
KΘ−

K |+ |Θ
−
KΘ+

K |
)︁
(x, y) ≤ gK(x+ y) + gK(x− y) .

(3.B.16)

This uses the canceling product (3.B.5) when no derivatives are present. To be precise, there
exists a constant CK > 0 such that

gK = CK

(︂
1 + ∥(q, q∗)∥CK

b
(R)

)︂(︄⃓⃓
|q|2 − 1

⃓⃓
+
⃓⃓
|q∗|2 − 1

⃓⃓
+
K+1∑︂
k=1
|∂kxq|+ |∂kxq∗|

)︄

is a valid choice for gK .
• Recall now from Claim 3.B.2 that Θ+

K(x0, 0)Γ−
K,od(x0, x0) and ((∂x + ∂y)Γ−

K,od)(x0, x0) are
Schwartz. Formally, let FK,0 denote the set consisting of two functions

FK,0 =
{︂

[(x, y) ↦→ Θ+
K(x, 0)Γ−

K,od(x, x)], [(x, y) ↦→ ((∂x + ∂y)Γ−
K,od)(x, x)]

}︂
,

then any element f0(x, y) ∈ FK,0 is a function independent of y and Schwartz in x, and
hence there exists a bounded function hK which rapidly decreases at −∞ such that

∥f0(x, y)∥L1
xL

∞
y ((−∞,x0]×R+) ≲ hK(x0) . (3.B.17)

If K = 0 then a valid choice for h0 is

h0(x0) = C(1 + ∥q∥L∞ + ∥q∗∥L∞)
ˆ x0

−∞
(|q − q∗|+ |∂x(q − q∗)|) dx .

For K ≥ 1 an explicit example may be constructed by tracing the proof of Claim 3.B.2.

We now study the iterated application of the integral operators corresponding to the Neumann
series ansatz for (3.B.14)–(3.B.15). For n ≥ 1 we find that there exist sets

FK,n ⊂ FK,0 ×
{︁
∂yΘ+

K , ∂xΘ−
K ,Θ

+
KΘ−

K ,Θ
−
KΘ+

K

}︁n
,

consisting of vectors (f0, f1, . . . , fn) of functions, such that

(∂xΛK,n)(x0, y0) =
∑︂

(f0,f1,...,fn)∈FK,n

ˆ
. . .

ˆ
1{x0>···>xn}1{y0>···>yn>0}

n∏︂
j=1

fj(xj−1, yj)f0(xn, yn) dxn . . . dx1 dyn . . . dy1 .
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We use the integrability of f0(xn, yn) in (3.B.17) to estimate the integral over dxn in L1. Next,
we use the n!-fold symmetry of the integral (resp. (n− 1)!-fold, when the L∞

x1
-norm is used instead

of the L1
x1

-norm) to obtain

∥(∂xΛK,n)(x1, y0)∥(L1∩L∞)x1 ((−∞,x0]) ≲ hK(x0)|FK,n|∥FK∥n−1
L1

xL
1
y((−∞,x0]×[0,y0])(︄

∥FK∥L1
xL

1
y((−∞,x0]×[0,y0])

n! +
∥FK∥L∞

x L1
y((−∞,x0]×[0,y0])

(n− 1)!

)︄
.

Define the integral operator IgK(x) =
´ x

−∞ gK(s) ds. The estimate (3.B.16) implies

∥FK∥L∞
x L1

y((−∞,x0]×[0,y0]) ≲ IgK(x0 + y0)
∥FK∥L1

xL
1
y((−∞,x0]×[0,y0]) ≲ I2gK(x0 + y0)− I2gK(x0 − y0) .

Including the trivial case n = 0, we have shown for all n ≥ 0 that

∥(∂xΛK,n)(x, y0)∥(L1∩L∞)x((−∞,x0])

≲ CnhK(x0)
(︃

(I2gK(x0 + y0)− I2gK(x0 − y0))n
n! + 1{n≥1}IgK(x0 + y0) (I2gK(x0 + y0)− I2gK(x0 − y0))n−1

(n− 1)!

)︃
.

Summing over n ≥ 0, we arrive at

∥(∂xΛK)(x, y0)∥(L1∩L∞)x((−∞,x0]) ≲ hK(x0)(1 + IgK(x0 + y0))eC(I2gK(x0+y0)−I2gK(x0−y0)) .

Then ΛK is well-defined in (3.B.10), and by the definition of ΛK the estimate (3.2.18) follows.





CHAPTER 4

Long-wave KdV Hierarchy Approximation of
the NLS Hierarchy with Nonzero Boundary
Conditions

Abstract

We study the approximation of certain renormalized conserved quantities for the NLS hierarchy
with nonzero boundary conditions, in the long-wave regime, by the energies of the KdV
hierarchy. We extend this to all n ∈ N by proving an approximation result for the transmission
coefficient of the Lax operator of the NLS hierarchy, which is a Dirac operator in the
nonrelativistic regime, by the transmission coefficient of a Schrödinger operator, which is the
Lax operator of the KdV hierarchy. This yields a formal approximation result between the
hierarchies, which we quantify using energy methods and previously established well-posedness
results.

4.1. Introduction
We fix N ∈ N and consider the “N -truncated” defocusing NLS hierarchy 1

i∂tnq = δHNLS
n (q)
δq

∀n ∈ {0, . . . , N} (NLSn)

for a function q = q(t, x) = q(t0, . . . , tN , x) : RN+1×R −→ C. Here HNLS
n are the Hamiltonians

of the NLS hierarchy, the first of which are

HNLS
0 (q) =

ˆ
R
qq dx (Mass)

HNLS
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HNLS
2 (q) =

ˆ
R
qxqx + q2q2 dx (Energy)

HNLS
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 dx

HNLS
4 (q) =

ˆ
R
qxxqxx − 6q2qqxx − 5q2q2

x − 6qqxqqx − qqxxq2 + 2q3q3 dx .

We are interested in long-wave solutions q of the form

q(t, x) =
(︃

1 + ε2

2 (W+ −W−)(T, X)
)︃

exp
(︄
i
ε√
2

ˆ X

0
(W+ +W−)(T, Y ) dY

)︄
eiφ(t) (4.1.1)

which satisfy the nonzero boundary conditions

lim
x→±∞

q(t, x)e−iψ(t) = q± where |q±| = 1 . (NZBC)

We use the rescaled space and time variables

X =
√

2εx T = (Tn)0≤n≤N =
(︃

dTn
dtn

tn

)︃
0≤n≤N

1Some authors define the NLS hierarchy to consist of only the even flows and refer to the odd flows as the mKdV
hierarchy.
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with

dT2n

dt2n
= 2(
√

2ε)2n−1 dT2n−1

dt2n−1
= (
√

2ε)2n−1 , (4.1.2)

where ε > 0 is a small parameter. The functions φ,ψ : RN+1 → R are assumed to depend only on
t, representing uniform-in-x phase rotations. We assume W+,W− : RN+1×R −→ R and use the
variable W = (W+,W−) to denote the pair. In order to match NZBC for q, we choose for W the
zero boundary condition

lim
|X|→∞

W (T, X) = 0 .

We are interested only in the dynamics of W . Define M =
⌊︁
N−1

2
⌋︁
. Our main result is Theorem

4.1.12 below, which states that the behavior of the N -truncated NLS hierarchy with NZBC in the
long-wave regime can be described by the M -truncated KdV hierarchy

∂TnU = 1
2∂X

δEKdV
n (U)
δU

∀n ∈ {0, . . . ,M} (KdVn)

for a function U = U(T, X) = U(T0, . . . , TM , X) : RM+1×R→ R. Here EKdV
n are the Hamiltoni-

ans of the KdV hierarchy, the first of which are

EKdV
−1 (U) =

ˆ
R
U dX (Mass)

EKdV
0 (U) =

ˆ
R
U2 dX (Momentum)

EKdV
1 (U) =

ˆ
R
U2
X + 2U3 dX (Energy)

EKdV
2 (U) =

ˆ
R
U2
XX + 10U2

XU + 5U4 dX

EKdV
3 (U) =

ˆ
R
U2
XXX + 14U2

XXU + 70U2
XU

2 + 14U5 dX .

Theorem 4.1.12 is stated below after further preliminary discussion. In Examples 4.1.13–4.1.20 at
the end of the introduction several explicit demonstrations of our main result may be found.

4.1.1. From NLS to GP and ˜︃GP
Let us begin by recalling the defocusing nonlinear Schrödinger equation

iqt + qxx = 2q|q|2 (NLS)

for a wavefunction q = q(t, x) : R×R −→ C that satisfies the zero boundary condition

lim
|x|→∞

q(t, x) = 0 . (ZBC)

It is closely related to the defocusing Gross-Pitaevskii equation

iqt + qxx = 2q(|q|2 − 1) , (GP)

which we associate with the nonzero boundary conditions

lim
x→±∞

q(t, x) = q± where |q±| = 1 . (NZBC)

Both equations are formally equivalent, as the transformation q ↦→ e2itq maps solutions of NLS to
solutions of GP. It is preferable to work with the system GP–NZBC instead of NLS–NZBC because
solutions to the former system are stationary at infinity, which is not the case for the latter system.
When writing NLS and GP, we generally mean the systems NLS–ZBC and GP–NZBC.
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The Hamiltonians HNLS
n are formally conserved quantities for both NLS and GP, but ill-defined in

the setting of NZBC. We use instead an alternative sequence of Hamiltonians (HGP
n )n≥−1 which is

compatible with NZBC. The initial ones are

HGP
0 (q) =

ˆ
R
qq − 1 dx (Mass)

HGP
1 (q) = −i

ˆ
R
qqx dx (Momentum)

HGP
2 (q) =

ˆ
R
qxqx + (qq − 1)2 dx (Energy)

HGP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 4qqx dx

HGP
4 (q) =

ˆ
R
qxxqxx − 6q2qqxx − 5q2q2

x − 6qqxqqx − qqxxq2

− 6qxqx + 2q3q3 − 6q2q2 + 6qq − 2 dx .

In this setting there exists an additional non-trivial conserved quantity: the asymptotic phase
change

HGP
−1(q) = −i logpr

(︃
q−

q+

)︃
.

Here logpr denotes the principal logarithm.

We consider also another sequence of Hamiltonians (H ˜︁GP
n )n≥−1, which is defined by H ˜︁GP

2n = HGP
2n

and the equivalent relations

H ˜︁GP
2n−1 =

n∑︂
m=0

(︃
− 1

2
n−m

)︃
4n−m2−1{m=0}HGP

2m−1 and HGP
2n−1 = 21{n=0}

n∑︂
m=0

(︃ 1
2

n−m

)︃
4n−mH ˜︁GP

2m−1 .

(4.1.3)

Here the initial odd Hamiltonians are

H ˜︁GP
−1(q) = 1

2H
GP
−1(q)

H ˜︁GP
1 (q) = −i

ˆ
R
qqx dx−HGP

−1(q)

H ˜︁GP
3 (q) = i

ˆ
R
qqxxx − 4q2qqx − qxqq2 + 6qqx dx+ 3HGP

−1(q) .

These Hamiltonians play a crucial role in Chapter 3, which concerns the well-posedness of the
NLS hierarchy with NZBC. In principle, the Hamiltonians H ˜︁GP

0 , . . . ,H ˜︁GP
8 have previously been

used2 in [27, 28], but to the best of our knowledge3 the authors were not aware of the “correct”
definition for all n ∈ N. We elaborate on this in Section 4.1.3. They have also appeared in [120,
End of §1.3.4].

Using the invertible coefficient matrices cGP↦→ ˜︁GP, c ˜︁GP↦→GP ∈ R(N+1)×(N+1) given by

c2n,2m˜︁GP↦→GP
= 1{n=m} c2n,2m−1˜︁GP↦→GP

= 0

c2n−1,2m˜︁GP↦→GP
= 0 c2n−1,2m−1˜︁GP↦→GP

= 21{n=0}

(︃ 1
2

n−m

)︃
4n−m

2They use the variables ∂xΘε = 6(W+ + W−) and Nε = −6(W+ − W− + ε2

4 (W+ − W−)2), and their choice

of energies and momenta corresponds to ours with En(Nε, Θε) = 18
(
√

2ε)2n+1 Hε˜︁GP
2n (W ) and Pn(Nε, Θε) =

√
2 18

(
√

2ε)2n+1 Hε˜︁GP
2n−1(W ). We have checked this only for n ∈ {1, 2, 3} due to computational restrictions. Note

that (101) in the reference contains a term twice, which we understand to be unintentional.
3We base this on [28, Remark 4.7].
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and cGP↦→ ˜︁GP = (c ˜︁GP↦→GP)−1, we can write(︄
δH ˜︁GP

n

δq

)︄
0≤n≤N

= cGP↦→ ˜︁GP

(︃
δHGP

n

δq

)︃
0≤n≤N

(︃
δHGP

n

δq

)︃
0≤n≤N

= c ˜︁GP↦→GP

(︄
δH ˜︁GP

n

δq

)︄
0≤n≤N

.

Let us also state at this point a relation between HNLS
n and HGP

n , which is a consequence of
(4.2.37)–(4.2.38) below (see also [71, Chapter 1, (10.25)]):

δHNLS
2n (q)
δq

=
n∑︂

m=0

(︃
n− 1

2
n−m

)︃
4n−m δHGP

2m(q)
δq

(4.1.4)

δHNLS
2n−1(q)
δq

=
n∑︂

m=0

(︃
n− 1
n−m

)︃
4n−m δHGP

2m−1(q)
δq

. (4.1.5)

Similarly, we have

δHNLS
2n (q)
δq

=
n∑︂

m=0

(︃
n− 1

2
n−m

)︃
4n−m δH ˜︁GP

2m(q)
δq

(4.1.6)

δHNLS
2n−1(q)
δq

=
n∑︂

m=0

(︃
n− 1

2
n−m

)︃
4n−m δH

˜︁GP
2m−1(q)
δq

. (4.1.7)

We do not state these relations for the Hamiltonians themselves because HNLS
n (q) can only be

well-defined if q satisfies ZBC, while HGP
n (q) and H ˜︁GP

n (q) require NZBC. We define again invertible
coefficient matrices cNLS↦→GP, cGP↦→NLS, cNLS↦→ ˜︁GP, c ˜︁GP↦→NLS ∈ R(N+1)×(N+1) by

c2n,2m
NLS↦→GP =

(︃
n− 1

2
n−m

)︃
(−4)n−m c2n,2m−1

NLS↦→GP = 0

c2n−1,2m
NLS↦→GP = 0 c2n−1,2m−1

NLS↦→GP =
(︃
n− 1
n−m

)︃
(−4)n−m

c2n,2m
NLS↦→ ˜︁GP

=
(︃
n− 1

2
n−m

)︃
(−4)n−m c2n,2m−1

NLS↦→ ˜︁GP
= 0

c2n−1,2m
NLS↦→ ˜︁GP

= 0 c2n−1,2m−1
NLS↦→ ˜︁GP

=
(︃
n− 1

2
n−m

)︃
(−4)n−m

and cGP↦→NLS = (cNLS↦→GP)−1, c ˜︁GP↦→NLS = (cNLS↦→ ˜︁GP)−1.

In analogy to the definition of the NLS hierarchy, we consider the N -truncated GP and ˜︂GP
hierarchies, which consist, respectively, of the Hamiltonian flows

i∂tnq = δHGP
n (q)
δq

(GPn)

i∂tnq = δH ˜︁GP
n (q)
δq

(˜︂GPn)

for n ∈ {0, . . . , N}. While the GP hierarchy4 is a more immediate renormalization of the NLS
hierarchy for working with NZBC, the ˜︂GP hierarchy is the “better” hierarchy to work with in both
Chapter 3 and this work. Note, however, that by Proposition 4.1.11 below the theories of the
NLS, GP, and ˜︂GP hierarchies are equivalent, up to the application of explicit transformations.

Let it be said that δHGP
−1
δq = 0 and hence the Hamiltonian flow generated by this conserved quantity

is trivial, meaning the asymptotic phase change HGP
−1 is not of particular importance in this work.

Nevertheless, Theorem 4.1.1 below does require the involvement of H ˜︁GP
−1, and its proof motivates

our choice of normalization for this conserved quantity, which is different from HGP
−1 that appears

in [120].
4Not to be confused with the “Gross–Pitaevskii hierarchy” from kinetic theory (see e. g. [70]).
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4.1.2. From GP to the hydrodynamic formulation hGP and the
long-wave rescaling εGP

The solutions we are interested in have no vacuum, meaning that there exists a constant δ > 0 for
which

inf
x∈R
|q(t, x)| > δ .

As a result, it is possible to apply the so-called Madelung transform, which maps q to the pair
(a, v) with

a = |q| v = Im
(︃
qx
q

)︃
q = a exp

(︃
i

ˆ x

0
v(y) dy

)︃
eiφ .

Here φ is a uniform-in-x choice of phase, which is information that has to be provided in order
to invert the Madelung transform. It is well-known that if q solves GP, then (a, v) solve a
hydrodynamic system, which we call the hydrodynamic Gross-Pitaevskii equations:

∂ta+ a∂xv + 2v∂xa = 0

∂tv + ∂x(v2) + 4a∂xa = ∂x

(︃
∂xxa

a

)︃
.

We prefer to work with the slightly different pair of variables w = (w+, w−) where

w± = v

2 ± (a− 1) .

We still refer to the system of PDEs that w solves as the hydrodynamic Gross-Pitaevskii equations:

∂tw− = −(3w− + w+ − 2)∂xw− + 1
2∂x

(︃
∂xx(w+ − w−)

2a

)︃
(hGP-1)

∂tw+ = −(w− + 3w+ + 2)∂xw+ + 1
2∂x

(︃
∂xx(w+ − w−)

2a

)︃
. (hGP-2)

Of course, this system has an infinite family of conserved energies given by

HhGP
n (w) = HGP

n (q) Hh ˜︁GP
n (w) = H ˜︁GP

n (q)

for n ≥ −1. We define the N -truncated hGP and h˜︂GP hierarchies as the hierarchies of Hamiltonian
flows

∂tnw = 1
4

(︃
−∂xa−1 − a−1∂x ∂xa

−1 − a−1∂x
−∂xa−1 + a−1∂x ∂xa

−1 + a−1∂x

)︃(︄ δ
δw+
HhGP
n (w)

δ
δw−
HhGP
n (w)

)︄
(hGPn)

∂tnw = 1
4

(︃
−∂xa−1 − a−1∂x ∂xa

−1 − a−1∂x
−∂xa−1 + a−1∂x ∂xa

−1 + a−1∂x

)︃⎛⎝ δ
δw+
Hh ˜︁GP
n (w)

δ
δw−
Hh ˜︁GP
n (w)

⎞⎠ (h˜︂GPn)

for n ∈ {0, . . . , N}. Note that here a = 1 + 1
2 (w+ − w−), |a| > δ, and a−1 should be understood

as the operator of multiplication by a−1. In Appendix 4.B.2 we detail the complete Hamiltonian
structure of (hGPn), which is chosen so that q ↔ w is a symplecto-/Poisson morphism. It is
indeed the case that (hGP1), (h˜︂GP1), and (hGP-1)–(hGP-2) are all identical.
For a small ε > 0 we now set

X =
√

2εx T2 = 2
√

2εt

and consider the rescaled variables

W±(T2, X) = ε−2w±(t, x)

A(T2, X) = 1 + ε2

2 (W+(T2, X)−W−(T2, X)) = a(t, x) .
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Transforming back to q yields the ansatz (4.1.1) above, up to the use of T2 instead of the time
vector T, and the necessary reconstruction of the uniform-in-x phase function φ(t). We refer to
the system that W = (W+,W−) solves as the ε-rescaled hydrodynamic Gross-Pitaevskii equations:

∂T2W+ = −∂XW+ + ε2

4

(︃
−(2W− + 6W+)∂XW+ + 2∂X

(︃
∂XX(W+ −W−)

2A

)︃)︃
(εGP-1)

∂T2W− = ∂XW− + ε2

4

(︃
−(6W− + 2W+)∂XW− + 2∂X

(︃
∂XX(W+ −W−)

2A

)︃)︃
. (εGP-2)

They have the infinite family of conserved energies

HεGP
n (W ) = HhGP

n (w) Hε ˜︁GP
n (W ) = Hh ˜︁GP

n (w)

for n ≥ −1, the first of which are

HεGP
−1 (W ) = − ε√

2

ˆ
R
W+ +W− dX (Phase Change)

HεGP
0 (W ) = 1√

2ε

ˆ
R

(︃
1 + ε2W+ −W−

2

)︃2
− 1 dX (Mass)

HεGP
1 (W ) = − ε√

2

ˆ
R

(︃
1 + ε2

2 (W+ −W−)
)︃2

(W+ +W−) dX (Momentum)

HεGP
2 (W ) = 1√

2ε

ˆ
ε6

2 (∂X(W+ −W−))2 + ε4
(︃

1 + ε2W+ −W−

2

)︃2
(W+ +W−)2 (Energy)

+
(︄(︃

1 + ε2W+ −W−

2

)︃2
− 1
)︄2

dX .

We define the N -truncated εGP and ε˜︂GP hierarchies as the hierarchies of Hamiltonian flows

∂Tn
W = dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃(︄ δ
δW+
HεGP
n (W )

δ
δW−
HεGP
n (W )

)︄
(εGPn)

∂Tn
W = dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃⎛⎝ δ
δW+
Hε ˜︁GP
n (W )

δ
δW−
Hε ˜︁GP
n (W )

⎞⎠ (ε˜︂GPn)

for n ∈ {0, . . . , N}. Here

A(T, X) = 1 + ε2

2 (W+ −W−)(T, X)

is the rescaled amplitude. In Appendix 4.B.3 we detail the complete Hamiltonian structure of
(εGPn), which is chosen so that w ↔W is a symplecto-/Poisson morphism. Recall that the hGP,
h˜︂GP, εGP, and ε˜︂GP hierarchies are equipped with the zero boundary conditions

lim
|x|→∞

w(t, x) = 0 lim
|X|→∞

W (T, X) = 0 .

4.1.3. Approximation of εGP by transport and KdV equations from
[27, 28]

Observe that the leading order behavior of (εGP-1)–(εGP-2) is given by two transport equations
with constant velocities ±1. As such, we can think of W+ and W− as two largely decoupled
waves moving in opposite directions. This was observed and rigorously studied in [25]. The
next-to-leading order of the system is reminiscent of the KdV equation

∂TU = 6UUX − UXXX , (KdV)

although non-trivial interaction terms such as W+∂XW− formally persist in the limit ε→ 0. In
[27, 28] F. Béthuel, P. Gravejat, J.-C. Saut, and D. Smets studied hGP in the long-wave regime
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described above and proved that the system (εGP-1)–(εGP-2) indeed behaves at leading order like
two transport equations, and at next-to-leading order like two KdV equations. Specifically, they
proved [27, Theorem 1], which states that for any solution q of GP in a Zhidkov space of sufficient
regularity, for which W (0) satisfies additional estimates, there exist two solutions ±U± of KdV so
that ⃦⃦⃦⃦

6W±

(︃
8
ε2 τ,X ∓

8
ε2 τ

)︃
− U±(τ,±X)

⃦⃦⃦⃦
Hs

≤ ε2C(W (0))eC(W (0))|τ | (4.1.8)

for all τ ∈ R and s ∈ N. Both the transport equation (KdV0) and of course KdV = (KdV1) are part
of the KdV hierarchy. Note that after switching to a co-moving frame to remove the leading-order
transport behavior, we need to accelerate the timescale by a factor of order ε2 in order to see the
KdV approximation.

It turns out to be the case that for the higher equations in the NLS, GP and ˜︂GP hierarchies, or
more precisely the εGP and ε˜︂GP hierarchies, the higher equations in the KdV hierarchy show up
at leading order as approximating equations. We can demonstrate this by formally expanding

A−1 =
∞∑︂
k=0

(︃
−ε

2

2 (W+ −W−)
)︃k

and computing the initial orders in powers of ε of the right-hand sides of (εGPn) and (ε˜︂GPn). For
the flows with even n there is no difference between the εGP and ε˜︂GP hierarchies, and we obtain

∂T0W =
(︃

0
0

)︃
(ε˜︂GP0)

∂T2W =
(︃
−(W+)X
(W−)X

)︃
+ ε2

4

(︃
(W+)XXX − (W−)XXX − 6(W+)XW+ − 2(W+)XW−
(W+)XXX − (W−)XXX − 2(W−)XW+ − 6(W−)XW−

)︃
+O(ε4)

(ε˜︂GP2)

∂T4W =
(︃

(W+)XXX − 6(W+)XW+
−(W−)XXX − 6(W−)XW−

)︃
(ε˜︂GP4)

+ ε2

4

(︃
−(W+)XXXXX + (W−)XXXXX + 13(W+)XXXW+ + 3(W+)XXXW− + 29(W+)XX(W+)X
−(W+)XXXXX + (W−)XXXXX + 13(W−)XXXW− + 3(W−)XXXW+ + 29(W−)XX(W−)X

)︃
+ ε2

4

(︃
9(W−)XX(W−)X + 3(W+)XX(W−)X − (W+)X(W−)XX + 3(W−)XXXW− − 3(W−)XXXW+
9(W+)XX(W+)X + 3(W+)X(W−)XX − (W+)XX(W−)X + 3(W+)XXXW+ − 3(W+)XXXW−

)︃
+ ε2

4

(︃
−45(W+)XW 2

+ − 6(W+)XW+W− + 3(W+)XW 2
−

45(W−)XW 2
− + 6(W−)XW+W− − 3(W−)XW 2

+

)︃
+O(ε4) .

Observe that the leading orders correspond precisely to the initial equations (KdVn) in the KdV
hierarchy, and this happens on a purely algebraic level. For the flows with odd n we first look at
the εGP hierarchy:

∂T1W =
(︃

(W+)X
(W−)X

)︃
(εGP1)

∂T3W = 1
ε2

(︃
(W+)X
(W−)X

)︃
+
(︃
−(W+)XXX + 6(W+)XW+
−(W−)XXX − 6(W−)XW−

)︃
+O(ε2) (εGP3)

∂T5W = 1
2ε4

(︃
−(W+)X
−(W−)X

)︃
+ 1
ε2

(︃
−(W+)XXX + 6(W+)XW+
−(W−)XXX − 6(W−)XW−

)︃
(εGP5)

+
(︃

(W+)XXXXX−10(W+)XXXW+−20(W+)XX(W+)X+30(W+)XW 2
+

(W−)XXXXX+10(W−)XXXW−+20(W−)XX(W−)X+30(W−)XW 2
−

)︃
+O(ε2) .

Here the dynamics at leading order are mixed up. The ε˜︂GP hierarchy is a renormalization which
separates these dynamics:

∂T1W =
(︃

(W+)X
(W−)X

)︃
(ε˜︂GP1)
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∂T3W =
(︃
−(W+)XXX + 6(W+)XW+
−(W−)XXX − 6(W−)XW−

)︃
+ ε2

4

(︃
−3(W+)XXXW+ − 3(W+)XXXW−
3(W−)XXXW+ + 3(W−)XXXW−

)︃
(ε˜︂GP3)

+ ε2

4

(︃
−9(W+)XX(W+)X − 3(W+)XX(W−)X + 3(W−)XXXW− + 3(W−)XXXW+ + 3(W+)XW 2

−
9(W−)XX(W−)X + 3(W+)X(W−)XX − 3(W+)XXXW+ − 3(W+)XXXW− + 3(W−)XW 2

+

)︃
+ ε2

4

(︃
3(W+)X(W−)XX + 9(W−)XX(W−)X + 15(W+)XW 2

+ + 6(W+)XW+W−
−3(W+)XX(W−)X − 9(W+)XX(W+)X + 15(W−)XW 2

− + 6(W−)XW+W−

)︃
+O(ε4)

∂T5W =
(︃

(W+)XXXXX − 10(W+)XXXW+ − 20(W+)XX(W+)X + 30(W+)XW 2
+

(W−)XXXXX + 10(W−)XXXW− + 20(W−)XX(W−)X + 30(W−)XW 2
−

)︃
+O(ε2) .

(ε˜︂GP5)

The correspondence between the leading order of the equations in the ε˜︂GP hierarchy and the
equations in the KdV hierarchy, for all n ∈ N, is the content of Theorems 4.1.1 and 4.1.8 below,
and also our main result Theorem 4.1.12. Let us state clearly at this point that for the case of GP
= (GP2) these theorems do not generalize the next-to-leading order KdV approximation result,
i. e. (4.1.8). They only generalize the leading order transport approximation result. Note also
that the leading order contains no interaction terms, which simplifies the analysis.
This work was inspired by [28, Remarks 1.4, 1.5, 4.7], where the authors comment on their
discovery of “[...] a strong and somewhat striking relationship between the (GP) invariants and
the (KdV) invariants”. Specifically, they noticed that certain linear combinations of the conserved
quantities (Hε ˜︁GP

k (W ))−1≤k≤2n approximate the energy EKdV
n−1(±W±) up to an error of size O(ε2)

for 0 ≤ n ≤ 4. They subsequently remark that “It would be of interest to investigate further the
relationships between (GP) and (KdV), in particular at the level of the spectral problems associated
to the corresponding inverse scattering methods.”, and that “[the relationship mentioned above]
might be extended to higher order (GP) and (KdV) invariants, provided one was first able to
compute some expressions for them.”.

We carry this out, extending the relationship between (Hε ˜︁GP
k (W ))−1≤k≤2n and EKdV

n−1(±W±) to all
n ∈ N.

4.1.4. Approximation of Hamiltonians and transmission coefficients
Theorem 4.1.1. All identities below hold up to formal integration by parts. For all n ∈ N there
exist polynomials Pn, depending on ε, W+, W−, and up to

⌊︁
n
2
⌋︁

derivatives thereof, such that

Hε ˜︁GP
2n (W )∓ 2Hε ˜︁GP

2n−1(W ) = (
√

2ε)2n+1
(︃
EKdV
n−1(±W±) + ε2

2

ˆ
R

P2n ∓P2n−1 dX
)︃

(4.1.9)

In particular

Hε ˜︁GP
2n (W ) = (

√
2ε)2n+1

2

(︃
EKdV
n−1(−W−) + EKdV

n−1(W+) + ε2
ˆ
R

P2n dX
)︃

(4.1.10)

Hε ˜︁GP
2n−1(W ) = (

√
2ε)2n+1

4

(︃
EKdV
n−1(−W−)− EKdV

n−1(W+) + ε2
ˆ
R

P2n−1 dX
)︃
. (4.1.11)

Furthermore, there are no constant or linear monomials in Pn. Lastly, there exist polynomials
Q2n, depending on ε, W+, W−, and up to n− 1 derivatives thereof, such that

ˆ
R

P2n dX = 1
4

ˆ
R
(∂nX(W+ −W−))2 dX +

ˆ
R

Q2n dX . (4.1.12)

Remark 4.1.2. The initial values of the error polynomials Pn are as follows:

P−1 = 0 P0 = 1
4(W+ −W−)2 P1 = 1

4(−W 3
+ +W 2

+W− +W+W
2
− −W 3

−)

P2 = 1
4(W+ −W−)2

X + 1
4(3W 3

+ −W 2
+W− +W+W

2
− − 3W 3

−)

+ ε2

32(5W 4
+ − 4W 3

+W− − 2W 2
+W

2
− − 4W+W

3
− + 5W 4

−)
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P3 = 1
4(−(W+)2

X(5W+ +W−) + 6(W+)X(W−)X(W+ +W−)− (W−)2
X(5W− +W+))

+ 1
4(−5W 4

+ + 2W 3
+W− − 2W+W

3
− + 5W 4

−)

+ ε2

32(−7W 5
+ + 5W 4

+W− + 2W 3
+W

2
− + 2W 2

+W
3
− + 5W+W

4
− − 7W 5

−) .

In order to explain the origin of this result, we need to consider the Lax operators

LεGP(W ) =
(︃
−ε2W− + 1 i

√
2ε∂X

i
√

2ε∂X −ε2W+ − 1

)︃
LKdV(±W±) = −∂2

X ±W±

LεGP
0 =

(︃
1 i

√
2ε∂X

i
√

2ε∂X −1

)︃
LKdV

0 = −∂2
X .

Their relevance is explained in Section 4.2.1, where we give a brief overview of the Lax pair
formalisms for the equations under consideration. In the following, we denote by Qj , j ∈ {1, 2, 3, 4}
the four open quadrants of the complex plane. We take two spectral parameters λ ∈ Q1 ∪ Q3
and k ∈ Q1 such that λ = ±

√
1 + 2ε2k2, and consider the scattering problems associated to

LεGP − λ and LKdV − k2. This is discussed in detail in Section 4.2, where we define in (4.2.14)
the corresponding transmission coefficients aεGP(λ, k;W ) and aKdV(k;±W±). They are conserved
quantities for every flow in their respective hierarchies and admit for λ ∈ Q1 the following
asymptotic expansions in powers of 2k at infinity:

log aεGP(λ, k;W ) ∼ i
∞∑︂

n=−1

HεGP
n (W )

(2k)n+1 log aKdV(k;±W±) ∼ i
∞∑︂

n=−1

EKdV
n (±W±)
(2k)2n+3 . (4.1.13)

The precise sense of expansion is given in Definition 4.2.2 below. The following corollary presents
a different perspective on Theorem 4.1.1. Here we define for functions f = f(λ) : C→ C the even
and odd parts

Evλ f(λ) = f(λ) + f(−λ)
2 Odλ f(λ) = f(λ)− f(−λ)

2 . (4.1.14)

Proposition 4.1.3. Let W = (W+,W−) ∈ S(R;R2), ε ∈ (0, 1), and λ, k ∈ Q1 with |k| > c(W )
so that Lemma 4.2.3 below is applicable and hence the asymptotic expansions (4.1.13) exist. Then

Evλ
[︁
log aεGP(λ, k;W )

]︁
∓ 1
λ

Odλ
[︁
log aεGP(λ, k;W )

]︁
∼ log aKdV(k; (±W±)) +

∞∑︂
n=−1

O(ε2)
(2k)n+1

(4.1.15)

in the sense of asymptotic expansions as 2ik →∞. Here O(ε2) must be understood as in Theorem
4.1.1, i. e. in terms of polynomials in ε, W+, W−, and derivatives thereof.
If instead λ ∈ (0, 1), k ∈ iR+, and κ = −ik < 1√

2ε satisfies

max
{︃

1
κ
,

1
κ3

}︃
∥W∥2

L2 ≤
1
30 ,

then⃓⃓⃓⃓
Evλ

[︁
log aεGP(λ, k;W )

]︁
∓ 1
λ

Odλ
[︁
log aεGP(λ, k;W )

]︁
− log aKdV(k;±W±)

⃓⃓⃓⃓
≤ 8ε2κ−1∥W∥2

L2 .

(4.1.16)

Proof. The asymptotic expansion relation (4.1.15) is a reformulation of Lemma 4.2.7, or alterna-
tively Theorem 4.1.1, involving the identities (4.1.3), (4.2.18), (4.2.19), and (4.2.49). The second
approximation result (4.1.16) is taken from Lemma 4.A.6.
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Remark 4.1.4 (Splitting of the Dirac operator in the nonrelativistic limit). Setting c = 1
ε2 , we

have

LεGP

ε2 = c

(︃
0

√
2i∂X√

2i∂X 0

)︃
+ c2

(︃
1 0
0 −1

)︃
+
(︃
−W− 0

0 −W+

)︃
,

which is a one-dimensional Dirac operator with speed of light c and mass m = 1. On the other
hand, LKdV(±W±) is the Schrödinger operator with potential ±W±. The limit ε→ 0 that we are
interested in corresponds to the nonrelativistic limit c → ∞, where one expects to recover from
the Dirac operator a combination of two Schrödinger operators. The problem of taking this limit
is well-studied in mathematical physics. We refer to [171, Chapter 6] for an introduction in a
general setting. As an example of such a result, in [79, Corollary 4.1] (see also [181, Theorem
4.1]) it is proven that(︃

LεGP ∓ 1− λ
ε2

)︃−1
ε→0−−−→ ∓(LKdV(±W±) + κ2)−1

(︃ 1±1
2 0
0 1∓1

2

)︃
uniformly strongly for any λ ∈ C \R. More generally, one may study the asymptotic behavior of
the Dirac operator in the nonrelativistic regime by considering various quantities as holomorphic
functions of 1

c2 around c =∞ and expanding them in a power series. For example, in [79, Theorem
2.1] such a holomorphic representation of the Dirac operator is used to prove the aforementioned
result. Most relevant for us is [39, Theorem 4.2], where such a holomorphic representation of the
scattering matrix associated to LεGP∓1

ε2 is given, and the initial expansion coefficients are explicitly
calculated. In particular, the scattering matrix associated to LKdV(±W±) is recovered in the limit.
Since the scattering matrices contain the transmission coefficients aεGP(λ;W ) and aKdV(κ,±W±),
this result is in correspondence with (4.1.15), although it is not identical. Admitting that we cannot
speak with confidence about this broad field of mathematical physics, we hope that Proposition 4.1.3
may present a novel perspective on the nonrelativistic limit of the one-dimensional Dirac operator.

A consequence of Proposition 4.1.3 is that the energies EKdV
n on the right-hand side of (4.1.9) can

be used to control the Sobolev norms of ±W± individually, up to an error of size ε2. This is the
content of the following corollary, which is proven in Section 4.2.5 by combining Theorem 4.1.1
with [122, Theorem 9.1]. Here we use the functionals

Eε ˜︁GP,±
n (W ) =

n∑︂
l=0

(︃
n

l

)︃
(
√

2ε)−2l−3(︁Hε ˜︁GP
2l+2(W )∓ 2Hε ˜︁GP

2l+1(W )
)︁
,

which are of course conserved under every flow in the εGP and ε˜︂GP hierarchies.
Corollary 4.1.5. Let n ∈ N with n ≥ 1 and ε ∈ (0, 1). There exists some δ = δ(n) ∈ (0, 1) and
C = C(n) > 0 such that for all W ∈ Hn+1 with ∥W∥H−1 < δ we have Eε ˜︁GP,±

n (W ) <∞ and⃓⃓⃓⃓
Eε ˜︁GP,±
n (W )− ∥W±∥2

Hn −
ε2

8 ∥∂X(W+ −W−)∥2
Hn

⃓⃓⃓⃓
≤ C∥W±∥2

Hn∥W±∥H−1

+ ε2C∥W∥2
Hn(1 + ∥W∥Hn)n+1 .

Remark 4.1.6. We use Corollary 4.1.5 to prove the crucial estimates (4.1.23) and (4.1.24) below,
which control the size of W globally in time. One may also attempt such estimates from (4.1.22),
or more specifically the conserved energies

∑︁h−1
l=0 τ

2(h−1−l)(︁h−1
l

)︁
HGP

2l+2 constructed in [119, 120]
for τ ≥ 2. They control the size of the solution as measured by the semiclassical Sobolev norm

∥(|q|2 − 1, ∂xq)∥Hh
τ

=
(︃ˆ

R
(τ2 + ξ2)h

(︁⃓⃓ ˆ︂|q|2 − 1
⃓⃓2 +

⃓⃓ˆ︃∂xq⃓⃓2)︁ dξ
)︃ 1

2

.

After obtaining an estimate, it is necessary to pass it through a rescaling and then the Madelung
transform. The first step turns out to be problematic due to the inhomogeneity causing negative
powers of ε to appear. This could be resolved by lifting the restriction τ ≥ 2.
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4.1.5. Formal approximation of hierarchies
In the previous section we have established an approximative relationship between the Hamiltonians
of the ˜︂GP and KdV hierarchies. This suggests a method of proof for the pattern we have observed
in Section 4.1.3 to hold for the leading orders of the Hamiltonian PDEs in the ε˜︂GP hierarchy. Such
an argument requires the symplectic structures of GP and KdV to have a similar approximative
relationship, which turns out to be the case. In Appendix 4.B the reader may find a detailed
description of the symplectic/Poisson structures of the hierarchies in question. Let us write (˜︂GPn)
in the Hamiltonian formulation

i∂tn

(︃
q
q

)︃
=
(︃

0 1
−1 0

)︃(︄ δ
δqH

˜︁GP
n (q)

δ
δqH

˜︁GP
n (q)

)︄
.

Conjugation of the Hamiltonian operator with the map (q, q) ↦→ (w+, w−) and a careful change of
variables for the functional derivative shows that the Hamiltonian formulation of (h˜︂GPn) is

∂tn

(︃
w+
w−

)︃
= 1

4

(︃
−∂xa−1 − a−1∂x ∂xa

−1 − a−1∂x
−∂xa−1 + a−1∂x ∂xa

−1 + a−1∂x

)︃⎛⎝ δ
δw+
Hh ˜︁GP
n (w)

δ
δw−
Hh ˜︁GP
n (w)

⎞⎠ .

Note that here ∂xa−1 and a−1∂x are compositions of operators. Then the Hamiltonian formulation
of (ε˜︂GPn) is

∂Tn

(︃
W+
W−

)︃
= dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃⎛⎝ δ
δW+
Hε ˜︁GP
n (W )

δ
δW−
Hε ˜︁GP
n (W )

⎞⎠
= dtn

dTn
2
ε2

(︃(︃
− 1

2∂X 0
0 1

2∂X

)︃
+ ε2E

)︃⎛⎝ δ
δW+
Hε ˜︁GP
n (W )

δ
δW−
Hε ˜︁GP
n (W )

⎞⎠ ,

where the scaling factor dtn
dTn

was defined in (4.1.2) and

E = A−1 − 1
2ε2

(︃
−∂X 0

0 ∂X

)︃
+ AXA

−2

4ε2

(︃
1 −1
1 −1

)︃
= −1

4
W+ −W−

1 + ε2

2 (W+ −W−)

(︃
−∂X 0

0 ∂X

)︃
+ 1

8
(W+ −W−)X(︁

1 + ε2

2 (W+ −W−)
)︁2

(︃
1 −1
1 −1

)︃
.

Applying Theorem 4.1.1 yields

∂T2n

(︃
W+
W−

)︃
= dt2n

dT2n

2
ε2

(︃(︃
− 1

2∂X 0
0 1

2∂X

)︃
+ ε2E

)︃
(
√

2ε)2n+1

2

×

(︄(︄
δ

δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+ ε2

(︄
δ

δW+

´
R P2n dX

δ
δW−

´
R P2n dX

)︄)︄

=
(︃
− 1

2∂X 0
0 1

2∂X

)︃(︄ δ
δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+ ε2R2n

∂T2n−1

(︃
W+
W−

)︃
= dt2n−1

dT2n−1

2
ε2

(︃(︃
− 1

2∂X 0
0 1

2∂X

)︃
+ ε2E

)︃
(
√

2ε)2n+1

4

×

(︄(︄
− δ
δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+ ε2

(︄
δ

δW+

´
R P2n−1 dX

δ
δW−

´
R P2n−1 dX

)︄)︄

=
(︃
− 1

2∂X 0
0 1

2∂X

)︃(︄− δ
δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+ ε2R2n−1

with residual terms

R2n = E
(︄

δ
δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+
(︃(︃
− 1

2∂X 0
0 1

2∂X

)︃
+ ε2E

)︃(︄ δ
δW+

´
R P2n dX

δ
δW−

´
R P2n dX

)︄
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R2n−1 = E
(︄
− δ
δW+
EKdV
n−1(W+)

δ
δW−
EKdV
n−1(−W−)

)︄
+
(︃(︃
− 1

2∂X 0
0 1

2∂X

)︃
+ ε2E

)︃(︄ δ
δW+

´
R P2n−1 dX

δ
δW−

´
R P2n−1 dX

)︄
.

Remark 4.1.7. The initial values of the residual terms Rn are as follows:

R0 = R1 = 0

R2 = 1
4

(︃
(W+)XXX − 6(W+)XW+ − (W−)XXX − 2(W+)XW−
−(W−)XXX − 6(W−)XW− + (W+)XXX − 2(W−)XW+

)︃
+O(ε2)

R3 = 1
4

(︃
−3(W+)XXXW+ − 3(W+)XXXW− − 9(W+)XX(W+)X − 3(W+)XX(W−)X
−3(W+)XXXW+ − 3(W+)XXXW− − 9(W+)XX(W+)X − 3(W+)XX(W−)X

)︃
+ 1

4

(︃
3(W+)X(W−)XX + 15(W+)XW 2

+ + 6(W+)XW+W− + 3(W+)XW 2
−

3(W+)X(W−)XX + 15(W−)XW 2
− + 6(W−)XW+W− + 3(W−)XW 2

+

)︃
+ 1

4

(︃
3(W−)XXXW+ + 3(W−)XXXW− + 9(W−)XX(W−)X
3(W−)XXXW+ + 3(W−)XXXW− + 9(W−)XX(W−)X

)︃
+O(ε2)

R4 = 1
4

(︃
−(W+)XXXXX + 13(W+)XXXW+ + 3(W+)XXXW− + 29(W+)XX(W+)X + 3(W+)XX(W−)X
−(W+)XXXXX + 13(W−)XXXW− + 3(W+)XXXW+ + 29(W−)XX(W−)X + 3(W+)X(W−)XX

)︃
+ 1

4

(︃
−(W+)X(W−)XX − 45(W+)XW 2

+ − 6(W+)XW+W− + 3(W+)XW 2
− + (W−)XXXXX

−(W+)XX(W−)X + 45(W−)XW 2
− + 6(W−)XW+W− − 3(W−)XW 2

+ + (W−)XXXXX

)︃
+ 1

4

(︃
−3(W−)XXXW+ + 3(W−)XXXW− + 9(W−)XX(W−)X
−3(W+)XXXW− + 3(W−)XXXW+ + 9(W+)XX(W+)X

)︃
+O(ε2) .

It is the KdV-like structure of R2 that is proven in [27, 28] to yield a KdV approximation at
next-to-leading order.
We define invertible coefficient matrices cNLS↦→ε ˜︁GP, cε ˜︁GP↦→NLS ∈ R(N+1)×(N+1) by

c2n,2m
NLS↦→ε ˜︁GP

=
(︃
n− 1

2
n−m

)︃(︃
− 2
ε2

)︃n−m

c2n,2m−1
NLS↦→ε ˜︁GP

= 0

c2n−1,2m
NLS↦→ε ˜︁GP

= 0 c2n−1,2m−1
NLS↦→ε ˜︁GP

=
(︃
n− 1

2
n−m

)︃(︃
− 2
ε2

)︃n−m

and c
ε ˜︁GP↦→NLS = (cNLS↦→ε ˜︁GP)−1. For any of the coefficient matrices c···↦→··· that we use, we define

for their transposes the notation

c···↦→··· = (c···↦→···)T c···↦→···
m,n = cn,m···↦→··· .

Then with

(∇tT) = diag
(︄(︃

dTn
dtn

)︃
0≤n≤N

)︄
(∇Tt) = diag

(︄(︃
dtn
dTn

)︃
0≤n≤N

)︄
we can write

cε ˜︁GP↦→NLS = (∇tT)c ˜︁GP↦→NLS(∇Tt) cNLS↦→ε ˜︁GP = (∇tT)cNLS↦→ ˜︁GP(∇Tt)
c
ε ˜︁GP↦→NLS = (∇tT)c ˜︁GP↦→NLS(∇Tt) cNLS↦→ε ˜︁GP = (∇Tt)cNLS↦→ ˜︁GP(∇tT) .

For later, we define also

cNLS↦→εGP = (∇tT)cNLS↦→GP(∇Tt) cε ˜︁GP↦→εGP = cε ˜︁GP↦→NLScNLS↦→εGP .

For the convenience of the reader, we note the following facts: c···↦→··· is always lower triangular
and c···↦→··· always upper triangular. Furthermore, the diagonal values are all 1, these matrices
are always invertible, and the row and column indices of any nonzero entry have matching parity.
Theorem 4.1.8 (Formal approximation of the ε˜︂GP hierarchy by the KdV hierarchy). Suppose
that q is formally a solution of the N-truncated NLS hierarchy. If W (T) is defined by (4.1.1),
then W (cNLS↦→ε ˜︁GPT) solves the N -truncated ε˜︂GP hierarchy and

d
dTn

W (cNLS↦→ε ˜︁GPT) =

⎛⎝−(−1)n 1
2∂X

δ
δW+
EKdV
⌊n−1

2 ⌋
(W+(cNLS↦→ε ˜︁GPT))

− 1
2∂X

δ
δ(−W−)E

KdV
⌊n−1

2 ⌋
(−W−(cNLS↦→ε ˜︁GPT))

⎞⎠+ ε2Rn(T) .
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Correspondingly, W (T) solves

∂T2n
W (T) =

n∑︂
m=0

(︃
n− 1

2
n−m

)︃(︃
2
ε2

)︃n−m
(︄(︄

− 1
2∂X

δ
δW+
EKdV
m−1(W+(T))

− 1
2∂X

δ
δ(−W−)E

KdV
m−1(−W−(T))

)︄
+ ε2R2m(cε ˜︁GP↦→NLST)

)︄

∂T2n−1W (T) =
n∑︂

m=0

(︃
n− 1

2
n−m

)︃(︃
2
ε2

)︃n−m
(︄(︄

1
2∂X

δ
δW+
EKdV
m−1(W+(T))

− 1
2∂X

δ
δ(−W−)E

KdV
m−1(−W−(T))

)︄
+ ε2R2m−1(cε ˜︁GP↦→NLST)

)︄
.

Proof. By the chain rule we have

∇T(W (cNLS↦→ε ˜︁GPT)) = cNLS↦→ε ˜︁GP(∇TW )(cNLS↦→ε ˜︁GPT) .

Together with (4.1.6)–(4.1.7) and the definition of cNLS↦→ε ˜︁GP, this implies that W (cNLS↦→ε ˜︁GPT)
solves the N -truncated ε˜︂GP hierarchy. Then the claimed formulas follow from the elaborations
above the theorem.

Remark 4.1.9 (Conjecture on the next-to-leading order of the ε˜︂GP hierarchy). We have verified
the following formula to hold for n ∈ {1, 2, 3, 4}:

4(R2n + R2n−1) =
(︄
− 1

2∂X
δ

δW+
EKdV
n (W+) + ∂XX

(︂
1
2∂X

δ
δ(−W−)E

KdV
n−1(−W−)

)︂
+ interaction terms +O(ε2)

O(ε0)

)︄

4(R2n −R2n−1) =
(︄

O(ε0)
− 1

2∂X
δ

δ(−W−)E
KdV
n (−W−) + ∂XX

(︂
1
2∂X

δ
δW+
EKdV
n−1(W+)

)︂
+ interaction terms +O(ε2)

)︄
.

Here “interaction terms” are those which contain as factors both W+ and W−, or, respectively,
some derivatives thereof. The significance of the above formulas is the following: suppose W (T)
is a solution to the ε˜︂GP hierarchy. Then Theorem 4.1.8 implies

1
2

(︃
d

dT2n
+ d

dT2n−1

)︃
W (T) =

(︃ 0
− 1

2∂X
δ

δ(−W−)E
KdV
n−1(−W−(T))

)︃
+ ε2

8

(︄
− 1

2∂X
δ

δW+
EKdV
n (W+(T)) + ∂XX

(︂
1
2∂X

δ
δ(−W−)E

KdV
n−1(−W−(T))

)︂
+ interaction terms +O(ε2)

O(ε0)

)︄
1
2

(︃
d

dT2n
− d

dT2n−1

)︃
W (T) =

(︃
− 1

2∂X
δ

δW+
EKdV
n−1(W+(T))
0

)︃
+ ε2

8

(︄
O(ε0)

− 1
2∂X

δ
δ(−W−)E

KdV
n (−W−(T)) + ∂XX

(︂
1
2∂X

δ
δW+
EKdV
n−1(W+(T))

)︂
+ interaction terms +O(ε2)

)︄
.

This suggests that an extension of Theorem 4.1.8 and Theorem 4.1.12 below to the next-to-leading
order is plausible: while (ε˜︂GP2n) has its leading order behavior given by (KdVn−1), switching to
a “co-(ε˜︂GP2n−1)-moving” frame allows us to see, on a longer/slower timescale, the dynamics
of (KdVn) in one component of our solution W . In the case n = 1, i. e. that of (εGP2), this
corresponds to the utilization of right- or left-moving frames in order to see the dynamics of
(KdV1) in one component of the solution. This is the content of [27]. Interestingly, this suggests
the co-moving frame used in this result should be thought of as a renormalization using (ε˜︂GP1),
instead of (KdV0), although they are both transport equations.
In the general case, supposing the above formulas can be proven to hold, the term wrapped in two
derivatives and the interaction terms, which are a priori not negligible, may still turn out to be
of order O(ε2) in the energy estimates by the same method that is used in [27]: one component
of the solution travels rapidly to infinity due to the dynamics of (KdVn−1) happening on a faster
timescale.

4.1.6. Review of well-posedness results for the hierarchies
The introduction of Chapter 3 contains an overview of well-posedness results for NLS, GP, hGP,
KdV, and the associated hierarchies. Since this work concerns the hierarchies, we focus our review
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of the literature on well-posedness results specifically for hierarchies. We start with the KdV
hierarchy, where initial existence and uniqueness results were given by J.-C. Saut in [159] and
M. Schwarz in [99]. Later, C. E. Kenig, G. Ponce and L. Vega produced a number of works [105,
106, 107, 108, 109, 110, 111], developing dispersive estimates and using them to prove the local
well-posedness of various generalized KdV-type hierarchies in weighted Sobolev spaces. Another
local well-posedness result in weighted Sobolev spaces for small initial data is given in [152]. This
work also contains an ill-posedness result for all of the higher equations in the KdV hierarchy,
in the sense of failure of the flow map to be C2 in the Sobolev spaces Hs(R). Nevertheless, by
employing subtle energy estimates and a parabolic regularization argument, C. E. Kenig and
D. Pilod [104] proved local well-posedness in Hs(R) at high regularity. We combine this with
the conserved quantities that H. Koch and D. Tataru constructed in [122], which prevent the
Sobolev norm of a local solution from blowing up in finite time, to formulate the following global
well-posedness result. Here and thereafter we use the notation 0 = (0, . . . , 0) ∈ RN+1.
Proposition 4.1.10 ([104, Theorem 1.1] and [122, Theorem 9.1]). Let N ∈ N, s ≥ 4N − 9

2 . For
every U0 ∈ Hs there exists a unique U ∈ C(RN+1;Hs) with initial data U(0) = U0 that satisfies
(KdVn) in the sense of distributions for all n ∈ {0, . . . , N}. For every s′ ∈ [0, s] we have

∥U∥L∞
T Hs′

X
≤ C(s′)(1 + ∥U0∥6s′

H−1)∥U0∥Hs′ . (4.1.17)

Since we shall work with high regularity this formulation is all that we need, but it is far from the
state of the art in the literature. In the low regularity regime A. Rybkin [158] and also R. Killip,
M. Vişan, and X. Zhang [114, 115] achieved a breakthrough by using a perturbation determinant
approach to construct conserved quantities that control the H−1-norm of the solution. This
allowed them to prove the global well-posedness of KdV in H−1 on the line and the torus, and
their “method of commuting flows” has since been applied to several other integrable PDEs (see
e. g. [38, 91, 112]). We use the uniform estimates they give for solutions to the KdV hierarchy in
the proof of (4.1.17). Recently, the method of commuting flows has been used to prove the global
well-posedness of the KdV hierarchy in H−1(R) by F. Klaus, H. Koch, and B. Liu [118].
Moving on to the NLS hierarchy, we mention the work [88] by A. Grünrock where the Fourier
restriction norm method is used to prove global well-posedness and ill-posedness results for the
flows in the NLS hierarchy, and also the KdV hierarchy, in Fourier-Lebesgue spaces at low regularity.
This was extended by J. Adams in [5] to the even flows in the NLS hierarchy, and recently in [4]
to the dNLS hierarchy. Note also [149], where orbital stability of the dark soliton solutions to the
odd flows (NLS2n+1) of the NLS hierarchy, with real-valued q, is proven.
Of direct relevance is Chapter 3, where the global well-posedness of the NLS hierarchy with NZBC
is proven, i. e. precisely the hierarchy we study here. While the local well-posedness is based on
the aforementioned methods from C. E. Kenig, G. Ponce, and L. Vega, the globalization argument
uses certain conserved energies constructed in [119, 120] by H. Koch and X. Liao. This can be
understood as the analogue of [122] in the setting of NZBC. Since this is essential for Proposition
4.1.11 below, we recall now some of their definitions.
We define for s, s′ ∈ N and τ > 0 the (semi-classical/weighted) Sobolev spaces(︁

Hs, ∥ · ∥Hs

)︁
=
(︁{︁
u ∈ L2 : (1 + |ξ|2) s

2 ˆ︁u ∈ L2}︁, ∥(1 + |ξ|2) s
2 ˆ︁· ∥L2

)︁
(4.1.18)(︁

Hs
τ , ∥ · ∥Hs

τ

)︁
=
(︁{︁
u ∈ L2 : (τ2 + |ξ|2) s

2 ˆ︁u ∈ L2}︁, ∥(τ2 + |ξ|2) s
2 ˆ︁· ∥L2

)︁
(4.1.19)(︁

Hs′,1, ∥ · ∥Hs′,1

)︁
=
(︁{︁
u ∈ Hs′

: xu ∈ Hs′}︁
, ∥x · ∥Hs′ + ∥ · ∥Hs′

)︁
(4.1.20)

and the energy functionals

Es(q) = ∥|q|2 − 1∥Hs−1 + ∥qx∥Hs−1 Es
′,1(q) = ∥|q|2 − 1∥Hs′−1,1 + ∥qx∥Hs′−1,1 .

We recall the complete metric space (Xs, ds) whose definition is

Xs =
{︁
q ∈ Hs

loc : Es−1(q) <∞
}︁/︁

S1 ds(q, p) =
(︃ˆ

R
inf
λ∈S1
∥ sech(· − y)(λp− q)∥2

Hs dy
)︃ 1

2

.

(4.1.21)
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This space was used by H. Koch and X. Liao in [119, 120] to prove the global well-posedness of
GP for s > 0. Their globalization argument relies on the aforementioned conserved energies, as
they can be used to control the energy functionals Es(q).

We state now the well-posedness result for the NLS, GP, ˜︂GP and ε˜︂GP hierarchies that we use. It
is a consequence of Theorem 3.1.2 and the theory used in its proof.

Proposition 4.1.11 (Well-posedness of the NLS, GP, and ˜︂GP hierarchies). Let N ≥ 2 and define
ω = N−1

2 . Let s, s′ ∈ N such that s ≥ 3N −1+ω and s+3ω
2 ≤ s′ ≤ s−N . For every q0 : R→ C of

the form q0 = q∗ + p0, where q∗ ∈ Hs+1−⌈ω⌉+N
loc with Es+1−⌈ω⌉+N,1(q∗) <∞ and p0 ∈ Hs ∩Hs′,1,

there exists a unique function q : RN+1×R→ C with q(0) = q0 satisfying the following:

(i) For every n ∈ {0, . . . , N} the functions q(t, x), q(cNLS↦→GPt, x), and q(cNLS↦→ ˜︁GPt, x) solve
respectively (NLSn), (GPn), and (˜︂GPn) in the sense of distributions.

(ii) We have q ∈ Cb(RN+1;Xs) and

sup
t∈RN+1

Es(q(t)) ≤ C(N, s,Es(q0)) . (4.1.22)

(iii) The function p = q − e−i(cGP↦→NLSt)0q∗ satisfies p ∈ C(RN+1;Hs ∩ Hs′,1). Furthermore,
p(t), p(cNLS↦→GPt), and p(cNLS↦→ ˜︁GPt) solve the corresponding perturbative formulations of
respectively (NLSn), (GPn), and (˜︂GPn), for the respective fronts e−i(cGP↦→NLSt)0q∗, e−it0q∗,
and e−it0q∗, strongly in Hs−n ∩Hs′−n,1.

(iv) If HGP
2 (q0) < b < 8

3 for some b > 0, then there exists δ = δ(b) > 0 such that

inf
t∈RN+1,x∈R

|q(t, x)| > δ .

In this case we can define for some ε > 0 the function W via the ansatz (4.1.1), and find
that W (cNLS↦→ε ˜︁GPT) ∈ C(RN+1;Hs−1) solves (ε˜︂GPn) strongly in Hs−2⌊n

2 ⌋−2. Furthermore,
for all h ∈ {1, . . . , s− 2} there exists some ε0 = ε0(h, ∥W (0)∥Hh+1) > 0, c = c(h) > 0, and
C = C(h) > 0 such that the following holds. Define

τ = max{1, c∥W (0)∥
2
3
Hh+1} .

Then ε ∈ (0, ε0) implies

∥W±(T)∥2
Hh

τ
+ ε2

8 ∥∂X(W+ −W−)(T)∥2
Hh

τ
≤C

(︃
∥W±(0)∥2

Hh
τ

+ ε2

8 ∥∂X(W+ −W−)(0)∥2
Hh

τ

)︃
(4.1.23)

+ ε2τ2C

(︃
∥W (0)∥2

Hh
τ

+ ε2

4 ∥∂X(W+ −W−)(0)∥2
Hh

τ

)︃
for all T ∈ RN+1.

4.1.7. Quantitative approximation of hierarchies
Let us give some justification for why the study of integrable hierarchies is interesting. Due to
Noether’s theorem, the higher flows in an integrable hierarchy are symmetries of each equation in
the hierarchy. Any statement about the NLS/KdV/GP/ . . . hierarchy is therefore also a statement
about the NLS/KdV/GP/ . . . equation. These equations are all central to the study of nonlinear
PDEs and ubiquitous in the physical modelling of nonlinear waves (see e. g. [23, 24, 92] for
applications of NLS and [72, 73, 76, 83, 127, 138] for applications of GP). Besides, integrable
hierarchies directly appear in mathematical physics in connection with algebraic geometry [14, 67,
68]. For the reader interested in more algebraic approaches to these integrable hierarchies, we
refer to [66, 80, 81]. We are particularly interested in the relevance of these hierarchies in the
theory of amplitude and modulation equations.
The transport equation (KdV0) and the Korteweg-de Vries equation (KdV1) play an important role
as long-wave amplitude equations in the study of one-dimensional nonlinear waves. For example,
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they have been used in the description of long-wave solutions to the water wave problem [53, 54,
163], a Boussinesq equation [161], a capillary-gravity wave system [164], the NLS equation [48,
160, 47], the GP equation [27, 28], and the Euler-Poisson system [137]. For particular classes of
dispersive nonlinear equations, KdV acts as a universal long-wave amplitude equation [37] (see
also [162, §12.2]). Other examples of long-wave amplitude and modulation equations are NLS, the
Ginzburg-Landau equation, and the Whitham modulation equations. For a broad perspective on
the theory of such amplitude and modulation equations, we refer to the books [162, 182, 183] and
the survey [69]. Many of these amplitude equations are completely integrable, an aspect which
has been studied in [100] by L. A. Kalyakin. Another perspective on this phenomenon was given
in [42] by F. Calogero, who argued that for certain large classes of PDEs the process of passing to
an effective limit equation preserves integrability, and hence the resulting limit equations ought
to be integrable if the original class contained any integrable equations. This idea was further
developed toward the classification of integrable equations.
Returning specifically to (KdV1) as a long-wave amplitude equation, we note that it is common
for the (trivial transport equation) (KdV0) to predict the leading order behavior, and (KdV1) the
next-to-leading order behavior. One is therefore tempted to conjecture that the higher equations
(KdVn) in the KdV hierarchy may be used in the description of the higher order asymptotic
behavior of long-wave solutions to dispersive nonlinear equations. Yet, such results, and in general
direct physical applications of the KdV hierarchy in the modelling of nonlinear waves, are few
and far between. In this direction, there exist results by Y. Kodama, T. Taniuti, and Y. Hiraoka
[94, 124]. They were used by D. Bambusi [22] to show that, indeed, (KdV2) shows up after
(KdV0) and (KdV1) in the aforementioned long-wave approximation of water waves. Furthermore,
using the reductive perturbation method of T. Taniuti [169], R. A. Kraenkel, M. A. Manna, and
J. G. Pereira [126] discovered that the full KdV hierarchy appears in the study of the asymptotic
behavior of long, shallow water waves. Other results in a similar direction are [62, 97]. In [95,
Remark 4.6.10] S. Hofbauer noted that a result of her dissertation, using the inverse scattering
transform method to prove an approximation result for KdV by a linear Schrödinger equation,
can be extended to the higher equations in the KdV hierarchy.
We state now our main result, which shows rigorously that the equations in the KdV hierarchy act
as long-wave amplitude equations for the ˜︂GP hierarchy. Recall our notations 0 = (0, . . . , 0) ∈ RN+1

and M =
⌊︁
N−1

2
⌋︁
. Define matrices b+,b− ∈ R(M+1)×(N+1) by

b+
m,n = −(−1)n1{m=⌊n−1

2 ⌋} b−
m,n = 1{m=⌊n−1

2 ⌋} .

The purpose of this matrix is to match the correct flows in the NLS hierarchy with the corresponding
flows in the KdV hierarchy, as described in Theorem 4.1.8.
Theorem 4.1.12 (Quantitative approximation of the ε˜︂GP hierarchy by the KdV hierarchy). Let
N ≥ 2, s ∈ N, and q0 : R→ C satisfy the assumptions of Proposition 4.1.11 for some s′ ∈ N and
q∗, p0 : R → C. Assume in addition, as in (iv) of Proposition 4.1.11, that HGP

2 (q0) < 8
3 so that

|q(t, x)| > δ > 0 and hence we can define for some ε > 0 the function W according to the ansatz
(4.1.1). We have W ∈ C(RN+1;Hs−1), and if ε < ε0(s, ∥W (0)∥Hs−1) then

∥W∥L∞
T Hh−1

X
≤ C(h, ∥W (0)∥Hh)∥W (0)∥Hh ∀h ∈ {2, . . . , s− 1} . (4.1.24)

Furthermore, W (cNLS↦→ε ˜︁GPT) ∈ C(RN+1;Hs−1) solves (ε˜︂GPn) in the sense of distributions.
Let ±U± ∈ C(RM+1;Hs−1) be the solutions to the M -truncated KdV hierarchy, given by Proposi-
tion 4.1.10, with initial data U±(0) = W±(0). They satisfy

∥U±∥L∞
T Hh

X
≤ C(h, ∥U±(0)∥H−1)∥U±(0)∥Hh ∀h ∈ {0, . . . , s− 1} . (4.1.25)

Define [T] = |T2|+ · · ·+ |TN |. For all h ∈ {0, . . . ,
⌊︁
s−N

2
⌋︁
} there exists C = C(N,h, δ) > 0 such

that⃦⃦⃦⃦(︃
U+(b+T)
U−(b−T)

)︃
−W (cNLS↦→ε ˜︁GPT)

⃦⃦⃦⃦
Hh

≤ ε2[T] 1
2 exp

(︂
[T]C

(︁
1 + ∥(W,U)∥ML∞

T H2M
X

)︁)︂
(4.1.26)

× C
(︁
1 + ∥W∥N+4

L∞
T HN+1+h

X

)︁(︁
1 + [T]∥(W,U)∥N−1

L∞
T H

2(M+h)
X

)︁h
2 .
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This result represents a collection of approximations, and the timescales involved have several
edge cases. Note, for example, that cNLS↦→ε ˜︁GP contains negative powers of ε. We shall therefore
take some time now to explain this result. It is convenient to introduce for a time-independent
function q : R→ C with |q| > δ > 0 the notation

[q ↦→W ](q)(X) = 1
ε2

(︃
1
2 Im

[︃
qx
q

]︃
+ (|q| − 1), 1

2 Im
[︃
qx
q

]︃
− (|q| − 1)

)︃
(x) .

This means that if q : RN+1×R → C is a solution to the N -truncated NLS hierarchy, and we
define W : RN+1×R→ R2 according to (4.1.1), then the following hold:

q(t) solves the N -truncated NLS hierarchy and [q ↦→W ](q(t)) = W (T)
q(cNLS↦→GPt) solves the N -truncated GP hierarchy and [q ↦→W ](q(cNLS↦→GPt)) = W (cNLS↦→εGPT)

q(cNLS↦→ ˜︁GPt) solves the N -truncated ˜︂GP hierarchy and [q ↦→W ](q(cNLS↦→ ˜︁GPt)) = W (cNLS↦→ε ˜︁GPT) .

We see now that Theorem 4.1.12 is an approximation result written in terms of the ˜︂GP/ε˜︂GP
hierarchy. We want to sketch the consequences of Theorem 4.1.12 for the equations (NLSn), (GPn),
and (˜︂GPn) for n ∈ {0, . . . , 7}. To keep the notation simple, we shall use the formal statement

W (cNLS↦→ε ˜︁GPT) =
(︃
U+(b+T)
U−(b−T)

)︃
+
{︄
O(ε2) as long as [T] ≲ 1 , [T] > 0
0 for all T ∈ RN+1 , [T] = 0

to represent the precise statement (4.1.26), which as explained above is an approximation result
for the ˜︂GP hierarchy. A corresponding approximation result for the NLS hierarchy reads

W (T) =
(︄
U+(b+cε ˜︁GP↦→NLST)
U−(b−cε ˜︁GP↦→NLST)

)︄
+
{︄
O(ε2) as long as [cε ˜︁GP↦→NLST] ≲ 1 , [cε ˜︁GP↦→NLST] > 0
0 for all T ∈ RN+1 , [cε ˜︁GP↦→NLST] = 0

,

and for the GP hierarchy it is

W (cNLS↦→εGPT) =
(︄
U+(b+cε ˜︁GP↦→εGPT)
U−(b−cε ˜︁GP↦→εGPT)

)︄
+
{︄
O(ε2) as long as [cε ˜︁GP↦→εGPT] ≲ 1 , [cε ˜︁GP↦→εGPT] > 0
0 for all T ∈ RN+1 , [cε ˜︁GP↦→εGPT] = 0

.

Here the dependence of various time-related quantities on ε is not clearly visible, so let us write it
in a more explicit form. We assume that N is even. The approximation results can be expressed
as

[q ↦→W ](q(t)) =

⎛⎜⎜⎝U+

(︃(︂
(
√

2ε)2m+1(︁(c ˜︁GP↦→NLSt)2m+1 − 2(c ˜︁GP↦→NLSt)2m+2
)︁)︂

0≤m≤M

)︃
U−

(︃(︂
(
√

2ε)2m+1(︁(c ˜︁GP↦→NLSt)2m+1 + 2(c ˜︁GP↦→NLSt)2m+2
)︁)︂

0≤m≤M

)︃
⎞⎟⎟⎠

+
{︄
O(ε2) as long as [(∇tT)c ˜︁GP↦→NLSt] ≲ 1 , [(∇tT)c ˜︁GP↦→NLSt] > 0
0 for all T ∈ RN+1 , [(∇tT)c ˜︁GP↦→NLSt] = 0

for the NLS hierarchy,

[q ↦→W ](q(cNLS↦→GPt)) =

⎛⎜⎜⎝U+

(︃(︂
(
√

2ε)2m+1(︁(c ˜︁GP↦→GPt)2m+1 − 2(c ˜︁GP↦→GPt)2m+2
)︁)︂

0≤m≤M

)︃
U−

(︃(︂
(
√

2ε)2m+1(︁(c ˜︁GP↦→GPt)2m+1 + 2(c ˜︁GP↦→GPt)2m+2
)︁)︂

0≤m≤M

)︃
⎞⎟⎟⎠

+
{︄
O(ε2) as long as [(∇tT)c ˜︁GP↦→GPt] ≲ 1 , [(∇tT)c ˜︁GP↦→GPt] > 0
0 for all T ∈ RN+1 , [(∇tT)c ˜︁GP↦→GPt] = 0

for the GP hierarchy, and

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =

⎛⎝U+

(︂(︁
(
√

2ε)2m+1(︁t2m+1 − 2t2m+2
)︁)︁

0≤m≤M

)︂
U−

(︂(︁
(
√

2ε)2m+1(︁t2m+1 + 2t2m+2
)︁)︁

0≤m≤M

)︂⎞⎠
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+
{︄
O(ε2) as long as [(∇tT)t] ≲ 1 , [(∇tT)t] > 0
0 for all T ∈ RN+1 , [(∇tT)t] = 0

for the ˜︂GP hierarchy.

4.1.8. Examples
We use the above formulations to give explicit approximation results along one-dimensional
time-rays in RN+1 for the cases N = 0, . . . , 7.
Example 4.1.13 ((NLS0) = (GP0) = (˜︂GP0) = “phase rotation”). Take

N = 0 M = −1 T = (2(
√

2ε)−1t0) .

Then

[q ↦→W ](q(t)) = [q ↦→W ](q(cNLS↦→GPt)) = [q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0)
U−(0)

)︃
for all t0 ∈ R .

Here we use the convention RM+1 = R0 = {0}.

Example 4.1.14 ((NLS1) = (GP1) = (˜︂GP1) = “transport”). Take

N = 1 M = 0 T = (0,
√

2εt1) .

Then

[q ↦→W ](q(t)) = [q ↦→W ](q(cNLS↦→GPt)) = [q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(
√

2εt1)
U−(
√

2εt1)

)︃
for all t1 ∈ R .

Example 4.1.15 ((NLS2) = NLS and (GP2) = (˜︂GP2) = GP). Take

N = 2 M = 0 T = (0, 0, 2
√

2εt2) .

Then

[q ↦→W ](q(t)) =
(︃
U+(−2

√
2εt2)

U−(2
√

2εt2)

)︃
+O(ε2) as long as |t2| ≲ ε−1

[q ↦→W ](q(cNLS↦→GPt)) =
(︃
U+(−2

√
2εt2)

U−(2
√

2εt2)

)︃
+O(ε2) as long as |t2| ≲ ε−1

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(−2

√
2εt2)

U−(2
√

2εt2)

)︃
+O(ε2) as long as |t2| ≲ ε−1 .

In fact, we have [q ↦→ W ](q(t)) = [q ↦→ W ](q(cNLS↦→GPt)) = [q ↦→ W ](q(cNLS↦→ ˜︁GPt)). This is a
consequence of the fact that the difference between these flows for q is one of phase rotation,
which does not show up in the variable W .
This result corresponds to [25, Theorem 2], i. e. it is an approximation of GP by two transport
equations. As discussed above, it is known from [28, 27] that in the subsequent order KdV =
(KdV1) shows up as the approximating equation. It is natural to conjecture that this may be
generalized for the cases N ≥ 3, i. e. to characterize the effect of the terms O(ε2) up to O(ε4).
Remark 4.1.9 above provides some evidence towards this.

Example 4.1.16 ((NLS3) = mKdV, (GP3), and (˜︂GP3)). Take

N = 3 M = 1 T = (0, 0, 0, (
√

2ε)3t3) .

Then

[q ↦→W ](q(t)) =
(︄
U+(
√

2εc ˜︁GP↦→NLS
1,3 t3, (

√
2ε)3t3)

U−(
√

2εc ˜︁GP↦→NLS
1,3 t3, (

√
2ε)3t3)

)︄
+O(ε2) as long as |t3| ≲ ε−3
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[q ↦→W ](q(cNLS↦→GPt)) =
(︄
U+(
√

2εc ˜︁GP↦→GP
1,3 t3, (

√
2ε)3t3)

U−(
√

2εc ˜︁GP↦→GP
1,3 t3, (

√
2ε)3t3)

)︄
+O(ε2) as long as |t3| ≲ ε−3

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0, (

√
2ε)3t3)

U−(0, (
√

2ε)3t3)

)︃
+O(ε2) as long as |t3| ≲ ε−3 .

This is the first new result that Theorem 4.1.12 yields. Here mKdV and renormalized versions
of mKdV are approximated by two transport equations in leading order, and then by two KdV
equations at next-to-leading order. Observe that for the NLS and GP hierarchies the timescale
is ε−3, which is better than the expected ε−1. This is because the approximation of transport
equations by transport equations has zero error.

Example 4.1.17 ((NLS4) = “4-th order NLS”, (GP4) = (˜︂GP4) = “4-th order GP”). Take

N = 4 M = 1 T = (0, 0, 0, 0, 2(
√

2ε)3t4) .

Then

[q ↦→W ](q(t)) =
(︄
U+(−2

√
2εc ˜︁GP↦→NLS

2,4 t4,−2(
√

2ε)3t4)
U−(2

√
2εc ˜︁GP↦→NLS

2,4 t4, 2(
√

2ε)3t4)

)︄
+O(ε2) as long as |t4| ≲ ε−1

[q ↦→W ](q(cNLS↦→GPt)) =
(︃
U+(0,−2(

√
2ε)3t4)

U−(0, 2(
√

2ε)3t4)

)︃
+O(ε2) as long as |t4| ≲ ε−3

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0,−2(

√
2ε)3t4)

U−(0, 2(
√

2ε)3t4)

)︃
+O(ε2) as long as |t4| ≲ ε−3 .

For the NLS hierarchy the case n = 2 “dominates”, leading to the shorter timescale ε−1. For
the ˜︂GP hierarchy the dynamics are cleanly separated, leading to a better timescale. Remark
4.1.9 suggests that studying (ε˜︂GP4) in a “co-(ε˜︂GP3)-moving” frame allows us to see, on a longer
timescale, the dynamics of (KdV2) in one component of our solution W .

Example 4.1.18 ((NLS5) = “5-th order mKdV”, (GP5), and (˜︂GP5)). Take

N = 5 M = 2 T = (0, 0, 0, 0, 0, (
√

2ε)5t5) .

Then

[q ↦→W ](q(t)) =
(︄
U+(
√

2εc ˜︁GP↦→NLS
1,5 t5, (

√
2ε)3c ˜︁GP↦→NLS

3,5 t5, (
√

2ε)5t5)
U−(
√

2εc ˜︁GP↦→NLS
1,5 t5, (

√
2ε)3c ˜︁GP↦→NLS

3,5 t5, (
√

2ε)5t5)

)︄
+O(ε2) as long as |t5| ≲ ε−3

[q ↦→W ](q(cNLS↦→GPt)) =
(︄
U+(
√

2εc ˜︁GP↦→GP
1,5 t5, (

√
2ε)3c ˜︁GP↦→GP

3,5 t5, (
√

2ε)5t5)
U−(
√

2εc ˜︁GP↦→GP
1,5 t5, (

√
2ε)3c ˜︁GP↦→GP

3,5 t5, (
√

2ε)5t5)

)︄
+O(ε2) as long as |t5| ≲ ε−3

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0, 0, (

√
2ε)5t5)

U−(0, 0, (
√

2ε)5t5)

)︃
+O(ε2) as long as |t5| ≲ ε−5 .

Here (KdV2) shows up for the first time. Note that once again the approximation of transport
equations by transport equations has no error, yielding the better-than-expected timescale ε−3 for
the NLS and GP hierarchies.

Example 4.1.19 ((NLS6) = “6-th order NLS”, (GP6) = (˜︂GP6) = “6-th order GP”). Take

N = 6 M = 2 T = (0, 0, 0, 0, 0, 0, 2(
√

2ε)5t6) .

Then

[q ↦→W ](q(t)) =
(︄
U+(−2

√
2εc ˜︁GP↦→NLS

2,6 t6,−2(
√

2ε)3c ˜︁GP↦→NLS
4,6 t6,−2(

√
2ε)5t6)

U−(2
√

2εc ˜︁GP↦→NLS
2,6 t6, 2(

√
2ε)3c ˜︁GP↦→NLS

4,6 t6, 2(
√

2ε)5t6)

)︄
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+O(ε2) as long as |t6| ≲ ε−1

[q ↦→W ](q(cNLS↦→GPt)) =
(︃
U+(0, 0,−2(

√
2ε)5t6)

U−(0, 0, 2(
√

2ε)5t6)

)︃
+O(ε2) as long as |t6| ≲ ε−5

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0, 0,−2(

√
2ε)5t6)

U−(0, 0, 2(
√

2ε)5t6)

)︃
+O(ε2) as long as |t6| ≲ ε−5 .

Example 4.1.20 ((NLS7) = “7-th order mKdV”, (GP7), and (˜︂GP7)). Take

N = 7 M = 3 T = (0, 0, 0, 0, 0, 0, 0, (
√

2ε)7t7) .

Then

[q ↦→W ](q(t)) =
(︄
U+(
√

2εc ˜︁GP↦→NLS
1,7 t7, (

√
2ε)3c ˜︁GP↦→NLS

3,7 t7, (
√

2ε)5c ˜︁GP↦→NLS
5,7 t7, (

√
2ε)7t7)

U−(
√

2εc ˜︁GP↦→NLS
1,7 t7, (

√
2ε)3c ˜︁GP↦→NLS

3,7 t7, (
√

2ε)5c ˜︁GP↦→NLS
5,7 t7, (

√
2ε)7t7)

)︄
+O(ε2) as long as |t7| ≲ ε−3

[q ↦→W ](q(cNLS↦→GPt)) =
(︄
U+(
√

2εc ˜︁GP↦→GP
1,7 t7, (

√
2ε)3c ˜︁GP↦→GP

3,7 t7, (
√

2ε)5c ˜︁GP↦→GP
5,7 t7, (

√
2ε)7t7)

U−(
√

2εc ˜︁GP↦→GP
1,7 t7, (

√
2ε)3c ˜︁GP↦→GP

3,7 t7, (
√

2ε)5c ˜︁GP↦→GP
5,7 t7, (

√
2ε)7t7)

)︄
+O(ε2) as long as |t7| ≲ ε−3

[q ↦→W ](q(cNLS↦→ ˜︁GPt)) =
(︃
U+(0, 0, 0, (

√
2ε)7t7)

U−(0, 0, 0, (
√

2ε)7t7)

)︃
+O(ε2) as long as |t7| ≲ ε−7 .

At this point we stop because all the edge cases have been exhibited and the pattern continues as
expected.

4.1.9. Notations and definitions
We use N = {n ∈ Z : n ≥ 0} but note that in some cases where we write n ∈ N, and when the
intended interpretation is clear from the context, n = 0 will be an inadmissible value.
We often write A ≤ C(things)B to indicate that there exists a constant, depending only on the
given parameters, for which the estimate holds. Such constants may change from one line to the
next without being given a new name.
Whenever we consider a function space such as Hs without explicit domain, the domain is
implicitly assumed to be R. The target space may be R, C, or corresponding spaces of vectors or
matrices, and must be determined from context.
We denote by t = (t0, . . . , tN ),T = (T0, . . . , TN ),0 = (0, . . . , 0) ∈ RN+1 certain vectors of times.
For matrices c ∈ C(N+1)×(N+1) we denote the entry in the n-th row and m-th column by cn,m.
The only exception is the matrix of Jost solutions Φ†,± = (Φ†,±

1 |Φ
†,±
2 ).

We define the Pauli matrices

σ3 =
(︃

1 0
0 −1

)︃
σ1 =

(︃
0 1
1 0

)︃
.

For real numbers x, y ∈ R, we define x ∧ y = min{x, y} and x ∨ y = max{x, y}, as well as the
Japanese bracket ⟨x⟩ =

√
x2 + 1 and the floor and ceiling functions ⌊x⌋ = max{n ∈ Z : n ≤ x}

and ⌈x⌉ = min{n ∈ Z : n ≥ x}.
For functions f : R→ Cn we use the following convention for the Fourier transform:

ˆ︁f(ξ) = 1√
2π

ˆ
R
e−ixξf(x) dx .
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We extend the Fourier transform to the tempered distributions S ′(R;Cn) as usual.
We denote by Qj = ij−1{z ∈ C : ℜz > 0, Im z > 0}, j ∈ {1, 2, 3, 4} the four open quadrants of the
complex plane.
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4.2. Definition and approximation of the Hamiltonians
HεGP
n by EKdV

n

4.2.1. Lax pairs
Formally, a function q : R2 → C is a solution to GP if and only if the time-dependent operators

LGP =
(︃
i∂x −iq
iq −i∂x

)︃
and

PGP = i

(︃
2∂2
x − qq + 1 −2q∂x − qx

2q∂x + qx −2∂2
x + qq − 1

)︃
solve the so-called Lax equation

∂tL
GP = [PGP, LGP] .

Here LGP is called the Lax operator of GP and (LGP, PGP) the Lax pair. Setting LNLS = LGP and

PNLS = i

(︃
2∂2
x − qq −2q∂x − qx

2q∂x + qx −2∂2
x + qq

)︃
yields a Lax pair for NLS. A direct consequence of the Lax pair formalism is that eigenvalues of
the Lax operator are conserved quantities. A deeper consequence is that the potential q can be
reconstructed from the scattering data associated to the Lax operator LGP, and this scattering
data undergoes a linear evolution in time. As such, one can formally linearize NLS or GP by
conjugating the flow with the direct and inverse scattering transforms. This is called the inverse
scattering transform (IST) method, and it is the reason why NLS and GP are considered to be
completely integrable PDEs. Note that understanding the mapping properties of the IST on
standard function spaces is non-trivial, especially for nonzero boundary conditions such as in the
case of GP. For NLS and GP the scattering data is obtained from the Zakharov-Shabat scattering
problem, which is given as the cases † ∈ {NLS,GP} in Definition 4.2.1 below. Since the IST
method is not the focus of this work, we shall merely highlight here the seminal papers [2, 189]
and refer to the recent review [155] regarding the development of the IST method, with a focus
on GP. We emphasize the connection to Section 3.2, where the theory that we use here is set up,
with matching notation, and more background on complete integrability and the IST method is
given.
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We shall now give Lax pairs for hGP, εGP and KdV. Set q = aeiφ and θ = i
2 (φ − π

2 ). In [134]
X. Liao and M. Plum note that the explicit unitary matrix

M = 1√
2

(︃
e−θ eθ

e−θ −eθ
)︃

M−1 = 1√
2

(︃
eθ e−θ

eθ −e−θ

)︃
yields the unitary equivalence

LGP = M−1LhGPM ,

where

LhGP =
(︃
−w− + 1 i∂x
i∂x −w+ − 1

)︃
.

Together with

P hGP =
(︄
− 1

2 (3w− + w+)x − (3w− + w+ − 2)∂x 2i∂2
x − i

2
(w+−w−)xx

w+−w−+2
2i∂2

x − i
2

(w+−w−)xx

w+−w−+2 − 1
2 (w− + 3w+)x − (w− + 3w+ + 2)∂x

)︄

this forms a Lax pair for the hydrodynamic formulation hGP of GP.
By rescaling, we can construct from (LhGP, P hGP) the Lax pair

LεGP =
(︃
−ε2W− + 1 i

√
2ε∂X

i
√

2ε∂X −ε2W+ − 1

)︃
and

P εGP =
(︃
P εGP

1,1 P εGP
1,2

P εGP
2,1 P εGP

2,2

)︃
where

⎛⎜⎜⎝
P εGP

1,1
P εGP

1,2
P εGP

2,1
P εGP

2,2

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
− ε√

2 (3ε2W− + ε2W+)X − (3ε2W− + ε2W+ − 2)
√

2ε∂X
4iε2∂2

X − iε2 (ε2W+−ε2W−)XX

ε2W+−ε2W−+2

4iε2∂2
X − iε2 (ε2W+−ε2W−)XX

ε2W+−ε2W−+2
− ε√

2 (ε2W− + 3ε2W+)X − (ε2W− + 3ε2W+ + 2)
√

2ε∂X

⎞⎟⎟⎟⎟⎠
for εGP. Lastly, we recall the well-known Lax pair˜︁LKdV = −∂2

X + U PKdV = −4∂3
X + 3UX + 6U∂X

for KdV. For the sake of uniformity we treat the scattering problem for KdV as a first-order
system, i. e. we use instead of ˜︁LKdV the Lax operator

LKdV =
(︃
−∂2

X + U 0
UX −∂2

X + U

)︃
.

We are interested in these Lax pairs because the conservation of the spectral data of the Lax
operator implies the existence of infinitely many conserved quantities. More specifically, we shall
construct in the subsequent section the Hamiltonians HNLS

n ,HGP
n ,HhGP

n ,HεGP
n , and EKdV

n from the
transmission coefficients associated to each scattering problem.

4.2.2. Jost solutions and their asymptotic expansion
The Jost solutions for each scattering problem depend on a complex parameter λ ∈ C. We prefer
to use for GP and hGP the alternative variable z =

√
λ2 − 1, and for εGP and KdV the variable

k = z√
2ε . Due to the multivaluedness of the relation λ ↔ z, it is common to consider pairs

(λ, z) ∈ C2 as lying on a Riemann surface. Since we also consider the additional parameter k, we
define

K = {(λ, z, k) ∈ C3 : λ2 − z2 = 1 and z =
√

2εk} . (4.2.1)

We decompose K into two sheets K = K+ ∪K− where

K± = {(λ, z, k) ∈ K : λ ∈ C \((−∞,−1] ∪ [1,∞)),± Im z > 0} .
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By an abuse of notation, we may write λ ∈ K±, z ∈ K±, or k ∈ K± to mean (λ, z, k) ∈ K±.
Similarly, for functions f with domain K± we write f(λ) = f(z) = f(k) = f(λ, z, k).
In order to give a uniform treatment of all the scattering problems under consideration, we define

Eqns = {NLS,GP, hGP, εGP,KdV}

and write † ∈ Eqns when we wish for † to refer to any of the equations under consideration. Using
this notation, we shall characterize all five scattering problems under consideration using a single
set of variables:

(q†, q†
±, x

†, λ†, z†) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(q, 0, x, λ, λ) , † = NLS
(q, q±, x, λ, z) , † = GP
(w, 0, x, λ, z) , † = hGP
(W, 0, X, λ, k) , † = εGP
(U, 0, X, k2, k) , † = KdV

.

In the following we always take j ∈ {1, 2} and set γ1 = 1 and γ2 = −1.

Definition 4.2.1 (Jost solutions of †). Given a potential q† with limx→±∞ q† = q†
±, we define

the Jost solution Φ†,±
j as the solution to the scattering problem

Φ†,±
j : R×K∓γj

−→ C2

L† Φ†,±
j (x†, z†; q†) = λ† Φ†,±

j (x†, z†; q†) (4.2.2)

lim
x→±∞

Φ†,±
j (x†, z†; q†)ex

†iz†γj = E†,±
j (z†) . (4.2.3)

We define in addition the modified Jost solutions as Ψ†,±
j = Φ†,±

j ex
†iz†γj . The eigenvalue problem

(4.2.2) is equivalent to

∂x†Φ†,±
j (x†, z†; q†) = A†(x†, z†; q†) Φ†,±

j (x†, z†; q†) (4.2.4)

∂x†Ψ†,±
j (x†, z†; q†) = (A†(x†, z†; q†) + iz†γj) Ψ†,±

j (x†, z†; q†) (4.2.5)

The matrices A†(x†, z†; q†), E†,±(z†) ∈ C2×2 are defined in the following table:

† A† E†,±

NLS
(︃
−iλ q
q iλ

)︃ (︃
1 0
0 1

)︃
GP

(︃
−iλ q
q iλ

)︃ (︃
q± i(z − λ)

i(λ− z) q±

)︃
hGP

(︃
0 −i(λ+ 1 + w+)

−i(λ− 1 + w−) 0

)︃
i√
2

(︃
λ− z + 1 −λ+ z − 1
−λ+ z + 1 −λ+ z + 1

)︃(︃
eθ± 0
0 e−θ±

)︃
εGP

(︄
0 − iε√

2

(︁
λ+1
ε2 +W+

)︁
− iε√

2

(︁
λ−1
ε2 +W−

)︁
0

)︄
i√
2

(︃
λ−
√

2εk + 1 −λ+
√

2εk − 1
−λ+

√
2εk + 1 −λ+

√
2εk + 1

)︃(︃
eθ± 0
0 e−θ±

)︃
KdV

(︃
0 1

U − k2 0

)︃ (︃
1 1
−ik ik

)︃
Here θ± = i

2 (φ± − π
2 ) where eiφ± = q±. We also define A†,±(z†; q†) = limx†→±∞ A†(x†, z†; q†).

Observe that E†,± is indeed a solution to (4.2.5) at x† = ±∞.

Our choice of normalization for these eigenvalue problems yields the identity

ΦGP,±
j (x, z) = M(x)ΦhGP,±

j (x, z) = M

(︃
X√
2ε

)︃
ΦεGP,±
j (X, k) . (4.2.6)

4.2.3. Transmission coefficients and their asymptotic expansion
We recall Definition 3.2.4.
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Definition 4.2.2. Let D ⊂ C, d ∈ N and 1 ≤ p ≤ ∞.
(i) We say that a function f = f(z) ∈ C∞(D;Cd) has an asymptotic expansion in powers

of 2iz at infinity on D if there exist (fn)n∈N ⊂ Cd such that

∀N ∈ N lim
|z|→∞

(2iz)N
(︄
f(z)−

N∑︂
n=0

fn
(2iz)n

)︄
= 0 .

We call fn the expansion coefficients of f and note that they are unique. If f and g
have such an expansion then 2izf and fg do as well. If g(z) ̸= 0 for |z| sufficiently large,
then fg−1 also has such an expansion.

(ii) We say that a function f = f(x, z) ∈ C∞(R×D;Cd) has an Lp-smooth asymptotic
expansion in powers of 2iz at infinity on D if there exist (fn)n∈N ⊂ (C∞ ∩Lp)(R;Cd)
such that

∀ k,N ∈ N lim
|z|→∞

⃦⃦⃦⃦
⃦(2iz)N

(︄
∂kxf(x, z)−

N∑︂
n=0

∂kxfn(x)
(2iz)n

)︄⃦⃦⃦⃦
⃦
Lp

x(R)

= 0 .

In this case ∂xf has such an expansion as well. If g has such an L∞-smooth expansion and
infx∈R |g(x, z)| > 0 for |z| sufficiently large, then fg−1 also has an Lp-smooth asymptotic
expansion. If p = 1 then

´∞
−∞ f(x, z) dx has an asymptotic expansion in powers of 2iz at

infinity on D with expansion coefficients
´∞

−∞ fn(x) dx.
When f has an asymptotic expansion of some kind with expansion coefficients (fn)n∈N, we write

f ∼
∞∑︂
n=0

fn
(2iz)n .

We collect now a number of results on the Jost solutions which are known in the literature,
although rarely arranged in this form. For the rest of the section we focus only on K+.
Lemma 4.2.3. Let q† ∈ C∞(R) with q† − q†

± ∈ S(R±).
(i) The Jost solutions Φ†,±

j exist and are smooth in x† and analytic in z† up to a finite set of
choices for z†.

(ii) There exists a constant c(q†) > 0 such that Im z† > c(q†) implies

the limits lim
x†→∞

Ψ†,−
1 (x†, z†), lim

x†→−∞
Ψ†,+

2 (x†, z†) exist (4.2.7)

lim
x†→∞

∂x†Ψ†,−
1 (x†, z†) = lim

x†→−∞
∂x†Ψ†,+

2 (x†, z†) = 0 (4.2.8)

sup
x†∈R

⃓⃓⃓
Ψ†,−

1 (x†, z†)− E†,−
1 (z†)

⃓⃓⃓
<
|E†,−

1 (z†)|
c(q†)|z†|

(4.2.9)

sup
x†∈R

⃓⃓⃓
Ψ†,+

2 (x†, z†)− E†,+
2 (z†)

⃓⃓⃓
<
|E†,+

2 (z†)|
c(q†)|z†|

. (4.2.10)

(iii) Define on K+ ∩ {Im z† > c,± Imλ > 0} the quantities

σ† =
∂x†Ψ†,−

1,1

Ψ†,−
1,1

˜︁σ† = −
∂x†Ψ†,+

2,2

Ψ†,+
2,2

(4.2.11)

r† =
Ψ†,−

1,2

Ψ†,−
1,1

˜︁r† =
Ψ†,+

2,1

Ψ†,+
2,2

. (4.2.12)

They are bounded and have L∞-smooth asymptotic expansions in powers of 2iz† at infinity.
The densities σ† and ˜︁σ† are in addition integrable, and their asymptotic expansions are also
L1-smooth.
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Proof. Let us first discuss the case of GP. Here (i) and (ii) can be proven by the well-known method
of writing the boundary value problem as a Volterra integral equation and using a Neumann
series ansatz. For a demonstration we refer to [64, Proposition 3], and also the theory in [71,
Chapter 1]. We refer also to Section 3.2 for a treatment of these matters with a different approach,
and specifically Lemma 3.2.5 as a reference for (iii). These same methods are strictly easier to
apply for NLS and KdV because the potential under consideration has zero boundary data and
the structure of the scattering problem is similar. For more information on the direct scattering
theory of KdV we refer to [1]. Using (4.2.6), the cases hGP and εGP can be obtained directly from
GP.

If Im z† = 0 then Φ†,− = (Φ†,−
1 ,Φ†,−

2 ) and Φ†,+ = (Φ†,+
1 ,Φ†,+

2 ) are two fundamental solution
matrices to (4.2.4), hence there exist a†(z†; q†), b†(z†; q†) ∈ C such that

Φ†,−
1 (x†, z†) = a†(z†; q†)Φ†,+

1 (x†, z†) + b†(z†; q†)Φ†,+
2 (x†, z†) . (4.2.13)

We call a†(z†; q†) the transmission coefficient of † with potential q†. It satisfies

a† = det(Φ†,−
1 |Φ

†,+
2 )

detE†,+ =
Φ†,−

1,1 Φ†,+
2,2 − Φ†,−

1,2 Φ†,+
2,1

Φ†,+
1,1 Φ†,+

2,2 − Φ†,+
1,2 Φ†,+

2,1
=

Ψ†,−
1,1 Ψ†,+

2,2 −Ψ†,−
1,2 Ψ†,+

2,1

Ψ†,+
1,1 Ψ†,+

2,2 −Ψ†,+
1,2 Ψ†,+

2,1
. (4.2.14)

Using this formula, we extend a†(z†) analytically to z† ∈ K+ up to a finite set of points. Since
the determinant is multiplicative, and due to (4.2.6), we have

aGP(z; q) = ahGP(z;w) = aεGP(k;W ) .

Note that

detE†,± =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , † = NLS
2z(λ− z) , † = GP
−2z(λ− z) , † = hGP
−2
√

2εk(λ−
√

2εk) , † = εGP
2ik , † = KdV

.

Using (4.2.5) to substitute Φ†,−
1,2 in (4.2.14) and taking the limit x → ∞, or, respectively, by

substituting Φ+
2,1 and taking the limit x→ −∞, we find that

lim
x†→∞

Ψ†,−
1,1 = a†β†

1 lim
x†→−∞

Ψ†,+
2,2 = a†β†

2

where

β†
1 = detE†,+

E†,+
2,2 + (A†,+

2,2 + iz†)−1A†,+
1,2 E

†,+
2,1

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , † = NLS
q+ , † = GP
eθ+ i√

2 (1 + λ− z) , † = hGP
eθ+ i√

2 (1 + λ−
√

2εk) , † = εGP
1 , † = KdV

β†
2 = detE†,−

E†,−
1,1 + (A†,−

1,1 − iz†)−1A†,−
2,1 E

†,−
1,2

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , † = NLS
q− , † = GP
e−θ− i√

2 (1 + z − λ) , † = hGP
e−θ− i√

2 (1 +
√

2εk − λ) , † = εGP
ik , † = KdV

.

On the other hand, (4.2.3) implies

lim
x†→−∞

Ψ†,−
1,1 = E†,−

1,1 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , † = NLS
q− , † = GP
eθ− i√

2 (1 + λ− z) , † = hGP
eθ− i√

2 (1 + λ−
√

2εk) , † = εGP
1 , † = KdV .
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lim
x†→∞

Ψ†,+
2,2 = E†,+

2,2 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , † = NLS
q+ , † = GP
e−θ+ i√

2 (1 + z − λ) , † = hGP
e−θ+ i√

2 (1 +
√

2εk − λ) , † = εGP
ik , † = KdV .

Due to (4.2.9)–(4.2.10), there exists for sufficiently large Im z > c = c(q) a branch log† of the
logarithm, only depending on q†

±, for which log(Ψ†,−
1,1 (β†

1)−1) and log(Ψ†,+
2,2 (β†

2)−1) are continuously
differentiable in x† on all of R. Specifically, writing logpr for the principal logarithm, we choose

log†(ω) =

⎧⎪⎨⎪⎩
logpr(ω) , † ∈ {NLS,KdV}
logpr(ωei(φ+−φ−))− logpr(ei(φ+−φ−)) , † = GP
logpr(ωe

i
2 (φ+−φ−))− logpr(e

i
2 (φ+−φ−)) , † ∈ {hGP, εGP}

∀ω ∈ C .

Then

log† a† −

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 , † = NLS
i(φ− − φ+) , † = GP
i
2 (φ− − φ+) , † ∈ {hGP, εGP}
0 , † = KdV

=
ˆ
R
σ† dx† =

ˆ
R
˜︁σ† dx† . (4.2.15)

We are interested in the asymptotic expansions

σ†(x†, z†; q†) ∼
∞∑︂
n=0

σ†
n(x†; q†)
(2iz†)n r†(x†, z†; q†) ∼

∞∑︂
n=0

r†
n(x†; q†)
(2iz†)n . (4.2.16)

By (iii) from Lemma 4.2.3 these expansions indeed exist, and the expansion coefficients are bounded
and integrable in x†. Furthermore, the asymptotic expansion of σ† is L1-smooth, meaning that
we can take the integral and thereby obtain an asymptotic expansion in powers of 2iz† for the
transmission coefficient of the form

log† a† −

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 , † = NLS
i(φ− − φ+) , † = GP
i
2 (φ− − φ+) , † ∈ {hGP, εGP}
0 , † = KdV

∼
∞∑︂
n=0

´
R σ

†
n dx†

(2iz†)n ∼
∞∑︂
n=0

´
R ˜︁σ†

n dx†

(2iz†)n . (4.2.17)

For the cases † ∈ {GP, hGP, εGP} clarification is necessary, as the expansion coefficients both in
(4.2.16) and (4.2.17) are not the same on all of K+. Instead, they depend on the sign of Imλ, or
alternatively a choice of bijection λ↔ (z, k). We shall choose the expansion coefficients so that
(4.2.16)–(4.2.17) hold true for Imλ > 0.
Using these expansion coefficients, we define for † ̸= KdV the Hamiltonians

H†
n(q†) = −(−i)n

(︁
(
√

2ε)(n+1))︁1{†=εGP}

ˆ
R
σ†
n+1(x†; q†) dx† + 1{n=−1}

⎧⎪⎨⎪⎩
0 , † = NLS
φ− − φ+ , † = GP
φ−−φ+

2 , † ∈ {hGP, εGP}
,

(4.2.18)

and for † = KdV the energies

EKdV
n (U) = (−1)n

ˆ
R
σKdV

2n+3(X;U) dX . (4.2.19)

We do not define conserved quantities corresponding to the even orders because they vanish (see
Lemma 4.2.6 below). These Hamiltonians act as expansion coefficients for the logarithm of the
transmission coefficient. Specifically, for (λ, z, k) ∈ K+ ∩Q1 we have as Im z →∞ the asymptotic
expansions

log a†(z†; q†) ∼ i
∞∑︂

n=−1

H†
n(q†)

(2z)n+1 ∀ † ∈ {NLS,GP, hGP, εGP}
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log aKdV(k;U) ∼ i
∞∑︂

n=−1

EKdV
n (U)

(2k)2n+3 .

In particular

HGP
n (q) = HhGP

n (w) = HεGP
n (W ) . (4.2.20)

Note that we can reformulate (4.1.3) as

log aGP(z; q) ∼ i
∞∑︂
n=0

H ˜︁GP
2n (q)

(2z)2n+1 + i
λ

z

∞∑︂
n=0

21{n=0}H ˜︁GP
2n−1(q)

(2z)2n ,

which gives an alternative view on the definition of the ˜︂GP hierarchy and its relation to the GP
hierarchy.
As mentioned above, for the cases † ∈ {GP, hGP, εGP} these expansion coefficients are specific to
our choice Imλ > 0. A crucial property of the Hamiltonians H†

n is that they are pairwise Poisson
commuting. This is a well-known result and it implies that each Hamiltonian is a conserved
quantity for every Hamiltonian flow.
Lemma 4.2.4. Let † ∈ Eqns and q† ∈ C∞(R) with q† − q†

± ∈ S(R±). Below, we write HKdV
n =

EKdV
n . For all n,m ≥ 0 and z†

1, z
†
2 ∈ K+ with Im z†

1, Im z†
2 > c(q†) we have

{H†
n,H†

m}†(q†) = 0 {log a†(z†
1), log a†(z†

2)}(q†) = 0 .

The Poisson brackets {. . . , . . . }† are given in Appendix 4.B.

Proof. For NLS, GP and KdV, which are all part of the AKNS hierarchy, we refer to [118, Theorem
B.7]. Specifically for GP we note also a different proof given in [71, III.§2]. With (4.2.20), we can
derive from the case GP the cases hGP and εGP.

4.2.4. Recurrence relations for the densities of the Hamiltonians
From (4.2.5) we derive Riccati equations for σ† and ˜︁σ† with † ∈ {NLS,GP}:

∂xσ
NLS = (2iλ)σNLS + qx

q
σNLS − (σNLS)2 + qq (4.2.21)

−∂x˜︁σNLS = (2iλ)˜︁σNLS − qx
q
˜︁σNLS − (˜︁σNLS)2 + qq (4.2.22)

∂xσ
GP = (2iz)σGP − (σGP)2 + qq − 1 + qx

σGP + i(λ− z)
q

(4.2.23)

−∂x˜︁σGP = (2iz)˜︁σGP − (˜︁σGP)2 + qq − 1− qx
˜︁σGP + i(λ− z)

q
(4.2.24)

They were first derived in [189]. For † ∈ {hGP, εGP} we prefer to work with the systems for the
pairs of variables (σ†, r†) and (˜︁σ†, ˜︁r†), which are specifically

(4.2.25)
∂xσ

hGP = (2iz)σhGP − (σhGP)2 − w−w+ − w−(1 + λ) + w+(1− λ)− i(w+)xrhGP (4.2.26)
−∂x˜︁σhGP = (2iz)˜︁σhGP − (˜︁σhGP)2 − w−w+ − w−(1 + λ) + w+(1− λ)− i(w−)x˜︁rhGP (4.2.27)
∂xr

hGP = i(1 + λ+ w+)(rhGP)2 + i(1− λ− w−) (4.2.28)
−∂x˜︁rhGP = i(1− λ− w−)(˜︁rhGP)2 + i(1 + λ+ w+) (4.2.29)

∂Xσ
εGP = (2ik)σεGP− (σεGP)2 + 1

2

(︂
−ε2W−W+ −W−(1+λ) +W+(1−λ)− i

√
2ε(W+)XrεGP

)︂
(4.2.30)

−∂X˜︁σεGP = (2ik)˜︁σεGP− (˜︁σεGP)2 + 1
2

(︂
−ε2W−W+ −W−(1+λ) +W+(1−λ)− i

√
2ε(W−)X˜︁rεGP

)︂
(4.2.31)
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∂Xr
εGP = iε√

2
(ε−2(1 + λ) +W+)(rεGP)2 + iε√

2
(ε−2(1− λ)−W−) (4.2.32)

−∂X˜︁rεGP = iε√
2

(ε−2(1− λ)−W−)(˜︁rεGP)2 + iε√
2

(ε−2(1 + λ) +W+) . (4.2.33)

The case KdV is distinct in that we consider a single equation for σKdV, but also the system
(˜︁σKdV, ˜︁rKdV):

∂Xσ
KdV = (2ik)σKdV − (σKdV)2 + U (4.2.34)

−∂X˜︁σKdV = (2ik)˜︁σKdV − (˜︁σKdV)2 + U + UX˜︁rKdV (4.2.35)

−∂X˜︁rKdV =
(︃
U + 1

4(2ik)2
)︃

(˜︁rKdV)2 − 1 . (4.2.36)

These equations prescribe recurrence relations for the expansion coefficients σ†
n. In order to

avoid an abuse of notation, we shall use bold variables σ†, ˜︁σ†, r†, ˜︁r†, and so on to denote the
formal power series corresponding to each function. By substituting the formal power series
σNLS, ˜︁σNLS,σGP and ˜︁σGP into the Riccati equations (4.2.21)–(4.2.24), we can derive recurrence
relations for the expansion coefficients σNLS

n , ˜︁σNLS
n , σGP

n and ˜︁σGP
n . For the case NLS this yields

σNLS
0 = 0 σNLS

1 = −qq σNLS
n+1 = ∂xσ

NLS
n − qx

q
σNLS
n +

n∑︂
k=0

σNLS
k σNLS

n−k .

Due to the presence of λ on the right-hand side of (4.2.23), the recurrence relation for σGP
n is

awkward, so we use instead the relation

σNLS(x, λ) = σGP(x, z) + i(λ− z) ,

which is proven by using it to substitute σNLS in (4.2.21) and observing that this yields (4.2.23).
We can then derive the expansion coefficients σGP

n from σNLS
n and vice versa. We assume now that

λ, z ∈ Q1. Then we can write z =
√
λ2 − 1 and λ =

√
z2 + 1 using the principal square root, and

obtain the relations

σNLS
2m =

m∑︂
k=0

(︃
m− 1
m− k

)︃
(−4)m−kσGP

2k σNLS
2m+1 =

m∑︂
k=0

(︃
m− 1

2
m− k

)︃
(−4)m−kσGP

2k+1 + (−1)m+1Cm

(4.2.37)

σGP
2m =

m∑︂
k=0

(︃
m− 1
m− k

)︃
4m−kσNLS

2k σGP
2m+1 =

m∑︂
k=0

(︃
m− 1

2
m− k

)︃
4m−kσNLS

2k+1 + Cm . (4.2.38)

Here Cn are the Catalan numbers. They can be defined either by the recurrence relation they
solve, or by their generating function:

C0 = 1 Cn+1 =
n∑︂
k=0

CkCn−k

∞∑︂
n=0

XnCn = 1−
√

1− 4X
2X . (4.2.39)

If λ ̸∈ Q1 or z ̸∈ Q1 then the relations (4.2.37)–(4.2.38) may need to be corrected by sign changes.
Defining q♯(x) = q(−x), we can observe that σNLS(x, λ; q) and ˜︁σNLS(−x, λ; q♯) both solve (4.2.21),
and σGP(x, z; q) and ˜︁σGP(−x, z; q♯) both solve (4.2.23). A consequence of the recurrence relations
discussed above is that σNLS

n and σGP
n consist of monomials whose total number of derivatives has

the opposite parity of n. Then (∂kxq♯)(x) = (−1)k(∂kxq)(−x) together with (4.2.17) yieldsˆ
σ†
n(x, z; q) dx = (−1)n+1

ˆ
σ†
n(x, z; q) dx (4.2.40)

for † ∈ {NLS,GP}, implying that the functionals HNLS
n ,HGP

n ,HhGP
n and HεGP

n are real-valued. We
assume again that λ, k ∈ Q1 are in the first quadrant of the complex plane in order to have an
explicit expansion

λ =
√︁

1 + 2ε2k2 =
∞∑︂

n=−1

cn
(2ik)n where cn =

⎧⎪⎨⎪⎩
− iε√

2 , n = −1
i

(
√

2ε)n

1
n

(︁
n

n−1
2

)︁
, n ≥ 0 odd

0 , else
. (4.2.41)
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Then we can derive from (4.2.30)–(4.2.33) the recurrence relations

σεGP
0 = c−1

2 (W+ +W−) (4.2.42)

σεGP
1 = c−1

2 ∂X(W+ +W−) +
c2

−1
4 (W+ +W−)2 + ε2

2 W−W+ + 1
2(W− −W+) + iε√

2
∂XW+r

εGP
0

(4.2.43)

σεGP
n+1 = ∂Xσ

εGP
n +

n∑︂
k=0

σεGP
n−kσ

εGP
k + 1

2cn(W− +W+) + iε√
2
∂XW+r

εGP
n . (4.2.44)

and

rεGP
0 = 1 (4.2.45)

rεGP
1 = − iε√

2

(︃
W+ −W− + 2

ε2

)︃
(4.2.46)

rεGP
n+1 = ∂Xr

εGP
n + icn√

2ε
+ iε√

2

(︃
−W+ −

1
ε2

)︃ n∑︂
k=0

rεGP
n−kr

εGP
k (4.2.47)

− i√
2ε

n∑︂
m=0

m∑︂
k=0

cn−mr
εGP
m−kr

εGP
k − ic−1√

2ε

n∑︂
k=1

rεGP
n+1−kr

εGP
k .

In the same way recurrence relations can be derived for ˜︁σεGP, ˜︁rεGP, σhGP, ˜︁σhGP, rhGP, and ˜︁rhGP,
which we omit here for brevity.
Lastly, we derive from (4.2.34)–(4.2.36) the recurrence relations

σKdV
0 = 0 σKdV

1 = −U σKdV
n+1 = ∂Xσ

KdV
n +

n∑︂
k=0

σKdV
k σKdV

n−k . (4.2.48)

and

˜︁σKdV
0 = 0 ˜︁σKdV

1 = −U ˜︁σKdV
n+1 = −∂X˜︁σKdV

n +
n∑︂
k=0

˜︁σKdV
k ˜︁σKdV

n−k − UX˜︁rKdV
n

as well as

˜︁rKdV
0 = 0 ˜︁rKdV

1 = 2 ˜︁rKdV
n+1 = −∂X˜︁rKdV

n − U
n∑︂
k=0

˜︁rKdV
k ˜︁rKdV

n−k −
1
4

n∑︂
k=2

˜︁rKdV
k ˜︁rKdV

n+2−k .

Note that something subtle has happened in (4.2.45): the equation (4.2.30) only implies (rεGP
0 )2 = 1,

so we need to use the additional information

rεGP
0 = lim

k→i∞

EεGP,−
1,2 (k)

EεGP,−
1,1 (k)

= lim
k,λ→i∞

1 +
√

2εk − λ
1−
√

2εk + λ
= 1 .

On the other hand, we have ˜︁rεGP
0 = −1. These statements are true only in the case Imλ > 0,

which we have assumed by considering the asymptotic expansion for λ, k ∈ Q1. On other regions
of K+, where instead Imλ < 0 while of course Im k > 0, we have rεGP

0 = −1, ˜︁rεGP
0 = 1. In addition

we must also replace cn by −cn, hence the expansion coefficients change significantly. This is
relevant for the following lemma, which uses the operators Evλ and Odλ defined in (4.1.14).
Lemma 4.2.5. For λ, k ∈ Q1 we have the following asymptotic expansions in powers of 2ik at
infinity:

Evλ[log aεGP(k)] ∼
∞∑︂
n=0

´
R ReσεGP

2n+1 dX
(2ik)2n+1 Odλ[log aεGP(k)] ∼

∞∑︂
n=0

´
R i Im σεGP

2n dX
(2ik)2n . (4.2.49)
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Proof. Due to (4.2.40), the real and imaginary parts on the right-hand side are superfluous. Define
now W ♯

±(X) = W±(−X). An analysis of (4.2.30)–(4.2.33) reveals that

rεGP(X, (−λ, k); (W+,W−)) = ˜︁rεGP(−X, (λ, k); (−W ♯
−,−W

♯
+))

σεGP(X, (−λ, k); (W+,W−)) = ˜︁σεGP(−X, (λ, k); (−W ♯
−,−W

♯
+)) .

Observe that (W+,W−) ↦→ (−W ♯
−,−W

♯
+) corresponds to q ↦→ q♯. Then one can proceed as in the

proof of (4.2.40) to obtain
ˆ
R
˜︁σεGP
n (−X, (λ, k); (−W ♯

−,−W
♯
+)) dX = (−1)n+1

ˆ
R
σεGP
n (X, (λ, k); (W+,W−)) dX ,

which yields the claimed expansions.

4.2.5. Proofs of Theorem 4.1.1 and Corollary 4.1.5
Let us emphasize that these recurrence relations are convenient for the explicit computation
of the expansion coefficients, but difficult to work with in proofs by induction. Instead, it is
preferable to work with their generating functions, which solve the Riccati equations derived
above, as operations on these generating functions elegantly represent complicated steps of a proof
by induction. As an example, consider the following lemma.
Lemma 4.2.6. For all U ∈ S(R;R) and n ≥ 0

ˆ
R
σKdV

2n (X;U) dX = 0 .

Proof. We decompose σKdV = E + O into the even and odd orders of the formal power series.
Then (4.2.34) implies

OX = (2ik)E − 2EO .

In particular

E = OX
2ik − 2O = − (2ik − 2O)X

2ik − 2O = −1
2(log(2ik − 2O))X .

Since the right-hand side is a formal power series where each coefficient is a derivative of a
polynomial in U and its derivatives, its integral vanishes.

This is essentially a proof by induction, but all the work of the induction step is hidden in the
calculus of formal power series. In order to transform it into an actual proof by induction one
needs to compare the coefficients at each order, which yields recurrence relations. The calculations
with generating functions then represent the inductive step for these recurrence relations. We
generally skip the base case, which sometimes also falls out of the generating function calculations,
but otherwise can always be checked manually.
Using the generating-function approach, we prove our approximation result for the densities of
the Hamiltonians. In the following one should understand k ∈ iR+ to be sufficiently large so that
λ ∈ iR.
Lemma 4.2.7. Define W ♯

±(X) = W±(−X). We assume that k ∈ iR for the definition of the real
and imaginary part of formal power series in the variable 2ik. Let λ be a purely imaginary formal
power series in the variable 2ik which satisfies λ2 = 1− ε2

2 (2ik)2. Then

Re[σεGP](X, k;W )− 1
iλ

Im[σεGP](X, k;W ) = σKdV(X, k;−W−) +O(ε2) (4.2.50)

Re[σεGP](X, k;W ) + 1
iλ

Im[σεGP](X, k;W ) = ˜︁σKdV(−X, k;W ♯
+) +O(ε2) (4.2.51)

Re[˜︁σεGP](X, k;W )− 1
iλ

Im[˜︁σεGP](X, k;W ) = ˜︁σKdV(X, k;−W−) +O(ε2) (4.2.52)

Re[˜︁σεGP](X, k;W ) + 1
iλ

Im[˜︁σεGP](X, k;W ) = σKdV(−X, k;W ♯
+) +O(ε2) (4.2.53)
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and

Re
[︃
iε√

2
rεGP

]︃
(X, k;W )− 1

iλ
Im
[︃
iε√

2
rεGP

]︃
(X, k;W ) = O(ε2)

Re
[︃
iε√

2
rεGP

]︃
(X, k;W ) + 1

iλ
Im
[︃
iε√

2
rεGP

]︃
(X, k;W ) = ˜︁rKdV(−X, k;W ♯

+) +O(ε2)

Re
[︃
iε√

2
˜︁rεGP

]︃
(X, k;W )− 1

iλ
Im
[︃
iε√

2
˜︁rεGP

]︃
(X, k;W ) = ˜︁rKdV(X, k;−W−) +O(ε2)

Re
[︃
iε√

2
˜︁rεGP

]︃
(X, k;W ) + 1

iλ
Im
[︃
iε√

2
˜︁rεGP

]︃
(X, k;W ) = O(ε2) .

Proof. We define

µ = Re[σεGP] + 1
iλ

Im[σεGP] ν = Re[σεGP]− 1
iλ

Im[σεGP]

˜︁µ = Re[˜︁σεGP] + 1
iλ

Im[˜︁σεGP] ˜︁ν = Re[˜︁σεGP]− 1
iλ

Im[˜︁σεGP]

α = Re
[︃
iε√

2
rεGP

]︃
+ 1
iλ

Im
[︃
iε√

2
rεGP

]︃
β = Re

[︃
iε√

2
rεGP

]︃
− 1
iλ

Im
[︃
iε√

2
rεGP

]︃
˜︁α = Re

[︃
iε√

2
˜︁rεGP

]︃
+ 1
iλ

Im
[︃
iε√

2
˜︁rεGP

]︃ ˜︁β = Re
[︃
iε√

2
˜︁rεGP

]︃
− 1
iλ

Im
[︃
iε√

2
˜︁rεGP

]︃
From (4.2.32)–(4.2.33) we derive the system

αX −W+α2 + (2ik)2

(︄
ε2

2 W+

(︃
α− β

2

)︃2
−
(︃

α + β

2

)︃(︃
α− β

2

)︃)︄
+ 1− ε2

2 W− = 0

βX − (W+ + 2ε−2)β2 + (2ik)2

(︄
ε2

2 W+

(︃
α− β

2

)︃2
− β

(︃
α− β

2

)︃)︄
− ε2

2 W− = 0

−˜︁αX + (W− − 2ε−2)˜︁α2 − (2ik)2

⎛⎝ε2

2 W−

(︄ ˜︁α− ˜︁β
2

)︄2

− ˜︁α(︄ ˜︁α− ˜︁β2

)︄⎞⎠+ ε2

2 W+ = 0

−˜︁βX +W− ˜︁α2 − (2ik)2

⎛⎝ε2

2 W−

(︄ ˜︁α− ˜︁β
2

)︄2

−

(︄ ˜︁α + ˜︁β
2

)︄(︄ ˜︁α− ˜︁β
2

)︄⎞⎠+ 1 + ε2

2 W+ = 0 .

This implies

α, ˜︁β = O(ε0) ˜︁α,β = O(ε2) (4.2.54)

by induction. More precisely, we have

αX −
(︃
W+ + 1

4(2ik)2
)︃

α2 + 1 = O(ε2)

−˜︁βX − (︃−W− + 1
4(2ik)2

)︃˜︁β2
+ 1 = O(ε2) .

As a result, the claimed approximations for rεGP and ˜︁rεGP hold. On the other hand, we obtain
from (4.2.30)–(4.2.31) the system

µX − (2ik)µ + µ2 − ε2

2 (2ik)2
(︃

µ− ν

2

)︃2
−W+ + ε2W−W+

2 + ∂XW+α = 0

νX − (2ik)ν + ν2 − ε2

2 (2ik)2
(︃

µ− ν

2

)︃2
+W− + ε2W−W+

2 + ∂XW+β = 0

−˜︁µX − (2ik)˜︁µ + ˜︁µ2 − ε2

2 (2ik)2
(︃ ˜︁µ− ˜︁ν

2

)︃2
−W+ + ε2W−W+

2 + ∂XW− ˜︁α = 0
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−˜︁νX − (2ik)˜︁ν + ˜︁ν2 − ε2

2 (2ik)2
(︃ ˜︁µ− ˜︁ν

2

)︃2
+W− + ε2W−W+

2 + ∂XW− ˜︁β = 0 .

Again with induction, we find that

µX − (2ik)µ + µ2 −W+ + (W+)Xα = O(ε2)
νX − (2ik)ν + ν2 +W− = O(ε2)
−˜︁µX − (2ik)˜︁µ + ˜︁µ2 −W+ = O(ε2)

−˜︁νX − (2ik)˜︁ν + ˜︁ν2 +W− + (W−)X ˜︁β = O(ε2) .

This concludes the proof of the approximations for σεGP and ˜︁σεGP.

Proof of Theorem 4.1.1. We assume again a setting where λ, k ∈ Q1. From the definition (4.2.18)
and the fact that the Hamiltonians are real, we obtain

HεGP
2n (W ) = (−1)n+1(

√
2ε)2n+1

ˆ
R

ReσεGP
2n+1(X;W ) dX

HεGP
2n−1(W ) = (−1)n(

√
2ε)2n

ˆ
R

Im σεGP
2n (X;W ) dX .

Now combining (4.1.3) with (4.2.19) and Lemma 4.2.7 yields (4.1.9). Note that σKdV
n (±W±) is a

polynomial in U and its derivatives with an even number of derivatives present in each monomial.
Therefore

´
R σ

KdV
n (∓X;±W ♯

±) dX =
´
R σ

KdV
n (X;±W±) dX.

The main work is done, but we would like to gain a precise understanding of the number of
derivatives present in Pn and prove (4.1.12). Below we prove results about HεGP, which then
directly imply the claims about Hε ˜︁GP. For k ∈ N and a polynomial P in W+, W−, and their
derivatives, we define πkP to be the sum of all monomials in P whose total number of derivatives
is k. In the following we identify such polynomials P up to formal integration by parts, as the
claims of Theorem 4.1.1 concern only integrals

´
R P dX.

We set now † = εGP in order to simplify the notation. From (4.2.42)–(4.2.44) we derive

Reσ†
0 = 0

Reσ†
1 = −ε

2

8 (W+ −W−)2 + 1
2(W− −W+)

Reσ†
n+1 = ∂X Reσ†

n +
n∑︂
k=0

(Reσ†
n−k Reσ†

k − Im σ†
n−k Im σ†

k)− ε√
2
∂XW+ Im r†

n

and

Im σ†
0 = − ε

2
√

2
(W+ +W−)

Im σ†
1 = ε

2
√

2
∂X(W+ −W−)

Im σ†
n+1 = ∂X Im σ†

n +
n∑︂
k=0

2 Reσ†
n−k Im σ†

k + 1
2 Im cn(W− +W+) + ε√

2
∂XW+ Re r†

n

as well as

Im r†
0 = 0

Im r†
1 = − ε√

2

(︃
W+ −W− + 2

ε2

)︃
Im r†

n+1 = ∂X Im r†
n + ε√

2

(︃
−W+ −

1
ε2

)︃ n∑︂
k=0

(Re r†
n−k Re r†

k − Im r†
n−k Im r†

k)

+ 1√
2ε

n∑︂
m=0

m∑︂
k=0

Im cn−m2 Re r†
m−k Im r†

k + Im c−1√
2ε

n∑︂
k=1

2 Re r†
n+1−k Im r†

k .
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We do not write out the recurrence relation for Re r†
n since it plays no significant role. The

first fact that we read from these recurrence relations is that Reσ†
2n+1 and Im σ†

2n are sums of
monomials with an even number of derivatives, while all monomials in Reσ†

2n and Im σ†
2n+1 have

an odd number of derivatives. Studying the recurrence relation for Im r†
n explicitly, we see that

πkr
†
n = 0 for all k ≥ n− 1 and

π0 Im r†
1 = − ε√

2

(︃
W+ −W− + 2

ε2

)︃
πn Im r†

n+1 = ∂Xπn−1 Im r†
n ,

from which we deduce for all n ≥ 1 that

πn−1 Im r†
n = − ε√

2
∂n−1
X

(︃
W+ −W− + 2

ε2

)︃
.

Similarly, we find that πk Im σ†
n = 0 for all k ≥ n and

π0 Im σ†
0 = − ε

2
√

2
(W+ +W−)

π1 Im σ†
1 = ε

2
√

2
∂X(W+ −W−)

πn+1 Im σ†
n+1 = πn∂X Im σ†

n ,

which implies

πn Im σ†
n =

{︄
− ε

2
√

2 (W+ +W−) , n = 0
ε

2
√

2∂
n
X(W+ −W−) , n ≥ 1

.

Lastly, we have πk Reσ†
n = 0 for k ≥ n and

π0 Reσ†
1 = −ε

2

8 (W+ −W−)2 + 1
2(W− −W+)

πn Reσ†
n+1 = ∂Xπn−1 Reσ†

n −
n∑︂
k=0

(πk Im σ†
k)(πn−k Im σ†

n−k)− ε√
2
∂XW+πn−1 Im r†

n

= ∂Xπn−1 Reσ†
n −

n−1∑︂
k=1

ε

2
√

2
∂kX(W+ −W−) ε

2
√

2
∂n−k
X (W+ −W−)

+ ε√
2

(W+ +W−) ε

2
√

2
∂nX(W+ −W−) + ε√

2
∂XW+

ε√
2
∂n−1
X

(︃
W+ −W− + 2

ε2

)︃
= ∂Xπn−1 Reσ†

n + ε2

8

(︄
−
n−1∑︂
k=1

∂kX(W+ −W−)∂n−k
X (W+ −W−)

+ 2(W+ +W−)∂nX(W+ −W−) + 4∂XW+∂
n−1
X (W+ −W−)

)︄
+ 1{n=1}∂XW+ .

This implies
ˆ
R
π2n Reσ†

2n+1 dX = (−1)n+1 ε
2

8

ˆ
R
(∂nX(W+ −W−))2 dX ,

from which we obtain (4.1.12). So far we have shown that Reσ†
2n+1 has up to 2n derivatives

present in each monomial. Via repeated integration by parts, we can reduce the number of
derivatives on the factor which has the most, and thereby ensure that each monomial in P2n has
no more than n derivatives on any factor. For Im σ†

2n we observe that the terms π2n Im σ†
2n with

the most derivatives vanish under integration by parts, so we obtain at most n− 1 derivatives on
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any factor in P2n−1. As a result of these elaborations, we also know that Pn has at most
⌊︁
n
2
⌋︁

derivatives in each monomial.

It remains to prove the absence of constant or linear monomials in Pn and Qn. This follows by
direct computation for n ∈ {−1, 0}. For n ≥ 1 we shall obtain it from the absence of constant or
linear monomials in Hε ˜︁GP

n and EKdV
n−1, which for the energies EKdV

n−1 follows directly from (4.2.48). If
P is a polynomial as above, we denote by τ0P its constant part and by τ1P its linear part. First,
we note that (4.2.42)–(4.2.44) directly imply τ0σ

†
n = 0. Since πkτ1σ

†
n vanishes under integration

by parts for all k ≥ 1, it suffices to determine π0τ1σ
†
n. Here (4.2.42)–(4.2.44) imply

π0τ1σ
†
0 = c−1

2 (W+ +W−) π0τ1σ
†
1 = 1

2(W− −W+) π0τ1σ
†
n+1 = cn

2 (W+ +W−) .

Since cn = 0 for even n it remains to prove the claim for the odd Hamiltonians

Hε ˜︁GP
2n−1(W ) =

ˆ
R

n∑︂
m=0

(︃
− 1

2
n−m

)︃
4n−m(−1)m(

√
2ε)2m Im σεGP

2m (X;W ) dX .

Here we have

π0τ1

n∑︂
m=0

(︃
− 1

2
n−m

)︃
4n−m(−1)m(

√
2ε)2m Im σεGP

2m =
n∑︂

m=0

(︃
− 1

2
n−m

)︃
4n−m(−1)m(

√
2ε)2m 1

2 Im c2m−1(W+ +W−)

= −1{n=0}
ε

2
√

2
(W+ +W−) .

Proof of Corollary 4.1.5. Define for n ∈ N the energies

˜︁En(U) =
n∑︂
l=0

(︃
n

l

)︃
EKdV
l (U) .

According to [122, Theorem 9.1] there exists δ ∈ (0, 1) such that for every n ∈ N the smallness
condition ∥U∥H−1 ≤ δ implies

| ˜︁En(U)− ∥U∥2
Hn | ≤ c(n)∥U∥H−1∥U∥2

Hn .

We calculate

Eε ˜︁GP,±
n (W ) =

n∑︂
l=0

(︃
n

l

)︃
(
√

2ε)−2l−3(︁Hε ˜︁GP
2l+2(W )∓ 2Hε ˜︁GP

2l+1(W )
)︁

=
n∑︂
l=0

(︃
n

l

)︃(︃
EKdV
l (±W±) + ε2

2

ˆ
R

P2l+2 ∓P2l+1 dX
)︃

=
n∑︂
l=0

(︃
n

l

)︃(︃
EKdV
l (±W±) + ε2

8 ∥∂
l+1
X (W+ −W−)∥2

L2 + ε2

2

ˆ
R

Q2l+2 ∓P2l+1 dX
)︃

= ˜︁En(±W±) + ε2

8 ∥∂X(W+ −W−)∥2
Hn + ε2

2

ˆ
R

n∑︂
l=0

(︃
n

l

)︃
(Q2l+2 ∓P2l+1) dX

= ∥W±∥2
Hn + ε2

8 ∥∂X(W+ −W−)∥2
Hn

+ ˜︁En(±W±)− ∥W±∥2
Hn + ε2

2

ˆ
R

n∑︂
l=0

(︃
n

l

)︃
(Q2l+2 ∓P2l+1) dX

An analysis of the recurrence relations (4.2.42)–(4.2.44), (4.2.45)–(4.2.47) reveals that the poly-
nomials Q2l+2 and P2l+1 for 0 ≤ l ≤ n have degree less than or equal to n+ 3, and at most n
derivatives on a single factor. Furthermore, the total number of derivatives in any monomial is
strictly less than n+ 1, and we know from Theorem 4.1.1 that they contain no constant or linear
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monomials. For n ≥ 1 this allows us to combine the Cauchy–Schwarz inequality and the Sobolev
embedding H1 ↪−→ L∞ to estimate⃓⃓⃓⃓

⃓
ˆ
R

n∑︂
l=0

(Q2l+2 ∓P2l+1) dX
⃓⃓⃓⃓
⃓ ≤ C∥W∥2

Hn(1 + ∥W∥Hn)n+1 .

By a similar analysis of EKdV
n we find in particular that Hε ˜︁GP

n (W ) <∞ if W ∈ H⌊n
2 ⌋.

4.3. Approximation of solutions to the ε˜︃GP hierarchy by
solutions to the KdV hierarchy

4.3.1. Proof of Proposition 4.1.10
Proposition 4.1.10 is an assembly of known results. Most importantly, [104, Theorem 1.1] by
C. E. Kenig and D. Pilod states local well-posedness of (KdVn). For any initial data, the local
solution to the n-th flow (KdVn) can be globalized by the standard argument of combining a
blow-up alternative with the existence of conserved energies that control the Sobolev norm of
the solution. Then the solution to the N -truncated KdV hierarchy is constructed by using this
well-posedness result to move for a time t0 along the flow of (KdV0), then for a time t1 along
the flow of (KdV1), and so on. Due to the commutativity of the flows, this is independent of the
choice of ordering. The commutativity of the flows is a well-known result which can be proven,
for example, by proceeding as in Section 3.4, using the weighted Sobolev spaces Hs ∩Hs′,1. Then
by density the commutativity of the flows on Hs follows.
It remains to use certain conserved quantities to prove the uniform bound (4.1.17). While the
energies EKdV

n are of course conserved, they do not have the desired coercivity property. A first
result controlling the Sobolev norm of the solution by certain combinations of EKdV

n in the periodic
case was given in [133, Theorem 3.1] by P. D. Lax. We shall use the recent results [115, Theorem
1.1] by R. Killip, M. Vişan, and X. Zhang, and [122, Theorem 9.1] by H. Koch and D. Tataru.
The former result is only stated for Schwartz solutions, but the continuity of the local flow maps
on Sobolev spaces allows us to approximate.

Proof of Proposition 4.1.10. Since the low regularity conserved quantities used in [115, Theorem
1.1] are conserved for every flow in the KdV hierarchy, we know that

sup
T∈RN+1

∥U(T)∥H−1 ≤ C(1 + ∥U0∥2
H−1)∥U0∥H−1 ,

so it suffices to prove for every T > 0 that

sup
|T|≤T

∥U(T)∥Hs′ ≤ C(s′) sup
|T|≤T

(︁
1 + ∥U(T)∥2s′

H−1

)︁
∥U0∥Hs′ .

To show this we use [122, Theorem 9.1], which provides a smallness constant δ ∈ (0, 1) and for
every s′ > −1 a functional ˜︁Es′ : Hs′ → R such that ∥U∥H−1 ≤ δ implies

| ˜︁Es′
(U)− ∥U∥2

Hs′ | ≤ c(s′)∥U∥H−1∥U∥2
Hs′ .

Crucially, the functionals ˜︁Es′ are conserved along every flow of the KdV hierarchy. In particular, if

sup
|T|≤T

∥U(T)∥H−1 ≤ δ0 = min
{︃
δ,

1
2c(s′)

}︃
,

then

∥U(T)∥2
Hs′ ≤ ˜︁Es′

(U(T)) + c(s′)∥U(T)∥H−1∥U(T)∥2
Hs′ ≤ ˜︁Es′

(U(T)) + 1
2∥U(T)∥2

Hs′ ,

which implies

sup
|T|≤T

∥U(T)∥2
Hs′ ≤ 2 ˜︁Es′

(U0) ≤ 2
(︁
∥U0∥2

Hs′ + c(s′)∥U0∥H−1∥U0∥2
Hs′
)︁
≤ 3∥U0∥2

Hs′ .



156 4. Long-wave KdV Hierarchy Approximation of the NLS Hierarchy with NZBC

We therefore assume sup|T|≤T ∥U(T)∥H−1 > δ0 and use the scaling invariance of the KdV hierarchy
to regain the required smallness. Specifically, we define u(T, X) = ω2U(ΩT, ωX) where

ω = δ2
0

sup|T|≤T ∥U(T)∥2
H−1

∈ (0, 1) and Ω ∈ R(N+1)×(N+1) with Ωn,m = 1{n=m}ω
2n+1 .

By the representation (4.3.1) below, u is still a solution to the KdV hierarchy in the sense of this
theorem. It satisfies

sup
|ΩT|≤T

∥u(T)∥2
H−1 = sup

|ΩT|≤T

ˆ
R

ω
1
ω2 + ξ2 |

ˆ︁U(ΩT, ξ)|2 dξ ≤ ω sup
|T|≤T

∥U(T)∥2
H−1 = δ2

0 .

The above reasoning now implies

sup
|ΩT|≤T

∥u(T)∥2
Hs′ ≤ 3∥u(0)∥2

Hs′ ,

which after scaling yields

sup
|T|≤T

∥U(T)∥2
Hs′ ≤ 3ω−2s′

∥U0∥2
Hs′ .

4.3.2. Proof of Proposition 4.1.11
Lemma 4.3.1 (Continuity argument). For every C0 > 0 and h ∈ N there exists some δ0, ˜︁ε0, C1 >
0 such that the following holds. Let r∗ ∈ (0,∞) ∪ {∞} and consider two functions g± ∈
C([0, r∗); [0,∞)) that satisfy for some ˜︁ε ∈ (0, ˜︁ε0) and all r ∈ [0, r∗)

|g±(r)− g±(0)| ≤ C0(g±(r) + g±(0))(g+(r) + g−(r)) 1
2

+ ˜︁ε2C0(g+(r) + g−(r) + g+(0) + g−(0))(1 + g+(r) + g−(r) + g+(0) + g−(0))h+1 .

Then g+(0) + g−(0) < δ0 implies

g±(r) ≤
{︄

3g±(0) , g±(0) > 0
3g∓(0) , g±(0) = 0

+ ˜︁ε2C1(g+(0) + g−(0))

for all r ∈ [0, r∗).

Proof. Set E = ˜︁ε2C1(g+(0) + g−(0)). We prove by contradiction, so we assume that the estimate
fails before r∗. More specifically, we may assume without loss of generality that the estimate for
g+ becomes saturated at some time r+ ∈ (0, r∗), and holds for both g+ and g− on the interval
(0, r+). This means either g+(r+) = 3g+(0) + E and g+(0) > 0, or g+(r+) = 3g−(0) + E and
g+(0) = 0, and furthermore for all r ∈ (0, r+) we have g±(r) ≤ 3g±(0) + E if g±(0) > 0, and
g±(r) ≤ 3g∓(0) + E if g±(0) = 0. In the case g+(0) > 0 this implies

2g+(0) + E ≤ C0(8g+(0) + E)(6g+(0) + 6g−(0) + 2E) 1
2

+ ˜︁ε2C0(8g+(0) + 8g−(0) + 2E)(1 + 8g+(0) + 8g−(0) + 2E)h+1 ,

which leads to a contradiction if δ0 and ˜︁ε0 are sufficiently small and g+(0) + g−(0) < δ0. The next
case is g+(0) = 0 and g−(0) > 0. Here we have

g+(r) ≤ C0g+(r)(g+(r) + g−(r)) 1
2

+ ˜︁ε2C0(g+(r) + g−(r) + g−(0))(1 + g+(r) + g−(r) + g−(0))h+1 .

and max{g+(r), g−(r)} ≤ 3g−(0) + E for all r ∈ (0, r+). In particular

3g−(0) + E = g+(r+) = lim
r↗r+

g+(r) ≤ C0(3g−(0) + E)(6g−(0) + 2E) 1
2

+ ˜︁ε2C0(8g−(0) + E)(1 + 8g−(0) + E)h+1 ,
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which again leads to a contradiction for sufficiently small δ0 and ˜︁ε0. The final case is g+(0) =
g−(0) = 0, where

g±(r) ≤ C0g±(r)(g+(r) + g−(r)) 1
2

+ ˜︁ε2C0(g+(r) + g−(r))(1 + g+(r) + g−(r))h+1 .

If either g+ or g− are ever positive on [0, r∗), then they assume arbitrarily small values for some
r ∈ (0, r∗), which is not compatible with the estimate when δ0 and ˜︁ε0 are sufficiently small.

We can now prove the proposition.
Proof of Proposition 4.1.11. This proposition is Corollary 3.1.7 with the addition of (iv), which we
now prove. A lower bound for the distance to vacuum using the energy is given, for example, in
[26, Lemma 1] and Lemma 2.1.2. Then continuity and boundedness of W in Hs−1 follow from the
local bilipschitz property of the Madelung transform q ↦→

(︁(︁
1 + w+−w−

2
)︁2
, w+ + w−

)︁
established

in Corollary 2.1.7 and Lemma 2.2.4 together with q ∈ C(RN+1;Xs). For a detailed proof of the
fact that (εGPn) is solved in the sense of distributions in the case n = 2, we refer to Section 2.3.
The cases n ≥ 3 are analogous.

In fact the solutions are strong in the sense that Tn ↦→W (cNLS↦→ε ˜︁GPT) ∈ C1(Hs−2⌊n
2 ⌋−2) satisfies

(ε˜︂GPn) in that space. We obtain this by transferring the differentiability of the solutions from
(iii) of Proposition 4.1.11 through the Madelung transform. Away from vacuum, this boils down
to combining product estimates and the boundedness of certain smooth nonlinear mappings on
Sobolev spaces, which can be performed as in Chapter 2. Note that the highest order of derivative
appearing in (ε˜︂GPn) is 2

⌊︁
n
2
⌋︁

+ 1.

It remains to prove (4.1.23), so we let h ∈ {1, . . . , s− 2}. Here we use Corollary 4.1.5. In order to
obtain an estimate for ∥W±∥Hh from this bound we need smallness of ∥W±∥H−1 . We shall obtain
smallness for ∥W∥Hh+1 globally in time by slightly relaxing our scaling. Specifically, we define ˜︁T,˜︁X, and ˜︂W in analogy to T, X, and W , with ε replaced by

˜︁ε = εmax{1, δ− 1
3 ∥W (0)∥

2
3
Hh+1}

for some δ = δ(h) > 0 to be chosen later. Then ˜︂W has the same properties as described above,
except ε is replaced by ˜︁ε. Since

˜︂W (˜︁T, ˜︁X) = 1˜︁ε2w(t, x) =
(︂ε˜︁ε)︂2 1

ε2w(t, x) =
(︂ε˜︁ε)︂2

W (T, X) =
(︂ε˜︁ε)︂2

W
(︂

T, ε˜︁ε ˜︁X)︂
we have for some constant C = C(h) > 0

C−1
(︂ε˜︁ε)︂ 3

2 +h
∥W (T)∥Hh ≤ ∥˜︂W (˜︁T)∥Hh ≤ C

(︂ε˜︁ε)︂ 3
2 ∥W (T)∥Hh ,

in particular ∥˜︂W (0)∥2
Hh+1 < δ. By Corollary 4.1.5 there exists a choice of δ and C = C(h) > 0 so

that ∥˜︂W∥2
H−1 < 4δ implies⃓⃓⃓⃓
Eε ˜︁GP,±
h (˜︂W )− ∥˜︂W±∥2

Hh −
˜︁ε2

8 ∥∂X(˜︂W+ −˜︂W−)∥2
Hh

⃓⃓⃓⃓
≤ C∥˜︂W±∥2

Hh∥˜︂W±∥H−1

+ ˜︁ε2C∥˜︂W∥2
Hh(1 + ∥˜︂W∥Hh)h+1 .

We use this to estimate⃓⃓⃓⃓
∥˜︂W±(˜︁T)∥2

Hh + ˜︁ε2

8 ∥∂X(˜︂W+ −˜︂W−)(˜︁T)∥2
Hh − ∥˜︂W±(0)∥2

Hh −
˜︁ε2

8 ∥∂X(˜︂W+ −˜︂W−)(0)∥2
Hh

⃓⃓⃓⃓
≤ C

(︂
∥˜︂W±(˜︁T)∥2

Hh∥˜︂W±(˜︁T)∥H−1 + ∥˜︂W±(0)∥2
Hh∥˜︂W±(0)∥H−1

)︂
+ ˜︁ε2C

(︂
∥˜︂W (˜︁T)∥2

Hh(1 + ∥˜︂W (˜︁T)∥Hh)h+1 + ∥˜︂W (0)∥2
Hh(1 + ∥˜︂W (0)∥Hh)h+1

)︂
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as long as ∥˜︂W (0)∥2
H−1 , ∥˜︂W (˜︁T)∥2

H−1 < 4δ. Define

g±(r) = sup
{|˜︁T|≤r}

(︃
∥˜︂W±(˜︁T)∥2

Hh + ˜︁ε2

8 ∥∂X(˜︂W+ −˜︂W−)(˜︁T)∥2
Hh

)︃
r∗ = inf{r > 0 : g+(r) + g−(r) ≥ 4δ}

and note that g± is continuous.

By choosing ε < ε0 for some appropriate ε0 = ε0(δ, ∥W (0)∥Hh+1), we can ensure that ˜︁ε ∈ (ε, 1).
Then the above inequality implies for r ∈ [0, r∗) that for some C0 = C0(h) we have

|g±(r)− g±(0)| ≤ C0(g±(r) + g±(0))(g+(r) + g−(r)) 1
2

+ ˜︁ε2C0(g+(r) + g−(r) + g+(0) + g−(0))(1 + g+(r) + g−(r) + g+(0) + g−(0))h+1 .

By Lemma 4.3.1 there exists some δ0 = δ0(h) > 0, ˜︁ε0 = ˜︁ε0(h) > 0, and C1 = C1(h) > 0 such that
g+(0) + g−(0) < δ0 and ˜︁ε < ˜︁ε0 imply

g±(r) ≤
{︄

3g±(0) , g±(0) > 0
3g∓(0) , g±(0) = 0

+ ˜︁ε2C1(g+(0) + g−(0))

for all r ∈ [0, r∗). Since g±(0) ≲ ∥˜︂W (0)∥2
Hh+1 we can obtain g+(0) + g−(0) < min{δ0, δ} and also˜︁ε < ˜︁ε0 from an appropriately small choice of ε0 = ε0(h, δ, δ0, ∥W (0)∥Hh+1). Then the estimate

just proved implies g+(r) + g−(r) < 4δ, so r∗ =∞.

If g±(0) = 0 then (˜︂W+ −˜︂W−)(0) is constant in ˜︁X, hence W+(0) = W−(0). Therefore g±(0) = 0
implies W (0) = 0, which is a trivial case. If g±(0) > 0 then we finally obtain (4.1.23).

4.3.3. Proof of Theorem 4.1.12
We are now ready to give the proof of our main result. To simplify the notation, we set
c = cNLS↦→ε ˜︁GP.
Proof of Theorem 4.1.12. Let T ∈ RN+1 and recall that T = (T0, . . . , TN ). We shall use an energy
inequality with Grönwall’s lemma. Note, however, that we do not wish to apply Grönwall’s lemma
several times, i. e. for each flow in the hierarchy, as this would require reusing solutions obtained
by our well-posedness theory as initial data and lead to worse estimates. Instead, we shall apply
Grönwall’s lemma only once.

Continuous path from 0 to T. Let n ∈ {0, . . . , N} and define m = m(n) =
⌊︁
n−1

2
⌋︁
∈

{−1, . . . ,M} where M =
⌊︁
N−1

2
⌋︁
. In order to simplify the argument below we assume that

|T0|, . . . , |TN | > 0. The degenerate cases only require minor modifications. Define τn = |T0|+ · · ·+
|Tn| as well as τ−1 = 0 and set

(Tτ )n =

⎧⎪⎨⎪⎩
0 , τ ∈ [0, τn−1)
τ−τn−1
τn−τn−1

Tn , τ ∈ [τn−1, τn)
Tn , τ ∈ [τn,∞)

.

Then (Tτ )τ∈[0,∞) is a continuous path with T0 = 0 and (Tτ )n = Tn if τ ≥ τn. In particular
TτN = T. We use Theorem 4.1.8 to write

W (cTτ ) = W (0) +
ˆ τN ∧τ

0

d
dτ ′W (cTτ ′

) dτ ′

= W (0) +
N∑︂
n=0

sign(Tn)
ˆ τn∧τ

τn−1∧τ

d
d(Tτ ′)n

W (cTτ ′
) dτ ′

= W (0) +
N∑︂
n=0

sign(Tn)
ˆ τn∧τ

τn−1∧τ

(︄
−(−1)n 1

2∂X
δ

δW+
EKdV
m (W+(cTτ ′

))
− 1

2∂X
δ

δ(−W−)E
KdV
m (−W−(cTτ ′

))

)︄
+ ε2Rn(Tτ ′

) dτ ′ .
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Similarly, we can write(︃
U+(b+Tτ )
U−(b−Tτ )

)︃
= U(0) +

ˆ τN ∧τ

0

d
dτ ′

(︄
U+(b+Tτ ′

)
U−(b−Tτ ′

)

)︄
dτ ′

= U(0) +
N∑︂
n=0

sign(Tn)
ˆ τn∧τ

τn−1∧τ

d
d(Tτ ′)n

(︄
U+(b+Tτ ′

)
U−(b−Tτ ′

)

)︄
dτ ′

= U(0) +
N∑︂
n=0

sign(Tn)
ˆ τn∧τ

τn−1∧τ

(︄
−(−1)n 1

2∂X
δ

δU+
EKdV
m (U+(b+Tτ ′

))
− 1

2∂X
δ

δ(−U−)E
KdV
m (−U−(b−Tτ ′

))

)︄
dτ ′ .

Energy estimate. Define

V (T) =
(︃
V+(T)
V−(T)

)︃
=
(︃
U+(b+T)
U−(b−T)

)︃
−W (cT) .

Since W (0) = U(0) and R0 = R1 = 0, we know that V (Tτ ) = 0 for τ ∈ [0, τ1]. We therefore have

V (Tτ ) =
N∑︂
n=2

sign(Tn)
ˆ τn∧τ

τn−1∧τ
(Fn(τ ′)− ε2Rn(Tτ ′

)) dτ ′ .

with

Fn(τ) =
(︄
−(−1)n 1

2∂X
δ

δW+

(︁
EKdV
m (W+(cTτ ) + V+(Tτ ))− EKdV

m (W+(cTτ ))
)︁

− 1
2∂X

δ
δ(−W−)

(︁
EKdV
m (−W−(cTτ )− V−(Tτ ))− EKdV

m (−W−(cTτ ))
)︁)︄ for τ ∈ [τn−1, τn) .

In particular, for all h ∈ {0, . . . ,
⌊︁
s−N

2
⌋︁
} we have

ˆ
R
(∂hXV (Tτ ))2 dX =

N∑︂
n=2

sign(Tn)
ˆ τn∧τ

τn−1∧τ

ˆ
R

2∂hXV (Tτ ′
)∂hX(Fn(τ ′)− ε2Rn(Tτ ′

)) dX dτ ′ .

For notational convenience, let us define for a set of functions F in the variable X and parameters
K,L ∈ N the sets

OK,L(F ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
K∑︂
k=0

∑︂
l=(l1,...,lk)∈Nk

|l|≤L

∑︂
f=(f1,...,fk)∈Fk

ck,lf

k∏︂
j=1

∂
lj
Xfj : ck,lf ∈ C[ε]

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Studying the recurrence relations (4.2.42)–(4.2.44), (4.2.45)–(4.2.47), as we do in the proof of
Theorem 4.1.1 at the end of Section 4.2, reveals that δ

δW±
Hε ˜︁GP
n (W ) ∈ On+1,2⌊n

2 ⌋(W+,W−). A
similar analysis of (4.2.48) yields δ

δU E
KdV
m (U) ∈ Om+1,2m(U). Then

Rn ∈ On+2,2⌊n
2 ⌋+1(W+,W−) + O

n+2,2⌊n
2 ⌋+1(W+,W−)

1 + ε2

2 (W+ −W−)
+ O

n+2,2⌊n
2 ⌋+1(W+,W−)

(1 + ε2

2 (W+ −W−))2
.

We use Sobolev embedding H1 ↪−→ L∞ and the Hh-algebra property for h ≥ 1 as well as [20,
Theorem 2.87] to find a constant C(n, h, δ) > 0 such that

∥Rn∥Hh ≤ C(n, h, δ)
(︁
1 + ∥W∥n+4

Hn+1+h

)︁
.

Then ˆ
R
∂hXV ε

2∂hXRn dX ≤ 1{n≥2}
(︁
∥V ∥2

Hh + ε4C(N,h, δ)2(︁1 + ∥W∥2n+8
Hn+1+h

)︁)︁
.

We are able to include the indicator function because R0 = R1 = 0. A more detailed analysis of
(4.2.48) yields the representation

1
2∂X

δ

δU
EKdV
m = (−1)m∂2m+1

X U +
m+1∑︂
k=2

∑︂
l=(l1,...,lk)∈Nk

|l|+2k=2m+3

ck,l
k∏︂
j=1

∂
lj
XU (4.3.1)
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with coefficients ck,l ∈ C. Then

∂X
δ

δ(±W±)
(︁
EKdV
m (±W± ± V±)− EKdV

m (±W±)
)︁

= ±(−1)m∂2m+1
X V± +

m+1∑︂
k=2

∑︂
l=(l1,...,lk)∈Nk

|l|≤2m−1

ck,l
k∑︂
i=1

∂liX(±V±)
i−1∏︂
j=1

∂
lj
X(±W±)

k∏︂
j=i+1

∂
lj
X(±W± ± V±) .

Using integration by parts and ∂m+h
X V± ∈ H1(R), we find that

ˆ
R
∂hXV±∂

h
X∂

2m+1
X V± dX =

ˆ
R
(−1)m∂X

(︃
1
2
(︁
∂m+h
X V±

)︁2
)︃

dX = 0 .

Similarly, using repeated integration by parts and the Sobolev embedding H1 ↪−→ L∞, we estimate⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
m+1∑︂
k=2

∑︂
l=(l1,...,lk)∈Nk

|l|≤2m−1

ck,l
k∑︂
i=1

ˆ
R
∂hXV±∂

h
X

⎛⎝∂liXV±

i−1∏︂
j=1

∂
lj
X(±W±)

k∏︂
j=i+1

∂
lj
X(±U±)

⎞⎠ dX

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

≤ Cm+1
h∑︂
r=0

m+1∑︂
k=2

∑︂
l=(l1,...,lk)∈Nk

|l|≤2m−1+2(h−r)

k∑︂
i=1

ˆ
R
(∂rXV±)2

i−1∏︂
j=1

∂
lj
X(±W±)

k∏︂
j=i+1

∂
lj
X(±U±) dX

≤ Cm+1
h∑︂
r=0

ˆ
R
(∂rXV±)2 dX

m+1∑︂
k=2

∑︂
l=(l1,...,lk)∈Nk

|l|≤2m−1+2(h−r)

k∑︂
i=1

k∏︂
j=1
j ̸=i

(︁
∥∂ljXW±∥L∞ + ∥∂ljXU±∥L∞

)︁

≤ Cm+1
h∑︂
r=0

ˆ
R
(∂rXV±)2 dX

(︁
1 + ∥(W±, U±)∥mH2(m+h−r)

)︁
.

Grönwall’s lemma for linear systems. In summary, for all l ∈ {0, . . . , h} and τ ∈ [0, τN ] we
have

ˆ
R
(∂lXV (Tτ ))2 dX ≤ 1{τ≥τ1}C(N,h, δ)

(︄
al +

ˆ τ

0

h∑︂
r=0

Hl,r

ˆ
R
(∂rXV (Tτ ′

))2 dX dτ ′

)︄
,

where we consider the real numbers

al = (τN − τ1)ε4(︁1 + ∥W∥2N+8
L∞

T HN+1+l
X

)︁
Hl,r = 1r≤l

(︁
1 + ∥(W,U)∥M

L∞
T H

2(M+l−r)
X

)︁
as the entries of a vector a ∈ Rh+1 and a matrix H ∈ R(h+1)×(h+1). Grönwall’s lemma for linear
systems (see [45, Theorem]) yields

sup
τ∈[0,τN ]

ˆ
R
(∂hXV (Tτ ))2 dX ≤ C

(︄(︄
1 +
ˆ τN −τ1

0
eC(τN −τ1−τ)HH dτ

)︄
a

)︄
h

= C(eC(τN −τ1)Ha)h

for some constant C = C(N,h, δ) > 0. It remains to estimate (eC(τN −τ1)Ha)h. We define some
notation for the part ˜︁H of H which does not lie on the diagonal:

˜︁H = H −
(︂

1 + ∥(W,U)∥ML∞
T H2M

X

)︂
˜︁Hl,r = 1{0≤r<l}gl−r where gj = 1 + ∥(W,U)∥M

L∞
T H

2(M+j)
X

.
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Then since ˜︁H and H − ˜︁H commute, we have

|(e(τN −τ1)Ha)h| ≤ |(e(τN −τ1)˜︁Ha)h|e
(τN −τ1)

(︁
1+∥(W,U)∥M

L∞
T H2M

X

)︁
.

Next, we estimate for l ≥ 1

|( ˜︁H l)h,r| =
∑︂

h=j0>···>jl=r
gj0−j1 . . . gjl−1−jl

≤
(︃
h− r − 1
l − 1

)︃
glh−r

and then

(e(τN −τ1)˜︁Ha)h =
∞∑︂
l=0

(τN − τ1)l
l! ( ˜︁H la)h =

∞∑︂
l=0

(τN − τ1)l
l!

h∑︂
r=0

( ˜︁H l)h,rar ≤ (h+ 1)ah(1 + (τN − τ1)gh)h .

This yields

|(e(τN −τ1)Ha)h| ≤ ε4(τN − τ1)C
(︁
1 + ∥W∥2N+8

L∞
T HN+1+h

X

)︁(︁
1 + (τN − τ1)∥(W,U)∥M

L∞
T H

2(M+h)
X

)︁h
× exp

(︂
C(τN − τ1)

(︁
1 + ∥(W,U)∥ML∞

T H2M
X

)︁)︂
.

4.A. Appendix: Approximation of the perturbation
determinant αεGP by αKdV

4.A.1. Definitions
Let n ∈ {1, 2}. We use the convention of identifying functions f ∈ L2(R;Cn) with the operator of
multiplication by f . We write (L(L2(R;Cn)), ∥ · ∥L2→L2) for the space of bounded linear operators
on L2(R;Cn) equipped with the operator norm, and say that an operator A ∈ L(L2(R;Cn)) is
Hilbert-Schmidt if there exists a kernel K ∈ L2(R×R;Cn×n) such that

Af(X) =
ˆ
R
K(X,Y )f(Y ) dY .

In this case we define the Hilbert-Schmidt norm as

∥A∥2
HS =

ˆ
R2
|K(X,Y )|2 dX dY .

We say that an operator A ∈ L(L2(R;Cn)) is trace-class if A = A1A2 for two Hilbert-Schmidt
operators A1 and A2. Writing K1 and K2 for their kernels, we define the trace

tr[A] = tr[A1A2] =
ˆ
R

ˆ
R

tr[K1(X,Y )K2(Y,X)] dX dY .

In particular

∥A∥2
HS = tr[A∗A] .

If the trace tr[K] of the kernel K of A is continuous, then

tr[A] =
ˆ
R

tr[K(X,X)] dX .

The following lemma collects some results regarding the trace and the Hilbert-Schmidt norm.
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Lemma 4.A.1 ([115, Lemmas 1.4, 1.5]). Let A,Aj : L2(R;Cn)→ L2(R;Cn), 1 ≤ j ≤ l, 2 ≤ l ∈ N
be linear operators with finite Hilbert-Schmidt norm. Then

∥A∥L2→L2 ≤ ∥A∥HS (4.A.1)
| tr[A1 . . . Al]| ≤ ∥A1∥HS . . . ∥Al∥HS . (4.A.2)

If A = A(s) ∈ C1
b (R; HS) with sups∈R ∥A(s)∥HS <

1
3 , then there exists an open interval I ∋ 0 on

which the series

α(s) =
∞∑︂
l=2

(−1)l
l

tr[A(s)l]

is absolutely convergent and defines a function α ∈ C1(I;C) with derivative

∂sα(s) =
∞∑︂
l=2

(−1)l tr[A(s)l−1∂sA(s)] . (4.A.3)

We have the bound

sup
s∈I
|α(s)| ≤ 2

3 sup
s∈I
∥A(s)∥2

HS .

Recall from (4.2.1) the spectral parameters (λ, z, k) ∈ K ⊂ C3 which satisfy z2 = (
√

2εk)2 = λ2−1.
We assume for the rest of this section that z, k ∈ iR+ are large and choose λ =

√
1 + 2ε2k2 as

the principal square root. We define

κ = z√
2εi

= k

i
∈ R+ κ2 = 1− λ2

2ε2 .

For notational convenience, we use the κ-dependent Sobolev norms

∥f∥H−1
κ

=
(︃ˆ

R

1
ξ2 + 4κ2 | ˆ︁f(ξ)|2 dξ

)︃ 1
2

≤ min
{︃

1
min{1, 2κ}∥f∥H−1 ,

1
2κ∥f∥L

2

}︃
∥f∥L2

κ
=
(︃ˆ

R

ξ2 + 2κ2

ξ2 + 4κ2 | ˆ︁f(ξ)|2 dξ
)︃ 1

2

≤ ∥f∥L2 .

Here the Fourier transform is defined by

ˆ︁f(ξ) = 1√
2π

ˆ
R
e−ixξf(x) dx .

We assume W = (W+,W−) ∈ L2(R;R2) or W ∈ S(R;R2) depending on the context. We are
interested in the Lax operators

LεGP(W ) =
(︃
−ε2W− + 1 i

√
2ε∂X

i
√

2ε∂X −ε2W+ − 1

)︃
LKdV(±W±) = −∂2

X ±W±

LεGP
0 =

(︃
1 i

√
2ε∂X

i
√

2ε∂X −1

)︃
LKdV

0 = −∂2
X

and their resolvents

RεGP(W ) =
(︃
LεGP(W )− λ

ε2

)︃−1

RKdV(±W±) = (LKdV(±W±) + κ2)−1

RεGP
0 =

(︃
LεGP

0 − λ
ε2

)︃−1

RKdV
0 = (LKdV

0 + κ2)−1 .

Define

W =
(︃
−W− 0

0 −W+

)︃
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and note that LεGP(W ) = LεGP
0 + ε2W and LKdV(±W±) = LKdV

0 ±W±. In the following, we often
drop the dependence of the Lax operators and resolvents on W and (±W±) from our notation.
With

U =
(︄

λ+1
2

iε√
2∂X

iε√
2∂X

λ−1
2

)︄

we can write

RεGP
0 = RKdV

0 U = URKdV
0 =

√︂
RKdV

0 U
√︂
RKdV

0 .

Next, we use the Green’s functions

GKdV
0 = 1√

2π
F−1

[︂
RKdV

0
⃓⃓
∂X =iξ

]︂
= 1

2κe
−κ|X|

GεGP
0 = 1√

2π
F−1

[︃
RεGP

0

⃓⃓⃓
∂X =iξ

]︃
= 1

2κe
−κ|X|

(︄
λ+1

2 − iε√
2κ sign(X)

− iε√
2κ sign(X) λ−1

2

)︄

to define the kernels

KKdV
0 (X,Y ) = GKdV

0 (X − Y ) KεGP
0 (X,Y ) = GεGP

0 (X − Y ) .

Then KKdV
0 ∈ L∞(R×R) and KεGP

0 ∈ (L∞(R×R))2×2 are the integral kernels of RKdV
0 and RεGP

0
respectively. In order to give a formula for the Green’s function GεGP, for which KεGP(X,Y ) =
GεGP(X,Y ) is the kernel of RεGP, we use the Jost solutions ΦεGP,±

j , their boundary data EεGP,±,
and the transmission coefficient aεGP. Their definitions may be found in Section 4.2. For simplicity,
we suppress the dependence of these scattering quantities on k from our notation in the following
lemma.
Lemma 4.A.2. The Green’s function GεGP of the operator

LεGP − λ
ε2 =

(︄
−W− − λ−1

ε2
i
√

2
ε ∂X

i
√

2
ε ∂X −W+ − λ+1

ε2

)︄
,

defined by the property that
(︂
LεGP−λ
ε2

)︂
GεGP(X,Y ) = δ0(X − Y ), is given by

GεGP(X,Y ) = ε

i
√

2
1

aεGP(k) detEεGP,+

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(︄
−ΦεGP,−

1,1 (X)ΦεGP,+
2,1 (Y ) ΦεGP,−

1,1 (X)ΦεGP,+
2,2 (Y )

−ΦεGP,−
1,2 (X)ΦεGP,+

2,1 (Y ) ΦεGP,−
1,2 (X)ΦεGP,+

2,2 (Y )

)︄
, X > Y(︄

−ΦεGP,+
2,1 (X)ΦεGP,−

1,1 (Y ) ΦεGP,+
2,1 (X)ΦεGP,−

1,2 (Y )
−ΦεGP,+

2,2 (X)ΦεGP,−
1,1 (Y ) ΦεGP,+

2,2 (X)ΦεGP,−
1,2 (Y )

)︄
, X < Y

.

Proof. For every Y ∈ R and X ∈ R \{Y } each column of GεGP(X,Y ) is a solution to the scattering
problem

(︂
LεGP−λ
ε2

)︂
GεGP(X,Y ) = 0. Furthermore, the jump condition

lim
X↘Y

GεGP(X,Y )− lim
X↗Y

GεGP(X,Y )

= ε

i
√

2
1

aεGP(k) detEεGP,+

(︄
ΦεGP,+

2,1 ΦεGP,−
1,1 − ΦεGP,−

1,1 ΦεGP,+
2,1 ΦεGP,−

1,1 ΦεGP,+
2,2 − ΦεGP,+

2,1 ΦεGP,−
1,2

ΦεGP,+
2,2 ΦεGP,−

1,1 − ΦεGP,−
1,2 ΦεGP,+

2,1 ΦεGP,−
1,2 ΦεGP,+

2,2 − ΦεGP,+
2,2 ΦεGP,−

1,2

)︄
(Y )

= ε

i
√

2

(︃
0 1
1 0

)︃
holds, which implies that

(︂
LεGP−λ
ε2

)︂
GεGP(X,Y ) = δ0(X − Y ) in the sense of distributions.

An analogous representation for the Green’s function of LKdV exists, but is not necessary for our
purposes.
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4.A.2. Approximation of perturbation determinants
In this section we develop the theory of perturbation determinants of the Lax operators LεGP and
LKdV, following in structure the seminal papers [91, 114, 115] which concern LKdV and LNLS. These
techniques have recently been used effectively to construct low-regularity conserved quantities and
prove well-posedness of various completely integrable PDEs (see also [38, 112]). Our contribution
is a proof that an analogue of the approximation property observed in Theorem 4.1.1 and Lemma
4.2.7 also holds for the perturbation determinants. This is the content of Lemma 4.A.6 below.
The perturbation determinants in question are the quantities

log aεGP(k;W ) = αεGP(κ;W )− tr[RεGP
0 W] = − log det

(︄(︃
LεGP

0 − λ
ε2

)︃−1
LεGP(W )− λ

ε2

)︄
log aKdV(k;±W±) = αKdV(κ;±W±)− tr[RKdV

0 (±W±)] = − log det
(︂(︁
LKdV

0 + κ2)︁−1(︁
LKdV(±W±) + κ2)︁)︂ .

Here the formulation on the right-hand side should only be understood in a formal sense. This
can be rigorously defined via the absolutely convergent series

αεGP(κ;W )− tr[RεGP
0 W] =

∞∑︂
l=1

(−1)l
l

tr[(RεGP
0 W)l]

αKdV(κ;±W±)− tr[RKdV
0 (±W±)] =

∞∑︂
l=1

(−1)l
l

tr[(RKdV
0 (±W±))l] ,

which is the content of Lemma 4.A.4 below. Subsequently, in Lemma 4.A.5, we prove the
correspondence between these series and the transmission coefficient that we have stated above.
We shall use the smallness of certain Hilbert-Schmidt norms to conclude the absolute convergence
of these series as geometric series.
Lemma 4.A.3. We explicitly compute the following Hilbert-Schmidt norms:⃦⃦⃦⃦√︂

RKdV
0 W±

√︂
RKdV

0

⃦⃦⃦⃦2

HS
= 1
κ
∥W±∥2

H−1
κ

(4.A.4)⃦⃦⃦⃦√︂
RKdV

0 i∂XW±

√︂
RKdV

0

⃦⃦⃦⃦2

HS
= 1

2κ∥W±∥2
L2

κ
(4.A.5)⃦⃦⃦⃦√︂

RKdV
0 UW

√︂
RKdV

0

⃦⃦⃦⃦2

HS
=
⃓⃓⃓⃓
λ+ 1

2

⃓⃓⃓⃓2 1
κ
∥W−∥2

H−1
κ

+
⃓⃓⃓⃓
λ− 1

2

⃓⃓⃓⃓2 1
κ
∥W+∥2

H−1
κ

(4.A.6)

+ ε2

2
1

2κ∥W−∥2
L2

κ
+ ε2

2
1

2κ∥W+∥2
L2

κ
. (4.A.7)

Proof. For (4.A.4), we refer to [115, Proposition 2.1]. We shall reduce (4.A.5) and (4.A.6) to
applications of (4.A.4). Towards this, we decompose⃦⃦⃦⃦√︂

RKdV
0 UW

√︂
RKdV

0

⃦⃦⃦⃦2

HS
= tr

[︃√︂
RKdV

0 WU∗
√︂
RKdV

0

√︂
RKdV

0 UW
√︂
RKdV

0

]︃

= tr
[︄
RKdV

0

(︄
W−

λ+1
2 W−

iε√
2∂X

W+
iε√

2∂X W+
λ−1

2

)︄
RKdV

0

(︄
λ+1

2 W−
iε√

2∂XW+
iε√

2∂XW−
λ−1

2 W+

)︄]︄

= tr
[︃
RKdV

0 W−
λ+ 1

2 RKdV
0

λ+ 1
2 W−

]︃
+ tr

[︃
RKdV

0 W−
iε√

2
∂XR

KdV
0

iε√
2
∂XW−

]︃
+ tr

[︃
RKdV

0 W+
iε√

2
∂XR

KdV
0

iε√
2
∂XW+

]︃
+ tr

[︃
RKdV

0 W+
λ− 1

2 RKdV
0

λ− 1
2 W+

]︃
=
⃓⃓⃓⃓
λ+ 1

2

⃓⃓⃓⃓2 ⃦⃦⃦⃦√︂
RKdV

0 W−

√︂
RKdV

0

⃦⃦⃦⃦2

HS
+
⃓⃓⃓⃓
λ− 1

2

⃓⃓⃓⃓2 ⃦⃦⃦⃦√︂
RKdV

0 W+

√︂
RKdV

0

⃦⃦⃦⃦2

HS

+ ε2

2

⃦⃦⃦⃦√︂
RKdV

0 W−i∂X

√︂
RKdV

0

⃦⃦⃦⃦2

HS
+ ε2

2

⃦⃦⃦⃦√︂
RKdV

0 W+i∂X

√︂
RKdV

0

⃦⃦⃦⃦2

HS
.
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It remains to compute⃦⃦⃦⃦√︂
RKdV

0 i∂XW±

√︂
RKdV

0

⃦⃦⃦⃦2

HS
=
⃦⃦⃦⃦√︂

RKdV
0 W±i∂X

√︂
RKdV

0

⃦⃦⃦⃦2

HS
= tr[RKdV

0 W±i∂XR
KdV
0 i∂XW±] ,

which can be written, using the kernels

RKdV
0 W±i∂Xf(X) =

ˆ
R

−i
2κe

−κ|X−Y |(κ sign(X − Y )W±(Y ) + ∂YW±(Y ))f(Y ) dY

RKdV
0 i∂XW±f(X) =

ˆ
R

−i
2κe

−κ|X−Y |κ sign(X − Y )W±(Y )f(Y ) dY ,

as

tr[RKdV
0 W±i∂XR

KdV
0 i∂XW±]

=
ˆ
R

ˆ
R

−1
4κ2 e

−κ|X−Y |(κ sign(X − Y )W±(Y ) + ∂YW±(Y ))e−κ|Y−X|κ sign(Y −X)W±(X) dX dY

=
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |κ2W±(X)W±(Y ) dX dY

+
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |κ sign(X − Y )W±(X)∂YW±(Y ) dX dY

=
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |κ2W±(X)W±(Y ) dX dY

−
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |(2κ2 − 2κδ0(X − Y ))W±(X)W±(Y ) dX dY

= −
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |κ2W±(X)W±(Y ) dX dY + 2κ
ˆ
R

1
4κ2 |W±(X)|2 dX .

We already know from (4.A.4) that
ˆ
R

ˆ
R

1
4κ2 e

−2κ|X−Y |κ2W±(X)W±(Y ) dX dY = κ∥W±∥2
H−1

κ
,

which finishes the proof.

As a consequence of this lemma we have
√︁
RKdV

0 W
√︁
RKdV

0 ,
√︁
RKdV

0 UW
√︁
RKdV

0 ∈ L(L2(R;C2)). In
the following, we sometimes use the operators RKdV

0 W and RεGP
0 W instead for the sake of clarity

in formal calculations, but always in a context where eventually a trace or Hilbert-Schmidt norm
is taken, returning us to the well-behaved versions of these operators.
Lemma 4.A.4. Let ε ∈ (0, 1). For all 0 < κ < 1√

2ε such that

1
κ
∥W∥2

H−1
κ
≤ 1

30
1
κ
∥W∥2

L2
κ
≤ 1

15

the series

αKdV(κ;±W±) =
∞∑︂
l=2

(−1)l
l

tr[(RKdV
0 (±W±))l]

αεGP(κ;W ) =
∞∑︂
l=2

(−1)l
l

tr[(RεGP
0 W)l]

are absolutely convergent and satisfy

3
2 |α

KdV(κ;±W±)| ≤ 1
κ
∥W±∥2

H−1
κ

3
2 |α

εGP(κ;W )| ≤
⃓⃓⃓⃓
λ+ 1

2

⃓⃓⃓⃓2 1
κ
∥W−∥2

H−1
κ

+
⃓⃓⃓⃓
λ− 1

2

⃓⃓⃓⃓2 1
κ
∥W+∥2

H−1
κ

+ ε2

2
1

2κ∥W−∥2
L2

κ
+ ε2

2
1

2κ∥W+∥2
L2

κ
.
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Moreover, the resolvent

RεGP =
(︃
LεGP − λ

ε2

)︃−1

∈ L(L2(R;C2))

is represented by the series

RεGP =
∞∑︂
l=0

(−1)l(RεGP
0 W)lRεGP

0 =
∞∑︂
l=0

(−1)l
√︂
RKdV

0

(︃√︂
RKdV

0 UW
√︂
RKdV

0

)︃l√︂
RKdV

0 U , (4.A.8)

which is absolutely convergent with respect to the operator norm ∥ · ∥L2→L2 .

Proof. This follows from Lemma 4.A.1 together with the Hilbert-Schmidt norms computed in
Lemma 4.A.3.

We have adapted the method of proof of the following lemma from [116, Theorem 2.6]. We refer
to the paragraph above this theorem for some context on the history of this argument, and other
approaches to proving that the perturbation determinant equals the logarithm of the transmission
coefficient.
Lemma 4.A.5. Assume the setting of Lemma 4.A.4, and in addition that W ∈ S(R;R2) so
that we are in a setting where we have defined the transmission coefficients aεGP(k;W ) and
aKdV(k;±W±) (see (4.2.14)). We have

αεGP(κ;W )− log aεGP(k;W ) = tr[RεGP
0 W] = 1

2κ

ˆ
R

1
2(W+ −W−)− λ

2 (W+ +W−) dX (4.A.9)

and similarly

αKdV(κ;±W±)− log aKdV(k;±W±) = tr[RKdV
0 (±W±)] = 1

2κ

ˆ
R
±W± dX . (4.A.10)

Proof. We compute

tr[RεGP
0 W] = tr

[︄
RKdV

0

(︄
λ+1

2
iε√

2∂X
iε√

2∂X
λ−1

2

)︄
W

]︄

= tr
[︃
RKdV

0
λ+ 1

2 (−W−)
]︃

+ tr
[︃
RKdV

0
λ− 1

2 (−W+)
]︃

= λ+ 1
2

ˆ
R

1
2κe

−κ|X−X|(−W−(X)) dX + λ− 1
2

ˆ
R

1
2κe

−κ|X−X|(−W+(X)) dX

= 1
2κ

ˆ
R

1
2(W+ −W−)− λ

2 (W+ +W−) dX

and

tr[RKdV
0 (±W±)] = 1

2κ

ˆ
R
±W± dX .

For (4.A.10) we refer to [114, Proposition 2.4], so it remains to prove (4.A.9).

By explicitly computing the Jost solution ΨεGP,−
1,1 (X; 0), which is constant, we find that log aεGP(k; 0) =

0, which matches αεGP(κ; 0) = 0. It therefore suffices to prove for any W,V ∈ S(R;R2) with

V = (V+, V−) V =
(︃
−V− 0

0 −V+

)︃
that the following limits exist and are identical:

d
ds

⃓⃓⃓
s=0

log aεGP(k;W + sV ) = d
ds

⃓⃓⃓
s=0

(αεGP(κ;W + sV )− tr[RεGP
0 (W + sV)]) .
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Set ΦεGP = (ΦεGP,−
1 |ΦεGP,+

2 ). We start with the formal calculation

0 = d
ds

⃓⃓⃓
s=0

(︃
LεGP(W + sV )− λ

ε2 ΦεGP,±
j (k;W + sV )

)︃
= VΦεGP,±

j (k;W ) + LεGP(W )− λ
ε2

d
ds

⃓⃓⃓
s=0

ΦεGP,±
j (k;W + sV ) ,

which implies

d
ds

⃓⃓⃓
s=0

ΦεGP(X, k;W + sV ) =
ˆ
R
GεGP(X,Y )(−V(Y ))ΦεGP(Y, k;W ) dY .

For the derivative of the transmission coefficient this yields

d
ds

⃓⃓⃓
s=0

log aεGP(k;W + sV )

= d
ds

⃓⃓⃓
s=0

log
(︃

det ΦεGP(X, k;W + sV )
detEεGP,+(k)

)︃
= tr

[︃
ΦεGP(X, k;W )−1

ˆ
R
GεGP(X,Y )(−V(Y ))ΦεGP(Y, k;W ) dY

]︃
=
ˆ
R

tr
[︁
ΦεGP(Y, k;W )ΦεGP(X, k;W )−1GεGP(X,Y )(−V(Y ))

]︁
dY

=
ˆ
R

tr
[︃(︃

1{X<Y } lim
X′↗Y

GεGP(X ′, Y ) + 1{X>Y } lim
X′↘Y

GεGP(X ′, Y )
)︃

(−V(Y ))
]︃

dY

=
ˆ
R
GεGP

1,1 (X,X)V−(X) +GεGP
2,2 (X,X)V+(X) dX .

Here we have used that GεGP
1,1 and GεGP

2,2 are continuous. Since the Green’s function is bounded
and V is Schwartz, the integrals are absolutely convergent and the derivative actually exists. On
the other hand, we know from Lemma 4.A.1 that αεGP(κ;W + sV ) is continuously differentiable.
Specifically (4.A.3) yields

d
ds

⃓⃓⃓
s=0

αεGP(κ;W + sV ) =
∞∑︂
l=2

(−1)l tr[(RεGP
0 W)l−1RεGP

0 V]

= tr[(RεGP
0 −RεGP)V]

=
ˆ
R

tr[(GεGP −GεGP
0 )(X,X)(−V)(X)] dX

=
ˆ
R
(GεGP −GεGP

0 )1,1(X,X)V−(X) + (GεGP −GεGP
0 )2,2(X,X)V+(X) dX .

Here we have used that GεGP and GεGP
0 have continuous diagonal parts. The proof is finished with

the additional observation that

− d
ds

⃓⃓⃓
s=0

tr[RεGP
0 (W + sV)] =

ˆ
R
(GεGP

0 )1,1(X,X)V−(X) + (GεGP
0 )2,2(X,X)V+(X) dX .

Recall from (4.1.14) the definition of the operators Evλ and Odλ. In the following, we suppress
the dependence of various quantities on λ from the notation, but for the application of these
operators this dependence is of course relevant.
Lemma 4.A.6. Let W = (W+,W−) ∈ S(R;R2), ε ∈ (0, 1), and 0 < κ < 1√

2ε with λ ∈ (0, 1).
Assume that

max
{︃

1
κ
,

1
κ3

}︃
∥W∥2

L2 ≤
1
30 .
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Then the series αεGP(κ;W ) and αKdV(κ;±W±) converge. Furthermore, we have

Evλ
[︁
tr[RεGP

0 W]
]︁
∓ 1
λ

Odλ
[︁
tr[RεGP

0 W]
]︁

= tr[RKdV
0 (±W±)] (4.A.11)

Evλ
[︁
αεGP(κ;W )

]︁
∓ 1
λ

Odλ
[︁
αεGP(κ;W )

]︁
= αKdV(κ; (±W±)) + E(κ;W ) (4.A.12)

with

|E(κ;W )| ≤ 8ε
2

κ
∥W∥2

L2 .

Proof. Combining (4.A.9) and (4.A.10) directly yields (4.A.11). To prove (4.A.12) we need to
understand

Evλ
[︁
tr[(RεGP

0 W)l]
]︁
∓ 1
λ

Odλ
[︁
tr[(RεGP

0 W)l]
]︁
.

Using the Pauli matrices

σ3 =
(︃

1 0
0 −1

)︃
σ1 =

(︃
0 1
1 0

)︃
,

we write

Evλ[RεGP
0 W] = 1

2R
KdV
0 (σ3 + i

√
2εσ1∂X)W

Odλ[RεGP
0 W] = 1

2R
KdV
0 λW .

Then

Evλ
[︁
tr[(RεGP

0 W)l]
]︁
∓ 1
λ

Odλ
[︁
tr[(RεGP

0 W)l]
]︁

= tr
[︃
Evλ[(RεGP

0 W)l]∓ 1
λ

Odλ[(RεGP
0 W)l]

]︃
.

For l ∈ N and ω ∈ {0, 1, 2}l we define

ω =
l∑︂

j=1
1{ωj=1} .

One can show directly by induction that

Evλ[(RεGP
0 W)l] =

∑︂
ω∈{0,1}l

ω even

2−l
l∏︂

j=1

{︄
RKdV

0 (σ3 +
√

2εσ1i∂X)W , ωj = 0
RKdV

0 λW , ωj = 1

=
∑︂

ω∈{0,1,2}l

ω even

2−l
l∏︂

j=1

⎧⎪⎨⎪⎩
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1
RKdV

0
√

2εσ1i∂XW , ωj = 2

and

Odλ[(RεGP
0 W)l] =

∑︂
ω∈{0,1}l

ω odd

2−l
l∏︂

j=1

{︄
RKdV

0 (σ3 +
√

2εσ1i∂X)W , ωj = 0
RKdV

0 λW , ωj = 1

=
∑︂

ω∈{0,1,2}l

ω odd

2−l
l∏︂

j=1

⎧⎪⎨⎪⎩
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1
RKdV

0
√

2εσ1i∂XW , ωj = 2
.

Here the ordering of the product of possibly non-commuting operators does not matter, as long as
it is consistent for all ω ∈ {0, 1}l. We shall fix as a convention that the first term in the product,
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i. e. the term with j = 1, is multiplied on the left, while the last term is multiplied on the right.
Then

Evλ[(RεGP
0 W)l]∓ 1

λ
Odλ[(RεGP

0 W)l] =
∑︂

ω∈{0,1,2}l

2−l
(︃
∓1
λ

)︃1{ω odd} l∏︂
j=1

⎧⎪⎨⎪⎩
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1
RKdV

0
√

2εσ1i∂XW , ωj = 2

=
∑︂

ω∈{0,1,2}l

∃j:ωj=2

2−l
(︃
∓1
λ

)︃1{ω odd} l∏︂
j=1

⎧⎪⎨⎪⎩
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1
RKdV

0
√

2εσ1i∂XW , ωj = 2

+
∑︂

ω∈{0,1}l

2−l
(︃
∓1
λ

)︃1{ω odd} l∏︂
j=1

{︄
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1

= I + II .

Using that the trace of off-diagonal matrices vanishes, we estimate⃓⃓⃓⃓
⃓

∞∑︂
l=2

(−1)l
l

tr[I]
⃓⃓⃓⃓
⃓ ≤

∞∑︂
l=2

∑︂
ω∈{0,1,2}l

|{j:ωj=2}|≥2 even

|λ|−1{ω odd}2−l
l∏︂

j=1

⎧⎪⎨⎪⎩
⃦⃦√︁

RKdV
0 σ3W

√︁
RKdV

0
⃦⃦

HS , ωj = 0⃦⃦√︁
RKdV

0 W
√︁
RKdV

0
⃦⃦

HS|λ| , ωj = 1⃦⃦√︁
RKdV

0
√

2εσ1i∂XW
√︁
RKdV

0
⃦⃦

HS , ωj = 2

≤
∞∑︂
l=2

∑︂
ω∈{0,1,2}l

|{j:ωj=2}|≥2 even

|λ|−1{ω odd}2−lκ− l
2

l∏︂
j=1

⎧⎪⎨⎪⎩
∥W∥H−1

κ
, ωj = 0

∥W∥H−1
κ
|λ| , ωj = 1

∥W∥L2
κ
ε , ωj = 2

Here we have used (4.A.2), (4.A.4), and (4.A.5). Noting that ∥W∥H−1
κ
≤ 1√

2κ∥W∥L2
κ

and |λ| ≤ 1,
we finish our estimate:⃓⃓⃓⃓
⃓

∞∑︂
l=2

(−1)l
l

tr[I]
⃓⃓⃓⃓
⃓ ≤

∞∑︂
l=2

∑︂
ω∈{0,1,2}l

|{j:ωj=2}|≥2 even

ε|{ωj=2}|2−lκ− l
2 |λ||{ωj=1}|−1{ω odd}∥W∥|{ωj=0}|+|{ωj=1}|

H−1
κ

∥W∥|{ωj=2}|
L2

κ

≤
∞∑︂
l=2
∥W∥lL2

κ
2−l

∑︂
ω∈{0,1,2}l

|{j:ωj=2}|≥2 even

ε|{ωj=2}|(
√

2κ)−|{ωj=0}|−|{ωj=1}|− l
2

≤ 2ε2κ2
∞∑︂
l=2

κ− l
2 ∥W∥lL2

κ
2−l

l∑︂
n=2
n even

l∑︂
j=0

(︃
l

n, j

)︃
(
√

2εκ)n−2(
√

2κ)− 3
2 l

≤ 2ε2κ2
∞∑︂
l=2

κ− 3
2 l∥W∥lL2

κ
2−l3l

√
2− 3

2 l ≤
ε2κ−1∥W∥2

L2

1− κ− 3
2 ∥W∥L2

.

In order to compute II, we decompose

{0, 1}l = {ω ∈ {0, 1}l : ω1 = 0 and ω even} ∪ {ω ∈ {0, 1}l : ω1 = 1 and ω odd}
∪ {ω ∈ {0, 1}l : ω1 = 0 and ω odd} ∪ {ω ∈ {0, 1}l : ω1 = 1 and ω even}

and observe that

ω ↦−→ (0, ω2, . . . , ωl) ω ↦−→ (1, ω2, . . . , ωl)

are bijections between the first two and last two sets. We may sum only over the sets on the left
and correspondingly adjust each term as follows:

II =
∑︂

ω∈{0,1}l

ω1=0
ω even

2−lRKdV
0 (σ3 ∓ 1)W

l∏︂
j=2

{︄
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1
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+
∑︂

ω∈{0,1}l

ω1=0
ω odd

2−lRKdV
0

(︃
∓σ3

λ
+ λ

)︃
W

l∏︂
j=2

{︄
RKdV

0 σ3W , ωj = 0
RKdV

0 λW , ωj = 1

=
∑︂

ω∈{0,1}l

ω1=0
ω even

2−l(σ3 ∓ 1)λωσl−1−ω
3 (RKdV

0 W)l +
∑︂

ω∈{0,1}l

ω1=0
ω odd

2−l(σ3 ∓ 1± 2ε2κ2)
(︃
∓1
λ

)︃
λωσl−1−ω

3 (RKdV
0 W)l

= (σ3 ∓ 1)(RKdV
0 σ3W)lσ3

∑︂
ω∈{0,1}l

ω1=0

2−l
(︃
∓1
λ

)︃1{ω odd}

λωσω3 + 2ε2κ2(RKdV
0 σ3W)lσ3

∑︂
ω∈{0,1}l

ω1=0
ω odd

2−l
(︃
−1
λ

)︃
λωσω3

= III + IV .

The further treatment of III and IV is a matter of computation. We have

III = (σ3 ∓ 1)(RKdV
0 σ3W)l2−lσ3

⎛⎜⎜⎝ l−1∑︂
ω=0
ω even

(︃
l − 1
ω

)︃
λω ∓ σ3

l−1∑︂
ω=0
ω odd

(︃
l − 1
ω

)︃
λω−1

⎞⎟⎟⎠
= σ3 ∓ 1

2 (RKdV
0 σ3W)l21−l

⎛⎜⎝σ3

⌊ l−1
2 ⌋∑︂
j=0

(︃
l − 1
2j

)︃
(1− 2ε2κ2)j ∓

⌊ l
2⌋−1∑︂
j=0

(︃
l − 1

2j + 1

)︃
(1− 2ε2κ2)j

⎞⎟⎠
= (σ3 ∓ 1)2

4 (RKdV
0 σ3W)l + σ3 ∓ 1

2 (RKdV
0 σ3W)l21−l

∞∑︂
j=0

(︃
σ3

(︃
l − 1
2j

)︃
∓
(︃
l − 1

2j + 1

)︃)︃
((1− 2ε2κ2)j − 1)

= V + V I .

The most important term is V , because
∞∑︂
l=2

(−1)l
l

tr[V ] =
∞∑︂
l=2

(−1)l
l

(︃
(1∓ 1)2

4 tr[(RKdV
0 (−W−))l] + (−1∓ 1)2

4 tr[(RKdV
0 W+)l]

)︃
= αKdV(κ;±W±) .

We calculate further

IV = −2ε2κ2(RKdV
0 σ3W)l2−l

l−1∑︂
ω=0
ω odd

(︃
l − 1
ω

)︃
λω−1

= −2ε2κ2(RKdV
0 σ3W)l2−l

⌊ l
2⌋−1∑︂
j=0

(︃
l − 1

2j + 1

)︃
(1− 2ε2κ2)j

= (RKdV
0 σ3W)l2−l

∞∑︂
m=1

(−2ε2κ2)m
∞∑︂
j=0

(︃
l − 1

2j + 1

)︃(︃
j

m− 1

)︃
and

V I = (RKdV
0 σ3W)l2−l(σ3 ∓ 1)

∞∑︂
j=0

(︃
σ3

(︃
l − 1
2j

)︃
∓
(︃
l − 1

2j + 1

)︃)︃ ∞∑︂
m=1

(︃
j

m

)︃
(−2ε2κ2)m

= (RKdV
0 σ3W)l2−l

∞∑︂
m=1

(−2ε2κ2)m
∞∑︂
j=0

(1∓ σ3)
(︃

l

2j + 1

)︃(︃
j

m

)︃
.

Then a binomial identity, which may be verified by a calculation with generating functions, yields

IV + V I = (RKdV
0 σ3W)l2−l

∞∑︂
m=1

(−2ε2κ2)m
∞∑︂
j=0

(︃
(1∓ σ3)

(︃
l

2j + 1

)︃(︃
j

m

)︃
+
(︃
l − 1

2j + 1

)︃(︃
j

m− 1

)︃)︃
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= (RKdV
0 σ3W)l2−l

∞∑︂
m=1

(−2ε2κ2)m
(︃

(1∓ σ3)2l−1−2m
(︃
l − 1−m

m

)︃
+ 2l−2m

(︃
l − 1−m
m− 1

)︃)︃

= (RKdV
0 σ3W)l

∞∑︂
m=1

(−2ε2κ2)m4−m
(︃

1∓ σ3

2

(︃
l − 1−m

m

)︃
+
(︃
l − 1−m
m− 1

)︃)︃
.

We find that
∞∑︂
l=2

(−1)l
l

tr[IV + V I]

=
∞∑︂
l=2

(−1)l
l

∞∑︂
m=1

(−2ε2κ2)m4−m
(︃

tr
[︃
(RKdV

0 σ3W)l 1∓ σ3

2

]︃(︃
l − 1−m

m

)︃
+ tr[(RKdV

0 σ3W)l]
(︃
l − 1−m
m− 1

)︃)︃

=
∞∑︂
l=2

(−1)l
l

∞∑︂
m=1

(−2ε2κ2)m4−m
(︃

tr[(RKdV
0 (±W±))l]

(︃
l − 1−m

m

)︃
+
(︁

tr[(RKdV
0 (−W−))l] + tr[(RKdV

0 W+)l]
)︁1

2

(︃
l − 1−m
m− 1

)︃)︃
,

and finally⃓⃓⃓⃓
⃓

∞∑︂
l=2

(−1)l
l

tr[IV + V I]
⃓⃓⃓⃓
⃓ ≤

∞∑︂
m=1

ε2mκ2m2−m
∞∑︂

l=2m
2l−mκ− l

2
(︁
∥W−∥lH−1

κ
+ ∥W+∥lH−1

κ

)︁
≤

∞∑︂
m=1

ε2mκm∥W∥2m
H−1

κ

2
1− 2κ− 1

2 ∥W∥H−1
κ

≤
2ε2κ∥W∥2

H−1
κ

1− 2ε2κ∥W∥2
H−1

κ

2
1− 2κ− 1

2 ∥W∥H−1
κ

≤
ε2κ−1∥W∥2

L2

1− ε2κ−1∥W∥2
L2

1
1− κ− 3

2 ∥W∥L2

≤
ε2κ−1∥W∥2

L2

(1− κ− 3
2 ∥W∥L2)2

.

Finally, we estimate

1
(1− κ− 3

2 ∥W∥L2)2
+ 1

1− κ− 3
2 ∥W∥L2

≤ 1
(1− 1√

3 )2 + 1
1− 1√

3
≤ 8 .

4.B. Appendix: Overview of Hamiltonian structures
In this section we present concisely and formally the Hamiltonian structures of GP, hGP, εGP,
and KdV.

4.B.1. GP
We consider formally a manifold where we denote points by q = (q, q) and tangent vectors by
p = (p, p) and r = (r, r). We define the Hamiltonian operator JGP, the Riemannian metric gGP

and the symplectic form ωGP by

JGP
q = − i2

(︃
1 0
0 −1

)︃
gGP

q (p, r) = 1
2

ˆ
R
(pr + pr) dx

ωGP
q (p, r) = −i

ˆ
R
(pr − pr) dx
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They satisfy

ωGP
q (p, JGP

q r) = gGP
q (p, r) .

We define the gradient ∇g
GP

q with respect to the metric gGP as well as the functional derivative via

gGP
q (p,∇g

GP

q H) =
ˆ
R

p
(︃
δH(q)
δq

,
δH(q)
δq

)︃T
dx = d

ds

⃓⃓⃓
s=0
H(q + sp) .

This implies

∇g
GP

q H =
(︃

0 2
2 0

)︃(︃
δH(q)
δq

,
δH(q)
δq

)︃T
.

Then (GPn) can be written as

i∂tnq = iJGP
q ∇g

GP

q HGP
n =

(︃
0 1
−1 0

)︃(︃
δHGP

n (q)
δq

,
δHGP

n (q)
δq

)︃T
.

The Poisson bracket is

{F ,G}GP(q) =
ˆ
R

(︃
δF
δq

δG
δq
− δF
δq

δG
δq

)︃
dx .

4.B.2. hGP
We consider formally a manifold where we denote points by w = (w+, w−) and tangent vectors
by u = (u+, u−) and v = (v+, v−). We define the Hamiltonian operator JhGP, the Riemannian
metric ghGP and the symplectic form ωhGP by

JhGP
w = 1

8

(︃
−∂xa−1 + 4a∂−1

x ∂xa
−1 + 4a∂−1

x

−∂xa−1 − 4a∂−1
x ∂xa

−1 − 4a∂−1
x

)︃
ghGP
w (u, v) =

ˆ
R

1
4(u+ − u−)(v+ − v−) + a2∂−1

x (u+ + u−)∂−1
x (v+ + v−) dx

ωhGP
w (u, v) =

ˆ
R
a(v+ − v−)∂−1

x (u+ + u−)− a(u+ − u−)∂−1
x (v+ + v−) dx .

They satisfy

ωhGP
w (u, JhGP

w v) = ghGP
w (u, v) .

We define the gradient ∇ghGP

w with respect to the metric ghGP as well as the functional derivative
via

ghGP
w (v,∇g

hGP

w H) =
ˆ
R
(v+, v−)

(︃
δH(w)
δw+

,
δH(w)
δw−

)︃T
dx = d

ds

⃓⃓⃓
s=0
H(w + sv) .

This implies

∇g
hGP

w H = 1
4

(︃
4− ∂xa−2∂x −4− ∂xa−2∂x
−4− ∂xa−2∂x 4− ∂xa−2∂x

)︃(︃
δH(w)
δw+

,
δH(w)
δw−

)︃T
.

Then (hGPn) can be written as

∂tnw = JhGP
w ∇g

hGP

w HhGP
n = 1

4

(︃
−∂xa−1 − a−1∂x ∂xa

−1 − a−1∂x
−∂xa−1 + a−1∂x ∂xa

−1 + a−1∂x

)︃(︃
δHhGP

n (w)
δw+

,
δHhGP

n (w)
δw−

)︃T
.

The Poisson bracket is

{F ,G}hGP(w) = 1
4

ˆ
R

(︂
δF
δw+

δF
δw−

)︂(︃−∂xa−1 − a−1∂x ∂xa
−1 − a−1∂x

−∂xa−1 + a−1∂x ∂xa
−1 + a−1∂x

)︃(︄ δG
δw+
δG
δw−

)︄
dx .



4.B. Overview of Hamiltonian structures 173

4.B.3. εGP
We consider formally a manifold where we denote points by W = (W+,W−) and tangent vectors
by U = (U+, U−) and V = (V+, V−). We define the Hamiltonian operator JεGP, the Riemannian
metric gεGP and the symplectic form ωεGP by

JεGP
W = 1

8

(︄
−
√

2ε∂XA−1 + 4√
2εA∂

−1
X

√
2ε∂XA−1 + 4√

2εA∂
−1
X

−
√

2ε∂XA−1 − 4√
2εA∂

−1
X

√
2ε∂XA−1 − 4√

2εA∂
−1
X

)︄

gεGP
W (U, V ) =

ˆ
R

ε3

4
√

2
(U+ − U−)(V+ − V−) + ε

2
√

2
A2∂−1

X (U+ + U−)∂−1
X (V+ + V−) dX

ωεGP
W (U, V ) = ε2

2

ˆ
A
(︁
(V+ − V−)∂−1

X (U+ + U−)− (U+ − U−)∂−1
X (V+ + V−)

)︁
dX .

They satisfy

ωεGP
W (U, JεGP

W V ) = gεGP
W (U, V ) .

We define the gradient ∇g
εGP

W with respect to the metric gεGP as well as the functional derivative
via

gεGP
W (V,∇g

εGP

W H) =
ˆ
R
(V+, V−)

(︃
δH(W )
δW+

,
δH(W )
δW−

)︃T
dX = d

ds

⃓⃓⃓
s=0
H(W + sV ) .

This implies

∇g
εGP

W H = 1√
2ε3

(︃
2− ε2∂XA

−2∂X −2− ε2∂XA
−2∂X

−2− ε2∂XA
−2∂X 2− ε2∂XA

−2∂X

)︃(︃
δH(W )
δW+

,
δH(W )
δW−

)︃T
.

Then (εGPn) can be written as

∂Tn
W = dtn

dTn
JεGP
W ∇g

εGP

W HεGP
n = dtn

dTn
1

2ε2

(︃
−∂XA−1 −A−1∂X ∂XA

−1 −A−1∂X
−∂XA−1 +A−1∂X ∂XA

−1 +A−1∂X

)︃(︃
δHεGP

n (W )
δW+

,
δHεGP

n (W )
δW−

)︃T
.

The Poisson bracket is

{F ,G}εGP(W ) = 1
2ε2

ˆ
R

(︂
δF
δW+

δF
δW−

)︂(︃−∂XA−1 −A−1∂X ∂XA
−1 −A−1∂X

−∂XA−1 +A−1∂X ∂XA
−1 +A−1∂X

)︃(︄ δG
δW+
δG
δW−

)︄
dX .

4.B.4. KdV
We consider formally a manifold where we denote points by U and tangent vectors by F and G.
We define the Hamiltonian operator JKdV, the Riemannian metric gKdV and the symplectic form
ωKdV by

JKdV
U = 1

2∂X

gKdV
U (F,G) =

ˆ
R
FGdX

ωKdV
U = 1

2

ˆ
R
F∂−1

X G−G∂−1
X F dX .

They satisfy

ωKdV
U (F, JKdV

U G) = gKdV
U (F,G) .

We define the gradient ∇g
KdV

U with respect to the metric gKdV as well as the functional derivative
via

gKdV
U (F,∇g

KdV

U H) =
ˆ
R
F
δH(U)
δU

dX = d
ds

⃓⃓⃓
s=0
H(U + sF ) .
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This implies

∇g
KdV

U H = δH(U)
δU

.

Then (KdVn) can be written as

∂TnU = JKdV
U ∇g

KdV

U EKdV
n = 1

2∂X
δEKdV
n (U)
δU

.

The Poisson bracket is

{F ,G}KdV(U) = 1
2

ˆ
R

δF
δU

∂X
δG
δU

dX .
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